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Preface

In the typically colorful fall of 2008, a conference on Infinite Dimensional Dynam-
ical Systems was held at York University, Toronto from September 24-28. Among
the 80 participants from all over the world, 48 invited speakers presented their
work covering a wide range of topics of infinite-dimensional dynamical systems
generated by parabolic partial differential equations, hyperbolic partial differential
equations, solitary equations, lattice differential equations, delay differential equa-
tions, and stochastic differential equations. This conference was also dedicated to
Professor George Sell from University of Minnesota on the occasion of his 70th
birthday.

Sell obtained his PhD degree from the University of Michigan in 1962. He
joined the faculty of the School of Mathematics at the University of Minnesota
in 1964, following 2 years as a Benjamin Pierce Instructor at Harvard University.
At Minnesota, he was the cofounder of the Institute for Mathematics and Its
Applications (IMA) and the founding director of the Army High Performance
Computing Research Center. He is the founding editor of the Journal of Dynamics
and Differential Equations and has been serving on the editorial boards of several



vi Preface

other professional journals. Sell is a world-renowned leader in the field of dynamics
of differential equations. An author of nine books and over 100 research articles,
he has been an originator and pioneer in many important areas in this field, includ-
ing nonautonomous dynamical systems, skew-product flows, invariant manifolds
theory, infinite-dimensional dynamical systems, approximation dynamics, and fluid
flows. He is a recipient of many honors and awards including an honorary doctorate
degree from the University of St. Petersburg and an invited address at the 1982
International Congress of Mathematicians.

Infinite-dimensional dynamical systems are generated by evolutionary equations
describing the evolution in time of systems whose status must be depicted in infinite-
dimensional phase spaces. Studying the long-term behaviors of such systems
is important to our understanding of their spatiotemporal pattern formation and
global continuation, and has been among the major sources of motivation and
applications of new development in nonlinear analysis and other mathematical
theories. Theories of infinite-dimensional dynamical systems have also found more
and more important applications in the physical, chemical, and life sciences.

Each of the 48 invited speakers gave a 40-minute lecture. The lectures are col-
lected and published in this special volume of the Fields Institute Communications
series, dedicated to George Sell.

Providence, RI, USA John Mallet-Paret
Toronto, ON, Canada Jianhong Wu
Atlanta, GA, USA Yingfei Yi

Toronto, ON, Canada Huaiping Zhu
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Persistence of Periodic Orbits for Perturbed
Dissipative Dynamical Systems

Jack K. Hale and Genevieve Raugel

This paper is dedicated to Professor George Sell on the
occasion of his seventieth birthday.

Abstract This paper is devoted to the study of the persistence of periodic solutions
under perturbations in dynamical systems generated by evolutionary equations,
which are not smoothing in finite time, but only asymptotically smoothing.
Assuming that the periodic solution of the unperturbed system is non-degenerate, we
want to prove the existence and uniqueness of a periodic solution for the perturbed
equation in the neighbourhood of the unperturbed solution (with a period near
the period of the periodic solution of the unperturbed problem). We review some
methods of proofs, used in the case of systems of ordinary differential equations,
and discuss their extensions to the infinite-dimensional case.

Mathematics Subject Classification (2010): Primary 35B10, 35B25, 37L50,
37L05; Secondary 35Q30, 35Q35

1 Introduction

Many evolutionary partial differential equations, arising in physics, chemistry or
biology, ... depend on various parameters, which are often only approximately
known. Moreover, for computational reasons, a given evolutionary equation is often
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2 J.K. Hale and G. Raugel

replaced by a discretized or approximate equation. So the question of persistence
of periodic solutions under perturbation is very important. The persistence of non-
degenerate periodic orbits of finite-dimensional systems of ordinary differential
equations (ODE’s) under autonomous perturbations is well-known. Many methods
of proofs, such as the Poincaré map method, the Lyapunov-Schmidt method, integral
equations methods or local coordinates systems method, can be used in order to
prove this persistence result.

For ODE’s, this problem is much simpler than the one to be discussed in infinite
dimensions. In spite of this, it is instructive to briefly recall this case since it involves
some of the underlying ideas for the general infinite dimensional case. Thus, let us
consider the autonomous ODE in R”,

x = go(x), ey

where go € C'(R",R") and x; denotes the derivative ’%.

We suppose that there is a periodic orbit Tg = {pg(¢),# € [0, @p) } of (1) described
by the periodic solution py(t) of (1) of minimal period wy > 0. The linear variational
equation about py is given by

ye =Ao(t)y, Ao(t) = —x(Po(f)) 2

The matrix function Ay(¢) is @wp-periodic in 7. The Floquet multipliers of (2) are the
eigenvalues of the mapping Iy(@y,0) : xg € R" — o ( @y, 0)xo = x(wp,xo), Where
x(t,x0) is the solution of (2) with initial value xq at 7 = 0.
The function pg; is an @y-periodic solution of (2) and therefore, 1 is a Floquet
multiplier of (2). The orbit Iy (or the periodic solution pg(¢) of period @y) is
nondegenerate if 1 is a (algebraically) simple eigenvalue of ITy(wy,0).

To simplify the presentation, we consider the perturbed ODE

x = ge(x), 3

where € € R¥ is a parameter, g (x) = go(x) + h(&,x), h(0,x) = 0 for all x € R" and
h(-,-) € C'(R¥ x R" R"). To simplify the discussion, we assume, without loss of
generality, that the solutions of (3) are defined on [0, +eo), for all initial data in R”
and for any € small enough.

The following existence and uniqueness result of a periodic solution of the
perturbed equation (3), for € small enough, is well-known, if the orbit Iy is
nondegenerate. It is expected that the period will not be equal to @y, but should
depend on € and be close to @y.

Theorem 1.1. IfTo = {po(1),r € [0,a0)} is a nondegenerate periodic orbit of (1)
of (minimal) period @y, then there exist &y > 0, &y > 0, and a neighbourhood Ny of
Ty such that, for |€| < &, there is a unique periodic orbit Te = {pe(t) |t € [0, @¢) } of
(3), which remains in Ny and has minimal period ®¢ with |0 — wy| < 8. Moreover,
we — o, and, for any T > 0, pe — po in C°([0,T],R") as € — 0.
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A classical method in ODE’s for discussing the continuation problem and for
proving this theorem is the Poincaré transversal map. We quickly recall it. For € > 0,
let T¢(¢)xo be the solution of (3) with T;(0)xo = x¢. Let Z¢ be a transversal at po(0)
to I'p. For any y € X in a sufficiently small neighborhood of p((0), there exists a
first time 7(g,y) > 0, close to @y for which T; (7(€,y))y € Zo, with awy = 7(0, po(0)).
By the implicit function theorem, 7(g,y) is a well defined function, which belongs
to C'((—&o,&) % By, (po(0),7),R), where & and r are small positive numbers and
Bs,(po(0),r) is the ball in Xy of center po(0) and radius . We now define the
Poincaré map P :y € By, (po(0),7) — Pe(y) = Te(1(€,))y € Zo. The function Pe(y)
is continuous in € and y € By, (po(0),r) and is continuously differentiable in y as
a consequence of the continuous differentiability of T;(¢)y in 7 and y and of the
one of 7(g,y) in y. Of course, Py(po(0)) = po(0). It also is easy to observe that the
nondegeneracy hypothesis implies that 1 is not an eigenvalue of Dy (Py)(po(0)) and
thus Dy (Py)(po(0)) —Id has a bounded inverse as a map from the tangent space of X
at po(0) into itself. For € > 0 small enough, the implicit function theorem implies
that P; has a unique fixed point pg(0) in a neighborhood of p(0). Furthermore,
pe(0) = pp(0) as € — 0 and t(g, pe(0)) — wp as € — 0. We set @z = 7(€, p£(0)).
The function pe(t) = Te(t)pe(0), t € [0, ), defines the periodic solution of the
equation with minimal period w,. This proves Theorem 1.1.

Remark. As we have seen, in this method of Poincaré sections, we associate a first
return time to the initial data on the transversal section (this gives us the period of
the periodic solution) and then look for a unique fixed point, which will give rise to
the periodic solution. Since we are looking for a unique fixed point of the map
T:(7(&,y))y, this method requires at least a Lipschitz-continuous dependence in
time of T (7).

This Lipschitz-continuity in time ¢ is satisfied for retarded functional differential
equations (RFDE’s) with finite delay, when the time ¢ is strictly larger than the delay.
Thus, the Poincaré method can be adapted to RFDE’s (which are, of course, infinite-
dimensional systems) in the case where the period ay is strictly larger than the delay
(see [15, Chapter 10, Remark 4.2]).

We now turn to the infinite-dimensional case. For € > 0, we consider a family of
non-linear continuous semigroups (also called dynamical systems) T;(¢) defined on
a given Banach space X. We assume that the limiting system 7y (z) has a nontrivial
periodic orbit o = {po(s) | s € [0, @)}, where pg : R — X is a periodic function of
minimal period @y such that To(#)po(s) = po(s+1), for all > 0 and all s € R. To
simplify the discussion, we also assume that the family of semigroups 7¢(¢) is of
class C!, that is, T (t)ug is continuously differentiable with respect to uy € X.

In order to properly define the notion of nondegenerate periodic solution, we need
to assume in addition that the function py(t) : € [0, @) +— po(t) € X is of class C".
Let ITy(#,0) = D, (To(f) po(0)) be the evolution operator or process defined by the
linearized operator around py(z). Under the above regularity hypothesis on py(z),
we remark that po, (0) is an eigenfunction of Iy (@y,0) associated to the eigenvalue
1 and we may say that the periodic solution py(¢) of period @y is nondegenerate if 1
is a (algebraically) simple isolated eigenvalue of ITy(wy,0). Often, we will then say
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that Iy is a non-degenerate periodic orbit (of period @y). Notice however that the
periodic solution py(#), regarded as a periodic function of period nay, for an integer
n > 2, could be degenerate. We may now wonder if Theorem 1.1 can be extended
to this general case, under some additional hypotheses. More precisely, we consider
the following question:

Continuation Problem If Ty is a nondegenerate periodic orbit of Ty(t), described
by the periodic solution py(t) of minimal period @y, determine methods for
proving (under additional appropriate hypotheses) the existence and uniqueness of
a periodic orbit Te = {pe(t) |t € [0,0¢)} of Te(¢), where pe(t) is a periodic solution
of T¢ (t) of minimal period we and where (T'g, g ) is “close” to (T, ) if € is small
enough.

For some classes of evolutionary equations, it is not difficult to verify that the
periodic function po(z) : t € [0,@) — po(t) € X is of class C!. This is true for
RFDE’s with finite delay, since their solutions become smoother with increasing
time. It is also true for parabolic equations, due to the fact that their solutions are
smoother at positive time. As already noticed in the above remark, the method of
Poincaré sections can be applied to RFDE’s when the period @y is strictly larger
than the delay and thus Theorem 1.1 holds in this case (see [15]). The smoothing
property in positive time also allows to apply the method of Poincaré sections to the
parabolic equations and thus Theorem 1.1 is easily extended to this case (see [17,
Theorem 8.3.2]).

For many types of evolutionary equations, including certain neutral functional
differential equations (NFDE’s) with finite delay, RFDE’s with infinite delay and
damped hyperbolic PDE’s on bounded domains, the trajectories lying in compact
invariant sets are smoother in time and, in particular, the periodic solutions are of
class C! in time. These evolutionary equations belong to the class of asymptotically
smooth or asymptotically compact dynamical systems, which are not smoothing in
finite time, but are smoothing in infinite time. The class of asymptotically smooth
dynamical systems (see [7, 8]) has been introduced in the early 1970s. The equiv-
alent concept of asymptotic compactness was introduced later by Ladyshenskaya
(see [26]). We recall that a dynamical system Ty(7), # > 0, on a Banach space
X is asymptotically smooth if, for any nonempty bounded set B C X for which
To(t)B C B, for t > 1 > 0, there exists a nonempty compact set J = J(B) in the
closure of B such that lim,_,.disty (7o(7)B,J) = 0, where disty is the Hausdorff
semi-distance. A dynamical system 7Tp(r) is asymptotically compact, if, for any
bounded set B C X such that U;>Tp(¢)B is bounded for some 7 > 0, every set of the
form {To(,)z, }, with z, € B and t, =10 +o0, 1, > T, is relatively compact. One
easily sees that both concepts are equivalent (see [29]).

For most of the asymptotically smooth dynamical systems, we can define
the notion of nondegenerate periodic solution (or periodic orbit). Let Ty(¢) be
such an asymptotically smooth dynamical system and po(t) € C'(R,X) be a
periodic solution (with Iy being the corresponding periodic orbit). As in the
proof of Theorem 1.1, one can define a transversal Xy at p(0) to Ty and also,
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for any v € Xy, the first return time 7(0,v) and the corresponding Poincaré
map Py(v) = To(7(0,v))v. This Poincaré map is continuous. But, unfortunately,
for asymptotically smooth systems, which are not smoothing in finite time, this
Poincaré map Py(v) is, in general, not even Holder-continuous in v € X and
thus we cannot directly apply the Poincaré method for generalizing Theorem 1.1.
In [13], we have introduced a modified Poincaré method and proved that,
under additional appropriate hypotheses, the above Continuation Problem has
a positive answer, that is, Theorem 1.1 can be extended to a large class of
asymptotically smooth dynamical systems. In [13], this modified Poincaré method
is applied to perturbations (even non-regular perturbations) of semilinear systems
[13, Sect. 3] and also of strongly nonlinear problems [13, Theorem 4.1 of Sect.4].
This method is especially efficient in the case of strongly nonlinear systems.
Since the proofs and hypotheses of the modified Poincaré method look a priori
rather involved, one may wonder if one can generalize other known “easier”
methods of proofs of Theorem 1.1 to the case of asymptotically smooth sys-
tems and thereby obtain weaker hypotheses or simpler methods of proofs. For
perturbations of strongly nonlinear dynamical systems, there does not seem to
exist general simpler methods of proofs, besides the modified Poincaré and the
change of local coordinates methods. In this paper, we will not study the change
of local coordinates method. This method, which has already been used by Urabe
[30] and by Hale [6] in the frame of ODE’s, has been extended to parabolic
equations by Henry [17] and to equations of retarded type and simple neutral
type by Hale and Weedermann [16]. In [14], we generalize it to the class of
evolutionary equations, which are asymptotically regular, but not smoothing in
finite time.

Since semilinear evolutionary equations are easier to handle, one expects that
there are other classical methods (used for proving Theorem 1.1 in the case of
ODE’s), which can be generalized to the infinite-dimensional case. The main
purpose of this paper is to consider such methods and to compare them with the
modified Poincaré method. The typical semilinear evolutionary PDE is written in
the following abstract form

u = Bou+ fo(u), u(0)=uyeX, 4

where By is the infinitesimal generator of a linear C°-semigroup on a Banach space
X and the nonlinearity fy € C'(X,X). We will consider non-regular perturbations
of the Eq. (4) of the form

u = Beu+ fe(u), u(0)=up€X, (5)

where, for € > 0, B is the infinitesimal generator of a linear C°-semigroup on X
and f. € C'(X,X). For sake of simplicity, we suppose that f; converges to fy in
C'(M,X) for any bounded closed subset M of X. We assume that the perturbation is
non-regular in the sense that the semigroup ¢%¢’ does not converge to the semigroup
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€50 in L(X,X), but converges in the following much weaker sense, for any 7 > 0,
forany0 <t <T,

leB<'v — Py < Co(T)eP ]z, W e Z, ©)

where Cy(T) and 3 are two positive constants, and Z is a Banach subspace of X,
the inclusion of Z in X being continuous (and also compact if Z # X). We may
assume without restriction of generality that D(B;) C Z, for € > 0. As already
explained and as shown in [12], the invariant sets (and therefore the periodic orbits)
of asymptotically smooth dynamical systems are more regular and thus, without loss
of generality, we may assume that the periodic solutions are actually bounded in the
space Z. In most of the cases, these invariant sets are also bounded in the domain
D(Bg) of Be. As in the modified Poincaré method in [13], these “good regularity
properties” will play a crucial role in all our proofs below.

The plan of the paper is as follows. In the next sections, we analyze two classical

methods of proofs of Theorem 1.1 and discuss their extensions to the infinite-
dimensional case. In Sect. 2, we study a method based on the variation of constants
formula. We prove that this method admits a nice extension to the case of the
semilinear equations (4) and (5) (see Theorem 2.9). In Paragraph 2.2, we compare
it with the modified Poincaré method of [13]. Paragraph 2.3 is devoted to examples
of applications of Theorem 2.9. In Sect.3, we consider a simple method using
the Fredholm alternative and the Lyapunov-Schmidt procedure. We will see that
the generalization of this method leads to more involved technical problems than the
one of Sect. 2.
Note: These last years, Jack Hale and I had been working on the problem of persis-
tence of periodic orbits under perturbations in the case of dissipative evolutionary
equations. This paper is based on various preliminary drafts and discussions with
Jack Hale. During his sickness in 2009, Jack Hale strongly wished that we write a
paper on this subject in honor of the seventieth birthday of George Sell. We had
several discussions about the contents of this paper in the weeks preceding his
passing away on December 9, 2009.

2  An Integral Equation Method

The integral method described below is based on the so-called variation of constants
or Duhamel formula and goes back to many earlier works. For example, it has
already been used by Malkin [27] and by Hale [5, p. 28] in the frame of non-
autonomous equations. Later this method has been widely considered by several
authors in the finite-dimensional case (see [24,25], for example). In the last decade,
this method has been developed in the infinite-dimensional frame for autonomous
equations, when the non linear term in the equation has some compactness
properties (see [2,4, 18-22], for example). In [19, 20, 22], Johnson, Kamenskii and
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Nistri have used it, together with a topological degree argument, in order to prove
the persistence of periodic solutions of damped hyperbolic equations in thin product
domains.

Before entering into the details of this method, we quickly describe it in the frame
of a simple non autonomous equation in R", as it was done in [5]. This method starts
with an application of the variation of constants (or Duhamel) formula.

For x € R", consider the ODE

x = Bx+ f(1), (N

where f(t + ax) = f(t) and e — I is nonsingular; that is, the zero solution of the
equation
x; = Bx 8)

is nondegenerate in the class of @wy-periodic functions.
The variation of constants formula represents any solution x(¢) of (7) as

K1) =x(0) + [0 p(s)as ©
0

From the nondegeneracy hypothesis, it follows that (7) has a unique @p-periodic
solution x* () with initial value x*(0) given by

@
x*(0) = (1 —B)~! / B9 £(5)ds (10)
0
and the @y-periodic solution x*(¢) is given by

x*(1) = P (1 — B™)~! /wn B9 £(5)ds + /t B9 f(s5)ds
0 0

14wy

:eBt(ewaO—I)fl/ e B f(s)ds

t
1+
= / B(eB% _1)7le B f(5)ds. (a1
t
Notice that, with this formula, it is very easy to prove the existence of periodic
solutions under perturbations of (8), with terms which are periodic in ¢ of period @y.

Remark 2.1. 'We point out that, in the formula (11), the initial data disappeared. If
we go back to the nonlinear equation (5) and use the formulas corresponding to (11),
we see that the @,-periodic solutions p¢(z) of (5) have to satisfy the equality

pe(t) = / T et (o Beon )l (e (5))ds, (12)

where @, is close to @y. Equality (12) shows that, in order to find the periodic
solution pe, we are reduced to seek for a fixed point of a map defined on the space
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of wg-periodic continuous solutions from R into X. This strategy can be really
interesting in the infinite-dimensional case. Indeed, if the nonlinear term f; maps
the Banach space X into X or into a smaller “more regular” space Y, we can hope to
use this regularity property in the proof of the existence of a fixed point of (12). For
example, this is the case for the important class of systems of weakly or strongly
damped wave equations.

In the next paragraph, we are going to extend the equality (11) to the infinite-
dimensional case in the frame of semilinear “dissipative” evolutionary equations
and explain how one can use the integral equation (11) for showing the persistence
of periodic solutions under perturbations. It will quickly become clear that this
integral method is not well adapted to strongly non-linear equations. To conclude
this section, we will briefly give some applications.

2.1 An Abstract Result

Let X and Z (Z # X) be two Banach spaces such that Z C X is embedded in X
with a continuous and compact injection. Let & > 0 be a small number and, for
0 < & < &, let B be the generator of a C’-semigroup Sg(¢) = €5’ on X satisfying
the decay condition

sup([[€®|| 1(z.2) l€” | ix x)) < Coe™ ™, (13)

where a > 0 and Cj > 0 are two constants. We also assume that D(B,), for € > 0,
is embedded in Z with a continuous injection.

We next introduce a nonlinear map fe : X — X, which belongs to CZ(X ,X),
“uniformly with respect to €”. In particular, for any bounded subset B of X, there
exists a positive constant C(3) such that, for any 0 < & < gy, forany v € B,

1fe)llx + D fe(W) e x) + 1D fe (V) i x) < C(B)- (14)

In one of the examples of systems of damped wave equations given in Sect. 3.2
below, the Banach space X also depends on €. In this section, for sake of simplicity,
we assume that the Banach space X does not depend on €. The generalization of the
abstract result below to the case where the spaces X and Z also depend on € is rather
straightforward and is described in details in [9] (see also [1,2]).

For 0 < & < gy, we consider the following semilinear equation

ur = Beu+ fe(u), u(0)=up € X. (15)

We denote by T (t) the local semiflow on X generated by the Eq. (15).
We next make the following assumptions:

+ (HIl) The semiflow Ty(z) admits a periodic solution po(t) € C'(R,X) N
C°(R,D(By)) of period wy > 0, which is non-degenerate.
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* (H2) The functions p (¢) and fo(po(z)) are continuous from R into Z and from
R into D(By) respectively.

By Hypotheses (H1) and (H2), there exists a positive constant K, such that, for
0<t<a,

2o ()l (o) + 1 fo(Po ()l p(8y) + Il Por (1) ||z < Ko- (16)

We denote T'p = {po(s)|s € [0,wp)} the periodic orbit generated by po(s). Let
Ty(z,s) be the evolution operator or process defined by the linearized equation
around po(s),

wy = Bow+Dfo(po)w, w(s) = wy. (17)

The equation (17) admits a unique solution w(r) = Ty(¢,s)wo, which belongs to
C%(X,X). We recall that po(t) is non-degenerate if 1 is a (algebraically) simple
isolated eigenvalue of the period map ITy(@y,0).

We further assume that

e (H3) For 0 < € < &), Dy, fe(po(s)) is a linear bounded mapping from X into Z,
the norm of which is uniformly bounded, with respect to € and to 0 < s < 2@y,
that is,

sup [[Dufe(po(1))llzx z) < Co- (18)
t€[0,2a]

This assumption implies in particular that, for any wg € Z, the unique solution
Iy (¢,s)wo belongs to C°(Z,Z).
* (H4) There exists a positive constant 3y such that, for 0 < ¢ < 2@y, forany w € Z,

[P w — ePetwllx < CoePol|w]|z. (19)

e (HS5) There exists a positive constant f3; such that, for 0 < &€ < g and for any
sER,

1fe(Po(5)) = fo(Po(9))llx + 1 Dufe(Po(s)) = Dufo(po(s))llix x) < Cog™. (20)

In the proof of the uniqueness of the periodic solution for the perturbed equation,
one needs additional hypotheses. Here, we will use the following two additional
hypotheses,

e (H6) There exist a neighbourhood V) of Ty and a positive constant & such that,
if Te = {pe(2)|t € [0, ]} is a periodic orbit of (15), contained in Vg and if pg(r)
is of period @, with |y — @w¢| < &, then pg(¢) and fe(p(t)) are continuous
functions from r € R into D(B,) and

sup || fe(Pe(t)) || p(se) + sup |Pe (1) p(se) < Ko- (21)
teR teR
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* (H7) The domain D(Bg) is dense in X* (this is true in particular when X is a
reflexive Banach space). Moreover, Bgl converges to B, Uin L(X,X), when &
goes to zero.

Under the above hypotheses, in Theorem 2.9 below, we will give an existence
and uniqueness result of a periodic solution of the perturbed problem (5).

Remark 2.2. 1. The above hypotheses can be made weaker. For example, the
bounds €% and P! in the hypotheses (H5) and (H6) can be replaced by any
function g (&), which goes to 0, when & goes to 0.

2. In [9], we give an extension of the main Theorem 2.9 below to the case of general
dissipative dispersive equations.

3. In the case of regular perturbations, that is, in the case where the estimate (19)
holds for any w € X, we still need to introduce a Banach subspace Z of X, which
is compactly embedded in X. Indeed, at several steps of the proof of Theorem 2.9
below, we use the compactness of the linear map D, fz (po(7)).

In order to introduce a formula analogous to (11) in the infinite-dimensional case,
we need the following result.

Lemma 2.3. Under the decay assumption (13), for any t; > 0, there exists a positive
constant C; = C1(ty) such that, for any 0 < & < gy and anyt > 11,

sup(]|(1 — ePe") ! lLz2) 11— ePery! lixx)) < Ci- (22)

Proof. Since the proofs are the same in the spaces X and Z, we give it only in the
case of the space X. We consider a new norm on X given by

Bes

|u|x = sup||e”*ul|xe™’.
>0

The inequality (13) implies on the one hand that
lJullx < fulx < Collullx, (23)

and, on the other hand, that

Bgtulx = sup ”eBg(tJrs)uHXeas

>0

e

Be(t+s oc(t+s)e7w

= sup [l e

5>0

<e ™|ulx.

In particular, for r > 1,

Bt

le®euly <e ul.
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It follows that (I — eB¢’) is invertible for ¢ > t;, and that its inverse satisfies the
estimate

Bety—1
The inequalities (23) and (24) imply that
C
Bet\—1 0
I =™ " ullx < T— =5 lullx,
which is the desired estimate O

Determining a periodic solution p,(¢) of Eq. (15) for € > 0 leads, by the variation
of constants formula (see (10)), to seek pe(0) € X, close to py(0), and w; close to
wy, such that,

pe(0) =(1— eBSwE)il /0“’8 eBE(wsis)fs(Pe(S))ds

= (I — ePe) ! /Owg P @=5) £ (T, (5)pe (0))ds. (25)

We could look for a solution (pg(0), @) of (25) and apply a fixed point theorem to
the map defined by the right hand side of (25). But this would require to estimate
terms like [|Dfo(po(s))(DTe (s)(po(s)) @ — Dfo(po(s))(DTo(s) (po(s)) @lx, when @
belongs to X. Since in general we do not have good estimates for |50’ @ —eBel ¢ x,
when ¢ belongs to X only, this strategy would require additional hypotheses on
the nonlinearity fy and on the comparison of the semigroups €52’ and ¢%o. For this
reason, we do not look for solutions of (25), but follow the strategy explained in
(11), that is, we look for a continuous @;-periodic solution pg () of

g
pelt) = =Py [ pe(s))as

+/I eBE(t*S)fg(pE(s))ds, (26)
0

where @ is close to @y. As we have mentioned above, such a strategy has already
been used by Gurova and Kamenskii in the frame of parabolic equations [4], by
Johnson et al. [18-20] in the particular case of systems of damped wave equations
in thin product domains and by Abdelhedi [1, 2] in the case of more general
thin two-dimensional domains. In what follows, we shall improve and generalize
their results. Instead of applying topological degree arguments to (26) as done in
[4, 18-20], we will simply apply fixed point theorems and show the existence and
uniqueness of periodic solutions for the perturbed problem.
For any @ > 0, we introduce the space

Co(X) = {w e C°(R,X)|w is w-periodic},
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equipped with the norm [|wl|c, x) = Sup,c(o,) [[W(?)|lx (more generally, for any
Banach space Y, we introduce the space Co, (Y) = {w € C°(R,Y) | w is w-periodic}).

We remark that pe(f) € Cp, (X) is a solution of (26) if and only if p¢(¢) is a fixed
point of the mapping

e

W € Cap (X) s B (1 — oBee) ! /

P00 fo (w(s) s + P fy((s) s
0 JO

However, looking for a fixed point of a mapping defined on a variable space Cq, (X)
is not really convenient. For this reason, in order to fix the period equal to @y, we
perform the change of time variable ¢ — %t. Clearly, u is an @-periodic solution of

(15) if and only if u*(¢) = u(%t) is a wy-periodic solution of the equation
* [ * [ * *
u; :&Bgu —I—&fg(u ), u(0)=upeX. 27)

We denote Sg (1) = e the C-semigroup generated by the operator %Bs. Like
[18] (see also [2, 19]), we introduce the linear mapping Je(®) : w € Cey(X)
Je()w given by

(Je(@)w)(t) = Se.0(t)(I — Se.o(ax)) ! Se. (o — s)w(s)ds
+ A Se.o(t —s)w(s)ds. (28)

Let w be a given element in Cg,(X) (resp. Ce,(Z)). The compactness of the set
Ure(0,mp)W(?) in X (resp. Z), for any w in Cgy, (X) (resp. Cey(Z)) together with the
Mazur lemma and the fact that S o (+) is a CP-semigroup on X (resp. Z) imply that
Je(@)w belongs to Cey, (X) (resp. Cuy (Z)). Moreover, the map Jg (@) : w € Ceyy (X ) —
Je(@)w € Cy,(X) is a continuous linear mapping from Cg, (X) (resp. from Cy, (Z))
into itself. In addition, taking into account the equality

(I = So.w(@0)) " — (I = So,ap (@) !
= (I—S0.0(®0)) " (S0, (@0) — S0, (@0)) (I — So.00 (@) ", (29)

and arguing as previously, one shows that, for any w € Cy, (X), the map Je(o)w :
® € (0,400) —= Je(@)w € Cq,(X) is continuous (and uniformly continuous in o,
when o belongs to a compact set).

With similar arguments, one also proves that, if w € Cey, (D(B)), then Je(@)w :
® € (0,4) — Je(@)w € Cyy(X) is of class C!. For any € > 0, for any w €
Cay(D(Bg)), the derivative is given by
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(o) ()= S BelalW)0) 2 )0

do
2 “o
4 BeSe.o(t)(I - Se.o(@n))” /0 Seo(@y—s)w(s)ds,  (30)

where the function W is defined by W (s) = sw(s), for any s.
We finally introduce the following non-linear map Fe(®) : (@,w) € (0,400) X
Cop(X) 5 Fe(@,w) € Capy (X):

Fe(@,w) = J¢(0) <%f8(w)) - 31

Obviously, for any @ € (0,+e0), the map w € Cq(X) = Fe(®,w) € Cy,(X) is of
class C2. Moreover, as, by Hypothesis (H2), fo(po([0, @p])) is a compact subset of
D(By), the map ® € (0,4o0) i Fy(®@,po) € Cay (X) is of class C! (see (30)).

We emphasize that, due to the variation of constants formula, u* is a fixed point
of Fg(w,-) if and only if u* is an @y-periodic solution of (27). In particular, we
remark that

Fo(a, po) = po- (32)

Before applying a fixed point theorem to the map Fp(w,-), we state two
elementary auxiliary lemmas.

Lemma 2.4. 1. Anelement w € Cy,(X) is a fixed point of D, Fy(wo, po) if and only
if wis a wy-periodic solution of the linear system (17), that is, if and only if w(0)
is an eigenvector of the period map Ty(wy,0), associated with the eigenvalue 1.
If 1is a (algebraically) simple eigenvalue of Tly(y,0), then 1 is a (algebraically)
simple eigenvalue of D, Fy(@y, po). Thus, under the hypotheses (HI) and (H3), 1
is a (algebraically) simple isolated eigenvalue of D,,Fy(ay, po)-

2. Under the hypotheses (H1) and (H3), D,,Fo(wo, po) — I is a Fredholm operator
of index 0 from Cqy(X) (resp. Cuyy(Z)) into itself. The operator D,,Fy(my, po)
can be extended to a compact continuous linear mapping from L>((0,a),X)
into C, (X ). Moreover, D,,Fy(0, po) — I is a Fredholm operator of index 0 from
L?((0,ap),X) into itself.

3. The property that 1 is an eigenvalue of Tly(my,0) of algebraic multiplicity one,
together with the regularity assumptions on po, imply that the equation

(DLlFO(a)()apo)_I)W:D(DFO((D()apO) (33)
does not admit any solution w in Cg,(X).

Proof. 1. From the definition (31), it follows that
-1 @
(DuFo(@,po)w) (1) = (So.0(0) (1= Soo(@)) " [ Suao(@n = 5)Dusolpo(s) w(s)ds

+ [ Soalt=5)Dufo(po(s) wis)ds) 2 (34)
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and, in particular,
(DuFy(@n. po)w) (1) = So(0) (1 = So(@0) " [ S~ )Dufpofs)w(s)ds
+ ./(: So(t — $)Dyfo(po(s))w(s)ds. (35)

Hence, if w € Cy,(X) is a fixed point of D, Fy(o, po), then,

"y
wian) = (1= So(@n) ™" [ Saan—5)Dusolpo(s)w(s)ds
and thus
@o
wl(@n) = So(@n)w(0)+ [ So(@n = )Dufo(pols)w(s)ds

which means that w(wy) = w(0) is an eigenvector of the period map ITy(@y,0),
associated with the eigenvalue 1. Conversely, one at once shows that, if wy € X
is an eigenvector of ITy( @y, 0), associated with the eigenvalue 1, then TTy(z, s)wo
is an @y-periodic continuous function and is a fixed point of D,Fy(wy, po)- In
particular, py,(¢) is a fixed point of D, Fy( @, po).

We next show by contradiction that, if 1 is a (algebraically) simple eigenvalue
of TTp(my,0), then 1 is also a (algebraically) simple eigenvalue of D, Fy( @y, po)-
If it is not true, there exists a continuous function w € Cg, (X), w # po, such that

(DuFo(@, po) —I)w = por, (36)
which implies by (35) that
w(t) =Ty (1,0)w(0) — por (1)
and by the periodicity of the function w(t) that
w(0) = Tlo(@p,0)w(0) — po: (0).

The last equality implies that 1 is an eigenvalue of ITy(wp,0) of algebraic
multiplicity strictly larger than one.

Below, we show that, under Hypothesis (H3), D, Fy(@o, po) is a compact
map from C,(X) into itself. Thus, under the hypotheses (H1) and (H3), 1 is
a (algebraically) simple isolated eigenvalue of D, Fy(wy, po)-

. Let B be a fixed bounded subset of Cq,(X) and let us denote B the image

Dy Fo(@, po)B = UyepDuFo(@o, po)w of B by Dy Fo(ay, po)- Since Dy fo(po(-))
is a linear bounded mapping from X into Z and that the injection of Z into X is
compact, Uye(o,a, B(#) = UweDuFo(@, po)w([0, @p]) is a bounded subset of Z
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and hence relatively compact in X. Thus, for any positive number &, there exists
N1, 0 < M1 < &, such that, for any 0 < 7 < 1y, and any ug € U,G[O’%]B(t),

1So(T)uo — uol|x < -

Let u = D, Fy(wp, po)w, where w € B and 0 < T < 1y, then

u(t+7) = +/ So(T — $)Dufo(po(t +))w(t + s)ds.

Since B is a bounded set in Cqy, (X ), the above properties and (13) imply that, for
t € [0, @) and, for example, for 0 < 7 < inf(n;, @y —1),

[u(t+7) —u(®)llx <8 +Cot sup [[Dufo(po(s))llrixzy sup [[wis)llx
se[0, )] s€[0, 0]

< (1+Cs)0v, (37)

where Cp is a positive constant depending on B. The same inequality holds for
T € (—inf(¢,7m1),0). For any ng > 0, choose & > 0 so that (14 Cg)dy < no. Then,
for any ¢ € [0, ay], we have ||u(t + 7) — u(t)||x < no for |t| < n;. This implies
that B = Uy,egDy Fo( @y, po)w is a set of uniformly equicontinuous functions. By
the Ascoli theorem, it follows that B is relatively compact in Cg, (X). Hence,
Dy Fy(m, po) is a compact mapping from Cyy, (X) into itself and I — D, Fy(@y, po)
is a Fredholm operator of index 0 from Cg, (X) into itself (and also from Cy, (Z)
into itself).

Using the classical properties of C%-semigroups (see [28], for example)
and the fact that D, fo(po(s)) is a bounded linear map from X into Z, we
readily show that, if w belongs to L?((0,p),X), then D,Fy(wp,po)w is in
C%((0,y),Z). Moreover, D, Fy(aq, po)w(wy) = D,Fo(wy, po)w(0), which im-
plies that D, Fy(ay, po)w belongs to the space Cy, (X). If By is a bounded set in
L*((0,a%),X), then Uyyep, DyuFo(wo, po)w([0, ay]) is a bounded subset of Z and
thus relatively compact in X. And one shows as above that U,,ep, D, Fo( @, po)w
is a family of uniformly equicontinuous functions. The only change in the proof
occurs in the estimate (37), which is replaced by

1/2
Jutr+9) =) < 8o sup [Duslpoluexy > ([ w613 )

s€[0,a]
<(1+Cp)8)*, (38)

where we have used the Cauchy—Schwarz inequality. Applying again the Ascoli
theorem implies as above that Uyep, Dy Fo(@p, po)w is relatively compact in
Ce, (X). Hence, D,Fy(ax, po) is a compact mapping from L*((0,ay),X) into
itself and I — D, Fy(ay, po) is a Fredholm operator of index 0 from L*((0, ax), X)
into itself.
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3. We first remark that, if y is an @y-periodic solution of the equation

Wi = Bow + Dfo(po)y — % (39)

then W +1po, /@y is a solution of Eq. (17) and

o (@, 0)w(0) = w(0) + po: (0),

that is, w(0) is a generalized eigenvector of ITy(@y,0) corresponding to the
eigenvalue 1. Conversely, if ¢y is a generalized eigenvector of Ily(wy,0)
corresponding to the eigenvalue 1, then Iy (s,0)@y = ¢(s) satisfies the equality

d t Dot
— - — = Byo+ D, - — - —
i <(P POt) 0P fo(po)o POtt

t
= By <(P - @PO[) +Dfo(po) <(P— &P0z> 1;2:7

and @(wy) — por(@o) = o, that is, ¢ — ﬁp(), is an @y-periodic solution of the
Eq. (39).

Notice that the regularity hypotheses on pgo imply that D, Fo( @, po) is well
defined. In [4] (see also [19]), it has been proved that if Eq. (39) has no wy-
periodic solution, then Eq. (33) has no wy-periodic solution. Thus, since 1 is
a (algebraically) simple eigenvalue of ITy(@y,0), Eq. (33) has no wy-periodic
solution. The proof of the lemma is completed. O

The next lemma, which is a comparison lemma, will be used in the proof of the
existence of a periodic orbit for the perturbed problem.

Lemma 2.5. Let 0 <t < wy be a fixed constant. Under the decay property (13) and

Hypothesis (H4), there exist positive constants Cy = C(t1) and B, = min(fy, B1)

such that the following estimate holds, for any t) < @ < 2ay, and any w € Cy, (Z),
e (@)w = Jo(@)Wley x) < CoeP Wiy z (40)

Moreover, one can choose the constant Cy = C;(t1) large enough so that, under the
decay property (13) and the Hypotheses (H.2)—(H.5), we have, for any t; < @ <2y,

1Fe(@, p0) = Fo(@, p0)llcp ) < C2€™, (41
and, for any w € Cey (X),

| DuFe (@, po)w — DuFO(waPO)WHCa,O x) = CyeP2 HW”Cwo (X)- (42)
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Proof. 1. We begin by estimating the term ||J¢(@)w —Jo(a))w||cmn(x), when w
belongs to Cqy, (Z). Going back to the definition of Jg, we write,

Je(@)w —Jo(@)w

+/ Se.o(t —s) — So,0(t —s))w(s)ds

+Se.o(t) [(I = Sew(@n)) " — (I Sl / So.00(@0 — )w(s)ds
+ (Se.(t) — S0.0(1) (I~ So.0(e ./ So.0(@0 — s)w(s)ds

=N +h+J3+ ;. (43)

The decay hypothesis (13), the property (22) of Lemma 2.3 and Hypothesis (H4)
imply that

1142+ sl () < 2C08P @0 (CoCr+ 1) W]l (44)
Remarking that

(I_Ss,a)(wo))il_(l_SO70)((1)0))71
= (I—ngw(a)o))fl(S&w(a)o) _SO,w(wO))(I_SO,w(wO))ila

we also obtain that
13lco ) < COCT@0EP Wiy 2)- (45)
From the equality (43) and the estimates (44) and (45), we deduce the inequality

(40), fort; < w < 2ay.
2. In order to estimate the term || Fz(®, po) — Fo(®, po) ”Cwo (x)» we remark that

Fa(@,po) — Fo(@, po) = Je(@) <%fe(l?o)) (o) (%fo(ﬁo))

+3:00) (2 o) ) (@) (L s(po) ) 40

As above, the decay hypothesis (13) and the property (22) of Lemma 2.3 imply
that, fort; < o < 2wy,

sup(|[e(@) | (x x)» e (@) 1(z.2)) < Coan(CoC1 +2). 47)
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From the above estimate and from Hypothesis (HS), we deduce that, for
t <o < 2a,

< 2C3my(CoCy +2)ebr.
Cay (X)

3:(0) (2 5lp0)) ~ @) (-2 (o)

(48)

It remains to estimate the last term in the right hand side of the equality (46).
From the equality (43) and the estimates (44) and (45) (or from the estimate
(40)), we immediately derive that, for t; < 0 < 2wy,

Je(@) <%fo(ﬁo)) —Jo(®) <%f0(170))

Cay (X)

< G (2CoCr +2+ G folpo) oy 2 )

The equality (46) and the estimates (48) and (49) imply the inequality (41) in the
lemma.

3. We finally prove the estimate (42). Arguing as in (48), by using the regularity
Hypothesis (H3) and (HS) together with the properties (22) and (47), we show
that, for any t; < @ < 2y, for any w € C, (X),

3:(0) (-2 Dufe(pow) ~e(@) (L Duss(polw

Cay (X)
< 2G50 (24 CoC1)eP [[wlleyy (x)- (50)
Since by Hypothesis (H3), Dfo(po) is a bounded linear operator from X into Z,

we can follow the lines of the proof of the estimate (40) (or directly use this
inequality) to obtain that, for any #; < @ < 2@y and for any w € Cg, (X),

3:(0) (-2 Dufotpui) (@) (2 Dufapow )

Cay (X)
< 2CoeM a (2CoC1 +2+ GCY) D fo(Po)Wll iy (2)

<GP |wlle, 2)- (51)

The estimates (50) and (51) imply the inequality (42) in the lemma. a

Remark 2.6. As a direct consequence of the inequality (40) of Lemma 2.5 and of
the proof of the identity (30), by choosing a larger constant C, if necessary, we
obtain the following estimate, for any 0 < & < @y and for any w € Cyy, (Z),

dJ
1 051
H—wBe Y a0

w ’ < CoeP Wiy (2)- (52)
Ca (X)
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We shall use this estimate in the proof of the uniqueness of the periodic solution
of Tz (1).

Lemma 2.4 implies that there exists an element v* € L*((0, ax),X*) such that the
continuous linear form £o(-) = [, (-,v*) on L?((0,ay),X) satisfies the following
properties

éO(pOt) = 13 60((1_DWF0(0~)03170))M):07 VMGLZ((O,COO),X). (53)

Thus, we can decompose the spaces L2((0,@p),X) and Cgy, (X) (resp. Cey,(Z)) as
follows

LZ((vao)vX) = <p01> +L(2)((070~)0)7X)7
and
Can(X) = (por) + X, resp. Cay(Z) = (por) + Z,

where (po,) denotes the one-dimensional space generated by po, and L3((0, ax),X)
= {w € L*((0,a),X)|lo(w) = 0}, X = {w € Ca(X)|lo(w) = 0} (resp. Z =
{w € Cuwy(Z)|£o(w) = 0}). We notice that (I —DwFo(a)(),po))‘L(z)((o7a)0)7X), =

Dy Fy(ax, po))|x and (I — Dy, Fo(wo, po))|z are isomorphisms.

For € > 0 small and ® close to @y, we want to find a (“unique”) @y-periodic
solution py + ¢ of Eq. (27), or equivalently, a (unique) fixed point of F;(®,-), close
to po. Let r and 8 be small positive numbers. We introduce the following mapping
Le(0,0): (0,0) € (0p— 8,09+ 6) X Bx(0,r) — Le(m,0) € X,

Le(@,0) = Fe(@,po+ @) — (po+ @) — lo(Fe(@, po+ @) — (po+ @) por-

The equation
Fe(w,po+ @) =po+¢

is equivalent to the system

LE(O‘)a (P) = 07
bo(Fe(@,po+ @) — (po+¢)) = 0. (54)

Let us next introduce the map Lq(®,9) € (g — 6,09 + &) x Bx(0,r) —
Le(0,9) € X, given by

Le(0,0) = ¢ — (DuFo(@n, po) —1) 'Le(,9). (55)
Since @ is a zero of the map L¢ (o, -) if and only if ¢ is a fixed point of L¢(®,-), we
are reduced to prove the following two properties:

Property I: For w close to wy, for r > 0 and € > 0 small enough, find a unique
fixed point ¢(w,€) € Bx(0,r) of the map L (w, ®).
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Property 2: For € > 0 small enough, find a unique solution @, (close to wp) of
to(Fe(®e, po+ ¢(@e, €)) — (po+ @(, €))) = 0.

2.1.1 Step1

In order to prove that, for @ close to @y, for » > 0 and € > 0 small enough, the
map L¢ (o, @) has a unique fixed point ¢(w, &) € Bx(0,r), we shall apply the strict
contraction mapping theorem to L (@, -).

Theorem 2.7. 1. Under the hypotheses (H1)—(HS5), there is a positive constant ry,
and, for 0 < r < ry, there exist &(r) > 0 and &(r) > 0 such that, for 0 < r < r,
Sfor0 < e < egy(r) and for |0 — wy| < 6 (r), Le(®,-) has a fixed point ¢(g,0) €
Bx(0,r). This fixed point is unique in Bx (0, ry). The mapping ¢(-,€) : @ € [0y —
0o (r), m + 8 (r)] — @(w,e) € X is a continuous map. Moreover, there exists a
positive constant Cy such that, for 0 <r < ry, for 0 < € < &y(r) and for |® — ay| <
&(r),

lp(e, @)l < Cae” + [0 — a)). (56)

2. Under the additional Hypothesis (H6), if po+ ¢(&,0;) € X, i = 1,2, are two
periodic solutions of (15) of periods @; with |w; — wp| < 6y(ro), i=1,2, and if
0 <e <elry), then

llo(e, 1) —@(e, m)||x < Ca|an — anl. (57)

Proof. In this proof, ¢y, ¢, ..., will denote positive constants independent of
£, W, etc.

1. We first show that L¢(,-) is a strict contraction, if the positive constants r, &
and € are small enough. For |0 — wy| < 6 and ¢; € Bx(0,r), ¢» € Bx(0,r), we
can write

Le(0,01) — Le(0,02)
— (DuFo(@0,po) = 1) (DuFo(@0,po) (01 = @2) = Fe(@. po + 1)
+ Fo(@, po-+ 92) — (o(Fe(@, po+ 92) = Fe(@,po+ 1) = (92— 91))pr )
or also, since 4o ((Dy,Fo(@o, po) —I)(@2 — ¢1)) vanishes,
[1Le(@, 1) = Le (@, @) x

< H (/01 (DyFe (@, po+ 1 +5(@2 — @1)) — Dy Fo (@, o)) (@2 — @1) ds

— Lo </01 (DwFe(@, po+ @1 +5(@2 — @1)) — Dy Fo (@, po)) (92 — (Pl)dS) POz)

R
x| (DwFo(@0, o) = 1)~ (e x)- (58)
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In order to obtain an upper-bound of the term in the right-hand side of the
inequality (58), we first write

[(DwFe(@, po+ 1 +5(92 = @1)) — DywFo(@0, p0)) (92— 1) || x < My + Mo+ Ms,
(59)
where
My = [|(DwFe(@, po+ @1+ (92— ¢1)) = DuwFe(@,p0)) (02 = @1l ()
My = [|(DwFe(@, po) — DywFo(@, po)) (@2 = ¢1)ll ey (x)
M; = [|(DwFo(@, po) = DywFo(@0, po)) (92— @1) ¢y, (x)- (60)

Since fe is of class C*> from X into X, uniformly with respect to € (see the
inequality (14)), there exists a positive constant C3 such that,

My < Csrllg2— 1 x- (61)

The estimate (42) in Lemma 2.5 implies that
My < Coe? o2 — g1 - (62)

To estimate the term M3, we first notice that

@ — o

M; < [170(@)Dufo(po) (@2 — @1) llcy (x)

+(Jo(@) = Jo(@0))Dufo(po) (92 = 1) llcay (x)

< (c1]@ — o + sup I(Jo(@) = Jo(@0))Dufo(po)vlicy, x) 192 = @1lx,
veB|

(63)

where B is the ball of center 0 and radius 1 in Cgy, (X).

Taking into account the expression of Jo(®) — Jo(@p) (see (43), for example,
with Je(w) and Sg replaced by Jo(awp) and by So o, respectively) and the
equality (29) and remarking that, by Hypothesis (H3), the sets

Use[0.ap] Ywes, Dufo(po(s))w(s)

and

o
et (1= S0y (@)™ [ S0 (@0 =)D (po(s) wis)ds
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are bounded sets in Z and thus relatively compact sets in X, one readily shows
that the mapping @ — Jo(@)D, fo(po)v € Ca, (X) is continuous in @, uniformly
with respect to v € By. Hence, for any 1 > 0, there exists a positive constant
% (n) < 7 such that, for | — wy| < &(N),

Ms < conllex — o1l x- (64)

The estimates (59), (61)—(64) imply that, for |0 — wy| < dy(n),

[(DwFe(@,po+ @1+ (02— ¢1)) = DuwFo(@o,p0)) (92 — 1) lcy, (x)

< (C3r+C2eP> + eon) |2 — 91 - (65)

We next choose rp > 0, & > 0 and 1o > 0 (and thus & = 8(1o)) such that,

(C3ro+Calt +camo) (1+ olluicy )2 1 Porlx )

1

|(DywFo (@, po) —I)fxl||L(2c,x) <3 (66)

The inequality (58) and the estimates (65) and (66) imply that, for 0 < € < g,
|@ — a| < & and for ¢y, @2 in Bx(0,70),

1
[Le(@,01) = Le(0,@)||x < l|o1 — @2 ¥, (67)

which means that L, is a strict contraction.

It remains to show that, for 0 < r < ry, there exist & (r) > 0 and & (r) > 0 such
that, for 0 < & < g(r), for |@ — ay| < 8(r), L¢(®,-) maps the ball Bx (0,r) into
itself.

Writing Le (@, @) = (Le(@,9) — Le(@,0)) + L (0,0), we deduce from (67)
that, for ¢ € Bx(0,r),

1
1£e(@,9)llx < 5r+[1Le(,0)] 2. (68)
Since py is a fixed point of Fy(ay, -), we have the equality
Le(@,0) =(DuFo(@0,po) = 1) (Fe(@.po) ~ Folan, po)

— {o(Fe(@v, o) = Fo(@, po))por ).
(69)

As, by Hypothesis (H2), fo(po([0,@p])) is a compact subset of D(By), the map
o € [t1,ap] = Fy(@, po) € Ceyy (X) is of class C! and thus we obtain the following
estimate
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[Fo(@, po) — Fo(@o, o) llcy, (x)

= 11 (ol@) —Jo(am)) - olo) + == o(@0) ol o) e )

SCsIG’-G’oI( sup [ fo(Po(s))llpsy) + sup |fo(po(S))|x>- (70)
s€[0,00] s€[0,00)

The equality (69), the inequalities (70) and, the estimate (41) of Lemma 2.5 lead
to the estimate

[[Le(@,0)||x < (C28ﬁ2 + 2Kpc3| 0 — ax))
(1+||50|\L(cw0(x),R)HPo:Hx)H(DwFO(wo,Po)—I)leHL(X) (71)

which, together with (68), implies that, for |0 — @y| < &(r) < d and 0 < € <
&(r),

.
[Le(@,0)|lx < >+ (C26P2 +2Ko 3]0 — ap|) (1 + ([0l (Capy () ) L P0Y |1 )

x| (DwFo(@0,p0) = D) ¢ i) < 73 (72)
if &y(r) > 0 and dy(r) > 0 are chosen so that
(Cag0(r)P2 + 2Koe3do(r)) (1 + 10| 2(Capy (). )l P01 1)

(DwFo(0. o)~ Dl ) < 57

Hence, we have proved that, for any 0 < r < ry, there exist & (r) > 0 and &y(r) >0

such that, for 0 < & < g(r), for | — ap| < d(r), L¢(w,-) is a strict contraction

from B (0, r) into itself. Therefore, by the strict contraction fixed point theorem,

for0 < e <g(r)and |®— wy| < 8(r), Le(,-) has a unique fixed point @(&, @)

in Bx(0,r). Thus the equation L.(®,-) = 0 has a unique solution ¢(&,®) in
BX (0, V) .

2. Since ¢(&,) is a fixed point of L¢(®,-), the contraction property (67) implies

that
lo(e,0)]lx < 2/ Le(®,0)] - (73)

From the inequalities (71) and (73), we deduce that, for |@ — ay| < 6(n),

lo(e,0)|x < Cs(eP + |0 — ax)), (74)

where Cy is a positive constant.
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We next show that the map (-, €) : @ € [awy— 6(r), o + 6 (r)] — @(w,€) €
X is continuous. Let @* belong to [wy — 6y(r), y + S ()] and let | 7| be small
enough. We denote by ¢ (e, w*) and ¢ (&, w* + 7) the fixed point of L¢ (@™, -) and
Le(0* 4+ 1,-) respectively. The contraction property (67) implies that

lo(e,0")—p(e,0" +7)|x <2[[Le(07, @(e,07))—Le(@" + T, 0(¢,07)) | x-
(75)

Coming back to the definitions (55) and (31) of £, and F. and using the
inequality (67), we obtain the estimates

[Le(@, 0(e,07)) = Le(@" +7,0(8, 07)) |

< cyllLe(0", @(e,07)) — Le(0" + 7,9(£,0")) [l ¢y (x)-

<cs

o* « o' +1 % *
<afg(w>_ At +r)) fe (po+ 0(e.0" ey, -
(76)

Since, by Hypothesis (H3), Usco,ay]fe (Po(5) + @ (€, @*)(s)) is a compact subset
of X and that S ¢, is a C%-semigroup on X, the mapping J; : ® € [t;,2p] —
Je(0)fe(po+ @(g,0")) € Cey(X) is a (uniformly) continuous function of .
And we deduce from the inequalities (75) and (76) that ¢(g,-) is a continuous
map of w at ® = o*.

It remains to show that the estimate (57) holds for the periodic solutions of
(15), if Hypothesis (H6) holds. First, one remarks that one can choose ry, &/(ro)
and Oy(ro) < & small enough so that, if po+ @(&,®,) is a periodic solution
of (15) of period w, with |@ — @g| < &(ro), then Te = {po+ @(€, @) (1)}
is contained in V. Hence, by Hypothesis (H6), the set Usc(p,ay)fe(Po(t) +
o(&,¢)(t)) is a compact subset of D(B;). Therefore the map @ € [t],+oo) —
Je(®) fe(po+ @(€,we)) is of class C'.

Let now po + ¢(&, ®;), i = 1,2, be two solutions of (15). The inequalities (75)
and (76) imply that

0] —
[0y

lp(e, @) — p(e. 02)]lx < cq (' ' e (1) e (po + (e, @1)) ey 0

Since the map @ € [t,+0) = Je (@) fe (po + (€, @1)) € Cy (X) is of class C',
by taking into account the equality (30) together with the estimates (21) and (22),
we deduce from the above inequality that,
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p(e, 01) — @(g,an)||lx

) —
< \ ] (@) fe(po + 002 @)l
1 d]g
+|—— / (01 + s(@2 — 1)) fe(po + @ (€, @1))ds
Cay (X)
< 7)o — . (77)
Hence, the theorem is proved. a

2.1.2 Step2

It remains to show that, for € > 0 small enough, there exists a unique element s,
close to wy, satisfying

ZO(FE(wb‘up()—i_(P(gawS)_(p0+(p(87w€))) :O (78)

To simplify the notations, we write @ = @+ 7 and @¢(7) = ¢(&, @ + 7). For 0 <
€ < &), looking for the zeros of the function

Me(7) = Lo(Fe(an+ 7, po+ @e(7)) — (po + @:(1))),

is equivalent to looking for the fixed points of the function,

Ke (1) = T~ Lo(D<Fo(, o))~ lo(Fe(@o + T, po + 9e (1)) — (po + 9e(7)))
= dolo(Fe(wy + T, po+ @¢(7)) — (po+ ¢¢(7)) — TD<Fo(wn, po)),  (79)

where dy = —{o(DFy(wy,po))~". Since by Lemma 2.4, £o(D.Fy(wy, po)) does
not vanish, the above function is well-defined. According to Theorem 2.7, it is a
continuous function with respect to 7.

We first show the following existence result. We recall that the positive constants
ro, 0 (r) and & (r) have been defined in Theorem 2.7.

Lemma 2.8. Under the Hypotheses (HI)—(HS5), for any r, 0 < r < ry, there exist
positive constants € (r) < &y(r) and 8;(r) < 8(r) such that, for 0 < & < & (r), the
map K has a fixed point T with |1¢| < 01(r), and therefore Fg(wy + T¢,-) has a
fived point po+ (e, @+ T2) € By (0.7

Moreover, there exists a positive constant Cs such that

7| < CseP2. (80)
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Proof. Let 0 < r < rg be fixed. To show the existence of a fixed point of K¢, we shall
apply the Leray fixed point theorem. It is thus sufficient to show that there exists
01 (r) > 0 so that K, maps the interval [—§;, 0;] into itself. To simplify the notation,
we will write ) instead of ) (r). We begin by estimating the term K.

Since £o((Dy,Fo(wo, po) — I)@s) vanishes, we can write

Ke (1) = dolo(Fe(@o+ 7, po + @e(7)) — Fe(@o + 7, po) — DuFo (@, po) @e (T)
+Fe(o + T, po) — Fo(ao + T, po)
+Fo(@o + T, po) — Fo(@y, po) — TDFo (@, po))
=K1+ K>+ K3+ K4+ Ks, (81)

where

1
K = doéo(/o (DuFe(a)O+ T,P0+ SQe) _Dqu(a)O+TaPO))(PE(T)dS)v

K = dolo((DyFe(an + T, po) — DuFo(mo +T,p0)) 9e (7)),
K3 = dolo((DuFo(@0 + T, po) — DuFo(@, po)) 9e (7)),
Ky = dolo(Fe(an + T, po) — Fo(ao + T, po)),

Ks = dolo(Fo(ao + 7, po) — Fo(@, po) — TD<Fo(a, po))- (82)

Since fe belongs to C*(X,X), we deduce from Theorem 2.7 that
K <c|@e(0)||3 < e1iCi(eP +1)2. (83)
Lemma 2.5 and Theorem 2.7 imply that
Ky + Ky < 2GR (14 ]| 9e(1) | ) < c3eP (1 4+ Ca(eP2 + 7)) <cueP2. (84)
The estimate of K3 is similar to the estimate of M3 in the proof of Theorem 2.7 (see

the inequalities (63) in particular). Arguing like there, we show that, for any n > 0,
there exists 0 < 7y(1n) < 1 such that, for |7]| < 79(7),

Kz < csnlloe(7)]lx,
and thus, by Theorem 2.7, that
K3 < nesCy(eP +1)). (85)

It remains to estimate the term Ks. We recall that the mapping @ € [T}, +o0) —
Fo(@, po) € Cyy(X) is of class C'. By the Taylor formula, we can write,
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1
|Ks| = do <|T/O (DwFo(wo+ 5T, po) —DwFo(wo,Po))dS|>
1
< dy (|r [} (wsa(en-+57) = Do) fopojs
2 gl
+|— / / ijo(a)()+SGT)f0(po)sdsdG|
o Jo Jo

2
+|@/0 Dwfo(wo+sr)fo(l70)5ds|)- (86)

Arguing as in the proof of the estimate (64) of M3, we show that there exists a
positive constant 7; (1) < (1), such that, for |7| < 7;(n),

1
o [ (Dado(@n +57) = Dudo(an)) fo(po)ds] < el (87)
From the estimates (86) and (87), one deduces that, for |7| < 71(n),
Ks| < cs|t|* + 1|1l (88)
The estimates (83)—(85) and (88) imply that, for |t| < 71(n),
|Ke(7)] < e7(P + [ +nl1)). (89)
One first chooses positive constants 1) so that ¢;n < 1/4, then §; so that §; <
inf(1/4,060(r),71(n)) and finally & so that C78{32 < 61/2 and g < g(r). With this
choice, we deduce from (89) that, for 0 < € < g, K¢(7) maps the interval [—0;, 01]
into itself and hence admits a fixed point 7, € [0, d;]. Moreover, (89) implies that

Te < 2C7832.

Then the lemma is proved. O

We next prove the uniqueness of the fixed point
po+ (&, 0+ T) € Be, (x)(Po:r0)
of the mapping Fz(@y + T¢, -), under the additional Hypotheses (H6) and (H7), that

is, the uniqueness of the fixed point 7. € [—8;(ro), 61 (ro)] of Ke ().

Theorem 2.9. [. Under the Hypotheses (H1)—(H7), there exist positive constants
& < e(ro) and & < 8(ry), such that, for 0 < € < &, K¢(+) has a unique fixed

point Tz € [—0,, 0.
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2. Hence, there exists a neighbourhoodV, C Vy of the periodic orbit Ty so that, for
0 < e <&, the Eq. (15) has a periodic solution pg(t) = po(t) + Qs (&, @+ T ) (¢)
of minimal period ®g € [y — &, Wy + 6] such that Te = {pe(t) |t € [0, w¢]}
is the unique periodic orbit of (15) contained in V, with minimal period @, €
[@y — 82, 0 + &) . Moreover, we have

|Te| + || @e || < CoeP2. (90)

Proof. Due to Theorem 2.7 and Lemma 2.8, we only have to prove the uniqueness
of the fixed point 7, of the map K, (-), when the additional Hypotheses (H6) and
(H7) hold.

Assume that, for € > 0 small enough, the map K, has two fixed points 7; and 7,
with 7; < &y, i = 1,2, where 8; = 8;(ro) has been defined in Lemma 2.8. We will
show that

71— o] = [Ke(11) — Ke ()| < |71 — 7,

which implies that 7] = 7.

As before, in this proof, ¢y, ¢z, ..., will denote positive constants independent of
&, 71, T, €tC.

We recall that

K¢ (1) = do(Fe(00+ T, po+ @ (7)) — po — DuFo (@, po) 9 (T) — TDFo(@, po), V"),
where v* € L?((0,mp),X*). Using Hypothesis (H7), it is easy to show that the space

L%((0,y),D(B)) is dense in L2((0, @y ), X *). Therefore, for any 119 > 0, there exists
€ L2((0,ap),D(B)) such that

V" =Pl 2((0,00) %) < Mo-

We now fix 19 > 0 (we will specify later the condition satisfied by 1) and introduce
the mapping

Ke () = do(Fe (@0 + T, po + @e(7)) — po — DuFo(@0, po) @e () — TD Fo (@0, po), V).

To simplify the notations, we set @¢(7;) = @}, i = 1,2. Due to Hypothesis (H6),
Fe(®, po + @}) is differentiable with respect to @ and we can write

Ke(11) — Ke(m2) — (ke(fl) — Ke(12))

1
=dy </0 DiFe(an+ 1 +5(t11 — ), po + @ ) (11 — 12)ds, v* —‘7>

1
+dy </0 DuFe(a)D+ T, po+ (sz'i‘s(q)é — (Pez))((Pé _ (psz)ds,v* _17>

“+do(DuFo (@, po) (97 — @2),v* — )
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+do((72 — 11)D<Fo (@, po),v* —7)
= K{ +K5+K; +K;. 1)

Due to Hypothesis (H6), the property (22) and the equalities (30) and (31), we have,

1
Ki| < cido|i — Tz|n0/0 (D (@0 + T2+ 5(71 = 72)) fe (Po + 98y ()
e (@0 + T2+ (11 = 1)) fe (Po+ @)l oy (x) ) 45
< cadp|T1 — T2 N0 Ko- 92)

Using the fact that Fy is differentiable with respect to u, uniformly with respect to €
(see the hypothesis (14)) and applying the inequality (57) of Theorem 2.7, we obtain
the estimate

|K5| < c3doCal|T1 — T2|M0. (93)

In the same way, we have,
|K3 | < cadoCal|T) — 12| Mo- (%94)

We have already seen that, by Hypothesis (H2), Fy(-,po) is differentiable with
respect to w. Thus we can write,

|K;| < esdo|Ti — 12| MoKo. (95)

Choosing 1Mo > 0 such that 1o < 1 and,
do((c24¢5)Ko+ (c3+¢4)Ca) Mo < 1/4,

we deduce from the equality (91) and the estimates (92)—(95) that
. . 1
[Ke(11) = Ke(m2) = (Ke(m1) = Ke(®))| < 771 = - (96)

We next estimate the term |Kg(7;) — K¢(72)|. This term can be decomposed as
follows:

Ke(11) — Ke(12) = Ky + K>, 97)
where

Ky = do(Fe(wp + 11, po + @) — Fe(@o + 12, po + @2) — (71 — 12) D Fo (@0, po), V)
B = do(Fe (@0 + T2, po+ @) — Fe (00 + T2, po + 02) — DuFo(@0, po)(9F — 902, 9).
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Since Fg(wp + T, po + (pel) is differentiable with respect to 7, by using the integral
Taylor formula, we get,

. |
Ky =dy </0 (DFe (0 + T, po + @f ) — DeFo(@o, po)) (T1 — Tz)dS7\7>

| +K7, (98)

where 7, = T» + s(T) — T») and where
o1 ! 1 1
K] _d0<‘/0 (DrFs(a)O+TstO"'(Pe)_DrFe(a)OaPO+(Ps))(Tl_TZ)dsv‘7>

Kf = do((DeFe(@, po+ @) — DeFo(@o, po)) (11 — B2), 7).
A short computation shows that

fa(PO"'(Psl)

5 1
Kf:d0</0 ((Drjs(a)o—i—rs)rs—i-(Js(a)o—i—fs)—fe(wo))) .

+(DeJe(wo + T5) — DiJe (o)) fe(po + (Pel)) (11— Tz)dsv‘7> .99

Since, by Hypothesis (H6), fe(po + ¢)(t) is uniformly bounded in C°([0, ax)],
D(B;)), we obtain the following bound,

do </01 (Dst(wo + 1) Ty + (Je (00 + T4) —Js(a)o))) JCE(POTT‘PEI)(T] N Tz)ds7ﬁ>

1 7,
<dy < [ Drseton+ 1) fepo+ b - rz>ds,v>

1 r1 T
+do < /0 /0 DrJe(wo—I—GTs)a?fe(Po—i—(pé)(n —Tz)dsdo,ﬁ>
< cedoKo sup(|T1],|2]) |71 — 2] (100)

We remark that
1
o { [ (DeJe(an ) = Dede(an)) oo+ 01) (1 - s )
1
— d(B;' = B;") [ (Dele(an+ %) = Dede(@n) fe (po -+ 0}) (11 — T)ds. B5)

1
N /0 (Dede (@ +7,) — Dede(a0))Bz  fe(po + @1) (11 — 12)ds, Bi7).

(101)
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The first term in the right-hand side of the above equality is simply estimated as
follows

1
o { By = B¢") [ (Dude(an ) = Dede(an)) -+ 91) (51~ w2 By )

< crdo1By" — B, 11— 2 1B 2 0y - (102
Since fe(po+ @})(¢) is uniformly bounded in C°([0, ax],D(B¢)), the identity (30)

shows that D1Je (o + 7)Bg ! fe(po + @) is differentiable with respect to 7 and that
we have

1
do </0 (D‘L'JS(wO + Ts) - DTJE(O)O))Bglfs ([70 + (Pel)(fl — TZ)dS7BB\7>

=dy </01 /01 (Deede(wn+07)B; ' fe(po + ) Te(m1 — Tz)d0d3733ﬁ>

< cgdoKosup(| 71, |%2|) |11 — T2 1 BoPll 12 ((0,p) x*)- (103)
We next estimate the term K7. This term can be decomposed as

R} = do((By" — By ")D:Fe(@o, po+ 02) (11 — 1), By¥)

+d0<B;1(D‘cF£(w07PO + (Pel) — D:Fe (o, po)) (11 — TZ)aB(JS‘»
+do{(Bg ' D Fe(w0, po) — By 'DFo(a, po))(T1 — 1), By).  (104)

As in (102), the first term in the right hand side of (104) is simply estimated as
follows

do((By' = Bg )DeFe(a0, po+0}) (11 — ). By)
< codoKo||By ' = Be x| 71 = 2l 1BVl 12((0,00) ) (105)
The second term in the right hand side of (104) can be written as
dO<B.;1 (DFe (o, po+ (Psl) —D<Fe (a0, po))(T1 — T2),BoP)

1 1
=do(11 — 1) < /0 (DeJe (@) + -Je(@0))Be ' Dufe(po + 592 )wgds,Bz;v> )
and hence, by using the equality (30) and the estimate (56) of Theorem 2.7, we

obtain,

do (Bg ' (DeFe(wn, po+ @F) — DeFe(w, po))(T1 — 2), BG)
< C1()d()C4(€ﬁ2 + |T1 |)|‘L'1 — Tz| |‘B(§‘7HL2((O,(1)()),X*)' (106)
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The last term in the right hand side of (104) writes as follows

do((B; ' DcFe(wo, po) — By ' DeFo(@o, po)) (11 — 7)), BG )
= do(DeJe(@0)Bg ' (fe(po) — fo(po))(T1 — 12), By¥)
+do{((DeJe(w0)Bg ' — DiJo(wo)By ) fo(po)(T1 — 72), By¥)

1
+do<a(321 — By ) Fe (0, po) (71 — 12), By 7)
1
+d() <aB01(Fg(a)07p0) - F()(a)()apo))(rl - T2)7st)‘7> . (107)

Taking into account the Hypotheses (H2), (HS) and (H7), the estimate (52) of
Remark 2.6 and the inequality (41) of Lemma 2.5, we deduce from the above
equality that

do((Bg ' D<Fe(wo, po) — By ' DeFo(wo, po)) (1 — 1), BG )
< cndo(eP + 1By " = B ' lxx)) 171 — % IBG 71 20,0 x7)-
(108)
From the equalities and inequalities (98)—(108), we infer that
Ry < cndolti — | (€% + 1| + 1%l + 1By = Be Vo)) (1+ B9 20,0 x)-
(109)

The estimate of the term K, is shorter. We first write K> as a sum of the following
terms:

5 1
K = dy < /0 (DuFe(@0+ T2, po + @e.s) — DuFe (@0 + T2, po)) (@) — <p§)ds,ﬁ>

+do{(DuFe (@0 + T2, po) — DuFo (@0 + T2, p0)) (@¢ — 03), )
+do((DuFo (@0 + 72, po) — DuFo(@0, o)) (@ — 07),7)
=K+ K +K3, (110)
where @e ¢ = @7 +5(¢; — ¢7)-
Since, by (14), D2, fe(u) € L(X x X,X) is uniformly bounded (with respect to €)

on the bounded sets of X, using the estimates (56) and (57) of Theorem 2.7, we
prove that

_ 1l
K = ( [ [ DhFelan+ . pu-+ 000.00s.(0} ~ o7

< c13do|| Pe.sl|x || 0 — 07 || x

< cuado(” + || + | 1)) |11 — 1a]. (111)
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We directly deduce from Lemma 2.5 and Theorem 2.7 that
1222 §C15d()8ﬂ2|1'1 —T2|. (112)

Finally, using the fact that B, ' D, fo(po) (@} — @?) belongs to C°([0, wy], D(Bo)) and
applying Theorem 2.7, we obtain that

K3 = do(By " (Jo(@n + 12) = Jo(@n) +Jo(@o + %) 22y ) Dufo(po) (9¢ — 0F), ByD)
1
=dp </0 DJo(ax +572)By ' Dufo(po) 12 (@) — (Pg)dS,BSﬁ>

+do(n20y Jo(@n + ©2)By ' Dufo(po) (e — ¢F), ByV)

< C16d()|T2||T2—‘L'1| ”st)ﬁ”Lz((O,a)g),X*)' (113)

The inequalities (109), (111)—(113) imply that there exists a positive constant c7
such that

Re(11) = Re(2)| < et — 2l (6P + 11| + 22| + 1By ' = Be  lx.x)) (14 Cipg),
(114)

where [|BGP(| 12 (0,ap).x+) < Cno- It remains to choose & > 0 and &, > 0 small enough
so that, for any 0 < € < &,

_ _ 1
17 (ggz +28,+|By" = B lixx)) (14 Cy) < 7 (115)
Finally, we deduce from the inequalities (96), (114) and from the condition (115)
that

1
|t — 1| < §|T1 — T,

which implies that 7| = 7;. The theorem is proved. O

2.2 Comparison with the Modified Poincaré Method

In the introduction, we have proved the persistence of periodic solutions for
perturbed ode’s by applying the Poincaré method (see the proof of Theorem 1.1). In
[13], we have extended this method to the perturbations in the class of evolutionary
partial differential equations, which are not smoothing in finite time and obtained
the “Modified Poincaré method”. We have seen in [13] that the Poincaré method
does not only apply to semilinear partial differential equations, but also to fully
non-linear equations. Also we can apply it to perturbations of dynamical systems,
which are not necessarily generated by an evolutionary equation. All these features
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make that the modified Poincaré method is in general a more powerful and better
method than the integral equation method of the previous section.

Here we want to compare the hypotheses of the modified Poincaré method with
the ones of the integral equation method in the frame of the semilinear equations
(4) and (5). For sake of simplicity, we assume that fy = f; = f in (4) and (5). The
two methods are actually quite different. Indeed, the integral method consists of
looking for a fixed point of a mapping defined on the space of continuous functions
from the Banach space X into itself, which are periodic of a fixed period wy. As we
shall see below, the modified Poincaré method consists in looking for a fixed point
of a mapping defined on a subspace of the phase space X. However, the required
hypotheses are not so different. We shall see that, in the general context of the Eqs.
(4) and (5), the hypotheses required in the integral method are somehow weaker
than those in the modified Poincaré method.

Whereas we compare both methods in the particular case of (4) and (5), we shall
briefly recall the modified Poincaré method. In [13], like here, we have introduced
two Banach spaces X and Z such that Z C X is embedded in X with a continuous
and compact injection and we have assumed that D(By) is embedded in Z with a
continuous injection. In the integral method, we had also to assume that D(B,), for
€ >0, is embedded in Z with a continuous injection. Notice that, in [13], we needed
to assume that D(By) is included in Z with a compact injection, which is usually
satisfied in the applications. In addition, we had to suppose that Z is a reflexive
Banach space. In both methods, we required that the exponential decay property of
eBet and B0 holds (see (13)). Of course, in both methods, we introduced a non-
degenerate periodic solution py(t) € C'(R,X) NC°(R,D(By)) of minimal period
@y > 0. In [13], we needed to assume that moreover py(t) € CV'(R,X). Here,
we only assumed that the nonlinearity f belongs to C?(X,X), that the functions
pors f(po(t)) are continuous from R into Z and from R into D(By) respectively
(see Hypothesis (H2) in Sect. 2.1), and that D, f (po(¢)) is a bounded linear mapping
from X into Z, the norm ||D,,f(po(t))l|1(x z) being uniformly bounded with respect
to ¢ (see the Hypotheses (H2) and (H3) of Sect.2.1). In [13, Sect. 3.1], we needed to
assume that the nonlinearity f belongs to C>(X,Z), which implied in particular that
por(t) is bounded in Z, for any ¢. In both methods, we assumed that the perturbations
are non-regular in the sense that we only know that, for 0 <t < 2ay,

[P0 w — Pelwl|y < CoePo w2,

for any w € Z (see Hypothesis (H4) above). In [13], besides this assumption, we
also needed to suppose that, for 0 <t < 2wy,

l[€Bo' v — eBetwll, < CoePollwlly,

where D(By) C Y C Z (see Assumption (A2) in [13, Sect. 3]).

Under the above recalled hypotheses (see the conditions (13), (14) and the
Hypotheses (H1)—(HS5)), the integral method (see Theorem 2.7 and Lemma 2.8)
implies that the perturbed equation (5) admits a periodic solution p.(¢) close to
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po(r) with period w; close to ay. For proving the same property with the modified
Poincaré method, we need to make some more assumptions.

Before continuing the comparison of the hypotheses of both methods, we
describe the modified Poincaré method. In the introduction, we have seen that the
classical Poincaré method consists in introducing a transversal Xy at po(0) to Iy
and the Poincaré map P associated to Xy, and also in looking for a fixed point of Ps.
In [13], we remarked that the classical Poincaré method could be interpreted in terms
of a Lyapunov-Schmidt method. Indeed, notice that the non-degeneracy hypothesis
implies that there exists a unique element g in the dual space X* of X such that

(Mo(@,0))"q0 = g0, (Por(0),90) = 1, (116)

where the period map ITp(@p,0) has been defined in the introduction. If we define
Xo = {u € X|(u,q;) = 0}, then the space X can be decomposed as follows

X = Vet (0 (0)) & Xo,

and Xy = Range (I1p(myp,0) —I). We remark that py(0) 4+ Xy is a transversal (set) to
the periodic orbit T'g = {po(s)|s € [0,Tp]} at the point py(0).

Let P denote the projection onto the one-dimensional space generated by po, (0)
and Q =1 — P. Looking for a time @ close to @y and an element u, € Xy, close to 0,
satisfying

Te(@e)(po(0) + ue) = po(0) + ue

is equivalent to solving the system

P(Te(0)(po(0) +ue) — (po(0) +ue)) =0,
O(Te (@) (Po(0) + ue) — (po(0) +ue)) = 0.

If we choose the above transversal po(0) + Xy to I'y at po(0), the classical Poincaré
method is nothing else as a Lyapunov-Schmidt method in which one first solves the
equation in the P-component (leading to the determination of a function @, (u)) and
then one solves the equation in the Q-component

(117)

Q(Te(ws (ue))(Po(0) +ue) — (po(0) + MS)) =0.

The regularity assumptions on f imply that, for any fixed ¢, T;(¢) : up € X —
T, (t)ug is a C'-mapping. Therefore, one shows, by applying the implicit function
theorem (or the strict contraction fixed point theorem), that, for any u in a small
neighbourhood of 0 in Xp, there exists a unique time @ () close to 0 such that

P(Te(we(u))(po(0) +u) — (po(0) +u)) = 0.
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Unfortunately, we did not make any assumption, implying that, for any u € X,
Te(t)u:t € R Te(t)u € X is Lipschitz-continuous or even Holder-continuous in ¢.
Thus, we cannot apply the implicit function theorem or the strict contraction fixed
point theorem for solving the Q-equation, that is, for finding a unique ug in Xy
such that the second equation in (117) holds. A strategy to overcome this difficulty
consists in applying the Leray—Schauder fixed point theorem directly to the (117)
problem. To this end, we need to introduce a compact convex set and a mapping
from this set into itself, to which we can apply the Leray—Schauder fixed point
theorem. We will next explain how to introduce such a set and such a mapping.

The assumption that Z is compactly embedded in X together with the exponential
decay rate of e20' actually implies that the radius of the essential spectrum of the
period map ITy(@y,0) (defined by the linearized equation around py(z), see (17))
is strictly less than 1. In [13], this property is essential [13, Hypothesis (H3) of the
introduction]. It implies that there exists 0 < py < 1, such that, outside the ball of
center 0 and radius py in the complex plane, the spectrum o (I1y(@y,0)) consists
only in a finite number of eigenvalues. In particular, besides the eigenvalue Ay = 1,
Ty (p,0) admits a finite number ¢y of eigenvalues A;, i = 1,..., 4y, counted with
their multiplicities, such that

[Ai| > 1.

Let Py (respectively P;) denote the projection onto the generalized eigenspace gene-
rated by the generalized eigenfunctions associated with the £y + 1 (respectively £)
eigenvalues A;, i =0, 1,..., £ (respectively i = 1,...,£y). Moreover, without loss of
generality, we may assume that there exists a positive number k < 1 such that, if
¢ € (I —Ry)X, then

([TTo (0, 0)|x < kll@]|x- (118)

In [13], in order to find a periodic orbit I'c = {p¢(¢) |t € [0, @w¢)} of (5), of minimal
period close to @y and belonging to a small neighbourhood of 'y = {po(?)|t €
[0, @)}, we first constructed a convex compact set in which we applied the Leray—
Schauder fixed point theorem. Since the perturbation is not regular and that the
systems Tg, € > 0, are in general not even Holder continuous in time, we work with
convex sets involving at least two topologies. More precisely, assume that

sup | po(t)|lz < Ro,
1€[0,ap]

where Rg > 0 is large enough. Without loss of generality, we may replace the decay
hypothesis (13) by the stronger assumption, for any ¢ > 0,

€% |72y < e . (119)

If this is not the case, we can replace the norm of Z by an equivalent one, for which
(119) holds.

For Ry > 0 large enough (R; > 2Ry) and r; > 0 small enough, we introduce the
following sets WW(r1,R;), given by
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W(r,R) ={pec(I-P)XNZ|[lollz<Ri, |[olx<r}

We equip W(ry,R;) with the metric associated with the norm of X. Since Z is a
reflexive Banach space, the set W(r|,R;) is a closed complete metric space. For
r1 >0, Ry > Ry, r» > 0 and ) > 0 chosen in an appropriate way, we are thus led to
find (@, y) € W(ri,R1) x Bpx(0,r2) and @ € Br(my,n), for € > 0 small enough,
such that

Te(e)(p)+ @+ W) =p)+ o+ . (120)

The equation (120) is equivalent to the system

(I = P)(Te(we)(P)+ @+ W) —p)) = @
Pi(Te(0e)(p)+@+y)—p)) = v
(Te(we)(P) + @+ w) — p0),q5) = 0. (121)

Remarking that the solutions of the second equation in (121) coincide with those of
the equation

(Du(To(w0)p) — 1) ' Py [Te(e) (P) + 0+ W) — () + W) ] =0, (122)

leads to introduce the mapping He(@,y,t) from W(ri,R1) X Bpx(0,r2) x
Br(0,7n) into (I — Py)Z x P;X x R defined by

HS((Pv v, T) = (Hb‘l ((P, v, T),ng(([), v, T)5H83((P7 v, T))v (123)

where

He1 (9, w,7) = (I = Po)(Te(@0 + 7)(po(0) + @ + y) — po(0))
Hea (9,9, 7) = W — (Du(To (@) po(0)) = 1) ' Py

[T (@0 +7)(po(0) + @ + ) — (po(0) + )]
Hez (@, y,7) = —[{(Te(a0 +7)(po(0) + ¢ + y) — po(0)),45) — 7.

The contraction property (118) allows to show that the mapping H.; maps
W(ri,R1) X Bp,x(0,r2) x Bg(0,7m) into W(r,R), while the facts that the range
of Py is finite-dimensional and is contained in Z allow to prove that H., maps
W(ri,R1) x Bpx(0,r2) x Bg(0,n) into Bpx(0,r2). In order to show that the
mapping He (@, y, 7) admits a fixed point (Qg, Y, Te) € W(r1,R1) X Bp,x(0,r2) X
Br(0,m), besides the hypotheses recalled earlier, one needs additional properties. In
[13, Sect.3.1], we assumed that the map t — Ty(¢) po(0) € Z is Holderian of order
ap, 0 < ag < 1 and, that the linear map ¢ — €20' € L(Z,X) as well as the linearized
operator ¢t — Ip(7,0) € L(Z,X) are Holderian of order a, 0 < a < 1 (see [13,
Assumption (A3) in Sect. 3.1]). We also supposed that the eigenvector g belongs
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to the domain D(Bj) [13, Assumption (A4) in Sect. 3.1], but this assumption could
be replaced by a much weaker one. If the Holder exponent a satisfies the condition
a > 1/2 [13, Assumption (A5)(a) in Sect.3.1], we showed in [13, Sect.3.3], by
applying the Leray fixed point theorem, that the mapping H, (¢, v, T) admits a fixed
point (g, Ye,Te) € W(ri,R1) x Bpx(0,r2) x Br(0,1). If a < 1/2, we needed to
introduce an additional hypothesis (for more details, see [13, Assumption (AS5)(b)
in Sect. 3.1]) and to replace the compact convex set WW(rj,R;) by a slightly more
complicated space, involving the completion of the space X for the norm ||B," - ||x.

To prove the “uniqueness” of the periodic solution pg(¢) near py(z), with period
¢ close to @y, one needs additional regularity hypotheses in the modified Poincaré
method as well as in the integral method. In both methods, the uniqueness of the
periodic solution p(¢) is proved separately, with similar types of arguments. For
the integral method in Sect. 2.1, we assumed in Hypothesis (H5) that, if g¢(¢) is a
periodic solution of (5), close to py(z), and of minimal period near @y, then g, (?)
and f(ge(t)) are continuous functions from 7 € R into D(Bg) and their norms in
D(B¢) are uniformly bounded with respect to € and to ¢ € [0,2ay]. In the case of
the modified Poincaré method (see [13, Assumption (A6) in Sect. 3.1]), we assumed
the same regularity properties for the periodic solutions g (), but no supplementary
hypothesis on f(ge(t)). In both methods, we made the natural hypothesis that B !
converges to By Uin L(X,X), when € goes to zero (see the above Hypothesis (H7)
and the Assumption (A8) in [13]). In the integral method, we also use the property
(see Hypothesis (H7)) that the domain D(By)) is dense in X *, which is closely related
to the Assumption (A4) used in the uniqueness argument in [13]. In the uniqueness
proof of the Poincaré method, we need in addition that the linear map ¢ + eB¢’ €
L(Z,X) is Holderian of order b, 0 < b < 1, uniformly with respect to €.

In summary, the integral and the modified Poincaré methods are completely
different methods. The modified Poincaré method applies to more general problems
that the integral method. In the case of the semilinear equations (4) and (5) (with
fo = fe = f), the hypotheses that we impose in each method are rather similar.
However, the integral method requires less hypotheses. For example, in the modified
Poincaré method, we need to assume that f belongs to CZ(X ,Z) whereas, in the
integral method, we only suppose that f € C*(X,X), f(po(-)) € C'(R,D(By)) and
D, f(po(t)) € L(X,Z). Also, in the Poincaré method, we require additional Holder
properties, which implies that we have less “flexibility” in the choice of the space Z
in the Poincaré method than in the integral one.

2.3 Some Examples of Applications

The examples that we give here have already been considered in [13], where we
applied the modified Poincaré method to them. Here we show that we can also
apply the above integral method and that this integral method is very natural and
even requires less work than the Poincaré method.
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2.3.1 Systems of Weakly Damped Wave Equations with Positive Damping

We first consider a simple example consisting of a system of damped wave equations
with positive damping, defined on a smooth bounded domain Q C R*, n=1,2,3 and
supplemented with homogeneous Neumann boundary conditions.

More precisely, we introduce a nonlinear function g = (g1,g2) : (x,y) € R?
g(x,y) € R? of class C%. In the case n = 1, we suppose that g is any C-function.
If n = 2, we assume that g has a polynomial growth rate in (x,y). In the case where
n =3, we suppose that

ID?g(x,y)| < C(1+[x[* +[y|*), (124)

where 0 < o* < 1, which implies that the Nemitskyi operator g; : (u,v) € H'(Q) x
H'(Q) — H*(Q), i = 1,2, is Lipschitz-continuous on the bounded sets of H'(Q) x

H'(Q), where s € (0,1]if n =1, s € (0,1) if n =2 and s € [0, 5% ] if n = 3. For
later use, we choose s; = 1 in the case n = 1, 0 < 51 < 1 in the case n = 2 and
51 = 1’20‘* in the case n = 3.

Let X be the Sobolev space (H'(Q) x L?(Q) )i Let 1 and 6 be two fixed positive
constants and y(x) be a continuous function in  such that ¥ + y(x) > 0 in Q. For
0 < & <1, we consider the system of two damped wave equations defined on the

domain Q:

U + (Yo + €y(x))ur — Au+ou = (1+¢€)g1(u,v)
v+ (W +ey(x))vi —Av+8v = (1 +€)ga(u,v)

du dv
W = W =0 on 89
(uy 1, v,v,)(0,x) = (ug,uy,vp,v1) €X. (125)

System (125) can be written as the first order system
U =BU(t)+ fe(U),U(0)=Up € X, (126)
where U = (u,u;,v,v;) € X, and, for any 0 <s < 51,
FeU) = (0,(1+€)g1(u,),0, (1 + €)gau,)) € (H*(Q) x H*(Q))?
and
B:U = (uy,Au— Su— (Yo + €y(x))ur, v, Av — 8v — (0 + €y(x))vy).

It is well-known that system (125) (or system (126)) generates a local dynamical
system Tz (1) : X — X.
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We introduce the operator A = —A + 81 with domain D(A) = {u € H*(Q) 3—3 =
0on dQ} and set ES = D(A%/?). We recall that E® coincides with the classical
Sobolev space H*(Q), for 0 < s < 3/2. Thus, if X* = (ES*! x E®)?, X* coincides
with (HST1(Q) x H*(Q))? for s < 1/2. This is no longer the case for s > 1/2 since
then boundary conditions appear in the definition of the spaces E**!. We also remark
that the domain D(B;) coincides with (D(A) x H'(Q))? for any £ > 0.

It is well-known that the operator B is the generator of a linear C°-semigroup
expBet on X = X and on X! and that there exist positive constants Cy and o such
that, for0 <s <1,

€5 || x5 xe) < Coe™ ™. (127)

Thus hypothesis (13) holds. For more details, we refer to [13]. Moreover, from [13,
Inequality (3.158)] we deduce that, for t > 0,

|| Betw — eBolw||x < Coellwx, (128)

which implies Hypothesis (H4).

We have to distinguish two different situations. In the casesn =1, n=2andn =3
with a* < 1, due to the compactness of the embedding of H*(Q) into L*(Q), the
non-linear map f¢ : X — X is compact. Therefore, one easily proves that the local
dynamical system T(¢) is asymptotically smooth (see [8] or [29], for example).
In the case n =3 with o* = 1, f is no longer a compact map from X into X and 7 ()
is no longer asymptotically smooth in general. However, under additional classical
sign conditions (also called dissipative conditions), T;(¢) is asymptotically smooth
(see [3] and also [8] or [29], for example).

Let Po(t) = (po(t),por(t),q0(t),qo:(t)) be a non-degenerate periodic orbit of
To(z) of minimal period @y > 0 (such periodic orbits can exist, see [1,2], for
example). Hypothesis (H5) is obviously satisfied with §; = 1. The regularity of the
invariant sets of the systems of damped wave equations (see [12]) implies that Py(¢)
belongs to the space C?(R, X ') and that Py(¢) : t € R +— Py(t) € X is a C>-function
of ¢ and thus Hypothesis (H1) holds. The proof of the regularity of Py(¢) can be
given by a bootstrap argument in the cases n = 1, n =2 or n = 3 with a* < 1. In the
case n = 3, a* = 1, with additional dissipative conditions on f¢, the proof is more
involved (see [12] and also [3]).

We next introduce the space Z = X*2. In the cases n =1, n =2 or n = 3 with
o* < 1, we choose 0 < s, < inf(1/2,s;) for sake of simplicity. In the case n = 3,
o = 1, we simply choose s, satisfying 0 < s, < 1/2. The regularity results of
[12] imply that (po,(¢), por (1), q0: (1), g0 (2)) is continuous from R into Z. Since
(po(t),qo(t)) belongs to CO(R, (H?(2))?), gi(po,qo) belongs to C°(R, H'(Q)) and
thus Hypothesis (H2) is satisfied. In the cases n =1, n =2 or n = 3 with o < 1,
Dy fe(U) is a linear continuous mapping from X into (H*'+1(Q) x H*(Q))?,
for any U € X, and thus Hypothesis (H3) is automatically satisfied. In the case
n=23, a" =1, since (po(t),qo(t)) belongs to CO(R,(H?*(Q))?), we deduce from
assumption (124) made on the second derivative of g(-) that Dy f¢ (Po(¢)) is a linear
continuous mapping from X into (H?(Q) x H'(Q))? and thus Hypothesis (H3) is
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also satisfied. Again, as a direct consequence of the regularity properties of the
periodic solutions of the system T (-), Hypothesis (H6) is satisfied.

Finally, X = X* is a reflexive space and in [13, Sect. 3.5.1], we have also shown
that B, ! converges to By Vin L(X,X) when & goes to zero. Thus Hypothesis (H7) is
satisfied.

All the hypotheses of Theorem 2.9 being satisfied, we may apply it and conclude
that there exist small positive constants & and 7, and a small neighbourhood V), of
To = {Po(t)|t € [0,ax]} such that, for 0 < & < &, the system (126) has a periodic
solution Pe (1) = Po(t) + @ (€, 0 + T¢)(¢) of minimal period @, € [y — M2, @ +
1M2] such that T'e = {P(r) |t € [0, we]} is the unique periodic orbit in V, of period
g € [y — N2, @ + 1M2]. And the estimate (90) holds with B, = 1.

Remark 2.10. In [13, Sect. 3.5.1], we have shown that the system (125) satisfies the
hypotheses of the modified Poincaré method, obtaining thereby the existence and
uniqueness result of a periodic orbit of the perturbed system close to the one of
the unperturbed system. Here in order to obtain the same result, we have applied
Theorem 2.9. Comparing the length of the proofs in both cases, we easily see that
the verification of the hypotheses of Theorem 2.9 is shorter (especially in the case
n=3a =1).

Remark 2.11. The generalization of the above result to the case of homogeneous
Dirichlet boundary conditions, that is, to the case where the boundary conditions

du dv
W = W =0 on 8!2,
in (125), are replaced by
u=v=0 ondQ,

is straightforward. Notice that, in the case of Dirichlet boundary conditions, we may
set 0 = 0 in (125). We proceed as above by introducing the first order system (126).
But now the domain D(A) of the operator A = —Ap with homogeneous Dirichlet
boundary conditions, is D(A) = {u € H*(Q)|u = 0 on dQ}. Here E* = D(A*/?)
coincides with the Sobolev space H*(Q2), for 0 < s < 1/2, with Hj(2), for 1/2 <
s < 1 and, with H*(Q) N H} (Q), for 1 < s < 5/2. We also remark that the domain
D(B¢) coincides with D(A) x H}(Q) for any & > 0. Since, in Hypotheses (H2) and
(H6), we impose that fy(Po(t)) and, for € > 0, f¢(Pe(t)) belong to D(A) x H} (Q),
for the periodic solutions of system (126), this implies at first glance that we need
to assume that g1(0,0) = g,(0,0) =0.

Actually, we do not need to make this restrictive assumption on the
nonlinearity g. Indeed, if g(0,0) # 0, we first consider the solution (ug,ve) €
(HL(Q)NH?(Q))? of the elliptic system

—Apuge = (1+€)g1(0,0),
—Apvoe = (1+¢€)g2(0,0). (129)
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We then set Upe = (#0¢, 0, voe,0) and replace (126) by the modified system
Wt:BSW(I)"'fe(W‘f'UOs)_fs(O)' (130)

We remark that
|Uoe — Uool|y1 < Ce.

We then proceed with the modified system (130) as in the case of homogeneous
Neumann boundary conditions.

2.3.2 Systems of Weakly Damped Wave Equations with Variable
Non-negative Damping

We have previously described a simple example of a regular perturbation. If one
replaces the positive constant damping ¥ by a non-negative variable damping ¥ (x),
we obtain an interesting non-regular perturbation of system (125). Here, as in [13],
we quickly describe an example of variable non-negative “interior” damping ¥ (x)
converging to damping on the boundary, when Q = I = (0, 1) (for the study of this
problem in general smooth domains, see [23]).

As in Sect.2.3.1, let X = (H'(I) x L*>(I))? and let g = (g1,82) be a C*-
nonlinearity. For any n € N, we consider the system of partially damped wave
equations on /,

w4+ Yo (X)) — .+ 6u” = g1 (u" V")
Vi Y (x)vy = Vi + 0V = go(u" V)
(uy(y,1),vi(»t)) = 0, if y=0,1
(" ui V' vi)(0,x) = (ug,ur,vo,vi) € X. (131)
where

ifa, <x< 1
p(w) = |0 oS rSant,
0 elsewhere,

and where ¥ # 1 is a positive constant and a,, € [0,1), n > 0, is a sequence of real
numbers tending to 0 when n tends to infinity and satisfying the condition sup,, na, <
oo, System (131) defines a local dynamical system 7,(¢). When n tends to infinity,
the limiting system is given by
Usp — Uy + OU = gl(”a")
Vit — Ve + 0V = gz(”ﬂ’)
(—ux(0,2) + Yur (0,2), —vx(0,2) + v, (0,1)) = (ux(1,2),v4(1,2)) =0
(e, ug,v,v,)(0,x) = (ug,uy,vo,vi) €X.  (132)
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This system generates a local dynamical system T..(¢) on X and on Z = H'*$(I) x
H*(I), 0 < s < 1/2. The convergence of T,(t) towards T..(t) and the regularity
properties have been studied by Joly [23]. Using his results and proceeding exactly
as in Sect.2.3.1, one easily checks that, if I'., is a non-degenerate periodic orbit of
T..(t), all the hypotheses of Theorem 2.9 are satisfied and that thus this theorem
applies. Again, verifying the hypotheses of Theorem 2.9 is shorter than verifying
the hypotheses of the modified Poincaré method of [13].

2.3.3 A System of Damped Wave Equations in a Thin Domain

We can also generalize the integral method to the case where the Banach space
X is replaced by a Banach space X, depending on the perturbation parameter €.
In [9], we will state an extension of the abstract Theorem 2.9 to this case. In [13,
Sect. 5.1], we gave the example of a system of damped wave equations in a thin
domain and indicated that we could apply a generalized version of the modified
Poincaré method. An easy generalization of the abstract Theorem 2.9 can also be
applied. Here, we will only describe the system of damped wave equations in thin
two-dimensional or three-dimensional domains and give the main properties that
allow to apply a generalized form of Theorem 2.9 (for details, see [9]).

Before describing this problem, we recall that the problem of persistence of
periodic orbits in thin product domains for damped wave equations has been
first studied by Johnson et al. [19,21], who used the operators J; together with
topological degree arguments. Using the same integral form as Johnson, Kamenskii
and Nistri and the fixed point theorem of strict contraction, Abdelhedi [1,2] showed
the persistence of periodic orbits for a system of damped wave equations in more
general thin two-dimensional domains. However, she could not apply her method to
the case of thin three-dimensional domains.

Let Q be a smooth bounded domain in Q C R"”, n = 1,2 . As in Sect.2.3.1, we
introduce a C?-nonlinear function g = (g1,82) : (x,y) € R* > g(x,y) e R%. If n= 1,
we suppose that g has a polynomial growth rate in (x,y). If n = 2, we assume that g
satisfies the condition (124) with 0 < a* < 1, for sake of simplicity in the discussion.

We introduce the space Xy = (H'(Q) x L*>(Q)). If y and § are two positive
constants, we consider the following system defined on €,

uy + yur — Au+ Su = gy (u,v)
Vi + v — Av+ 0v = go(u,v)
v

av  dv

(g, v,v)(0,x) = (uo,u1,v0,v1) € Xo, (133)

=0 ondQ
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which generates a local dynamical system 7p(7) : Xo — Xp and is written as a first
order system
Ui =BoU(1) + f(U), U(0) = Uy € Xo,

where U = (u,u;,v,v;), f: U € Xo— f(U) = (0,81 (u,v),0,82(u,v)) € (H(Q) x
H*(Q))?, forany 0 < s < 1 and BoU = (us, Au— Su— Yug,ve, Av — &v — yvy).

Let Ag be the operator —A + 81 with domain D(Ag) = {u € H*(Q) g—c =
0on dQ} and set Ef = D(Af)/z) and X§ = EjT' x E§,0<s < 1.

Next, we introduce the thin domain Q.

0 ={(x,y) €R3|x€§2,0<y<8h(x)},

where i : x € Q — h(x) € R is a C?>-function and & > 0 is a small parameter. The
corresponding system on Q¢ writes,

ul, + yuf — Au® + 6u® = g1 (u®,V%)
Ve +pE — AVE 4 8VE = go(ufvF)

ut¢ Nt
gve ~gye 0 ondle
(e, uf Ve vE)(0,x) = (ufy,uf,vi,v]) € Xe, (134)

where X = (H'(Q¢) x L*(Q¢))*. We define the operator A¢ = —A+ 81 with domain
D(A¢) = {u € H*(Q;) aa_vbl = 00n dQ}. The space ES = D(AY?) coincides with
H*(Qg), for 0 < s < 3/2. Thus, for 0 < s < 1/2, we may embed X into X} =
(EST! x E$)?; this is no longer possible for s > 1/2, since boundary terms appear in
the definition of these spaces.

The system (134) generates a local dynamical system T¢(¢) : Xe — Xe, which
writes as the first order system

UF = BeUE(t) + f(U), U2(0) = U € Xe,

where U® = (uf,uf ,v&,v%), and BeU?® = (uf, —Agu® — yuf ,vé,—Agve — pf).

We notice that Be, € > 0, is the generator of a linear Co-group éBet on X:,0<
s < 1. According to [10], there exist positive constants Cy, & and &y, such that, for
0 < & < g, the inequality (127) holds.

Assume next that Tp(z) admits a non-degenerate periodic solution Py(z), of
minimal period @y > 0. By applying a (slightly) generalized version of Theorem 2.9
(with obvious modifications due to the fact that we are working with different spaces
Xo and X;), we want to show that 7;(z) also admits a periodic solution P, (z) close
to Po(¢) of minimal period w; close to ay.

We first need to introduce an appropriate space Z¢, which will also depend on €.
Because of the boundary conditions, which are not the same on the thin domain Q¢
and on €, we are limited in the choice of the space Z;. According to the discussion
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made in Sect.2.3.1, we set Z; = X;', Z = Zy = X,;', where 0 < 5; < 1/2 in the case
n =1 and where s; < inf(1/2, 13“*) in the case n = 2.

If one wants to generalize Theorem 2.9 to the case considered here, one sees
that the main changes in the proof occur in the key Lemma 2.5. There, we gave
an estimate of ||Je(@)w _‘]OWHC(DO(X) when w belongs to Cg,(Z). Here, since
Je and Jy act on different spaces, we will need to replace this estimate by an
estimate of ||Jz ()W — J()MWHCw0 (xe) for Win Cyy (Ze ), where M is an appropriate
continuous linear operator from X, into X¢. The best choice for M is the vertical
mean value operator. As in [11], we consider the vertical mean value operator
M € L(L2(Q¢),L3(2)). given by,

1
Mu= 2 ./Qg u(x,y)dy, Vue€L*(Qe). (135)

We still denote M the corresponding operator from (L?(Q¢))* into (L*(€))* given
by MU = e—lh Jo. U(x,y)dy. We briefly recall the needed comparison results (proved
in [10, 11]). An elementary computation shows [11] that,

W —Mwl20,) <Ce[Wllg1(g,), YWE H'(Qe),

(136)
o= Ml ) <Cellwlon,y. € Dlde).
From the inequalities (136), we deduce that, for any W € D(B;),
W —MW|x, <CelW|pa,) (137)
and that, for any f* € L?(Q¢),
IAg " f* = A "M 1 0.y < CellfMl2(00)- (138)

In [11], we have proved that there exists a positive constant C such that, for any
Mf* € L(Qe),

1A' Mf* = A M || 0,y < CEIMS™ || 120, (139)
The properties (138) and (139) imply that,

|Bg'MV — B, 'MV ||x, <Ce|MV||x., YMV € X, 140)
|B:'W — B, 'MW ||y, <Ce||W||x,, YW € Xe.

Let us now check that the Hypotheses (H1)—(H7) (or their generalizations) of
Theorem 2.9 hold. Hypotheses (H1) and (H2) concerning the limiting system are
satisfied (see Sect.2.3.1). The Hypotheses (H3) and (HS) are obviously true. The
hypothesis on the regularity of the periodic orbits of T;(¢) is proved like the
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corresponding property for 7(¢) in Sect.2.3.1. The second part of Hypothesis (H7)
is replaced by the conditions that By 'M — B;'M and B;' — B;'M tend to 0 in
L(X¢,X¢), when € tends to 0. By (140), both properties are satisfied.

In the proof of the generalized version of Theorem 2.9, the “good” estimate of
[|€Bo'w — eBelw)||x needs to be replaced by a “good estimate” of ||eBe' U — B0 MU ||x,,
for any U € X;. But this “good estimate” is a direct consequence of the following
result of [10].

Proposition 2.12. There exists a positive constant Cy such that, for any s, 0 <s <1,
forany U € X}, we have

[P U — 2" MU ||x, < Cre*2e U] xg, (141)
and also, for0 <o < 1/2and 0 <o <s<1,
[P U — P MU ||yo < €182 |U |5 (142)

We may now apply a generalized version of Theorem 2.9 and thereby obtain the
existence and uniqueness of a periodic orbit I'e = {Pe(t) |7 € [0, we) } of T (), close
to the image of Py(z), of minimal period ®; close to .

3 A Simple Method Combining the Fredholm Alternative
with a Lyapunov Schmidt Procedure

In the case of ODE’s, one of the simplest methods for proving Theorem 1.1
consists in arguments combining the Fredholm alternative with a Lyapunov-Schmidt
procedure. Actually, this method also uses the variation of constants (or Duhamel)
formula and has some similarities with the integral method of Sect.2. But the
linearized equation (and the corresponding linear time-dependent operator) along
the periodic solution of the unperturbed problem plays a bigger role (see the
definition of the operator /Cy below). In Sect. 3.1, we will describe this method in
the case of ODE’s and see that it is rather simple. In Sect. 3.2, we shall study the
infinite-dimensional case. The extension of this method to the infinite dimensional
case will turn out to be more involved (and less promising) than expected.

3.1 The Case of Ordinary Differential Equations

In order to have the same notations in the ODE and in the semilinear PDE cases, we
may assume, without loss of generality, that in Eq. (1) the function g is written as

go(x) = Box + fo(x), (143)
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where By is a (continuous) linear mapping from R” into R” and f € C!(R",R") is
the non-linear part. We assume that py() is a non-degenerate periodic solution of
(minimal) period @y of (1).

Like in the introduction, one is interested in obtaining a solution of (3), which
is periodic of some period ®, close to @y for € small. When perturbations h(e,-)
of go are introduced, we have already seen that the Eq. (3) will have a periodic
solution p of period w, which will depend on € in general. As in the previous
section, @ will be considered as a parameter which must be determined along with
a function which is periodic of period m and satisfies the complete Eq. (3). To work
in a fixed class of periodic functions for which the period is independent of &, as
in the previous section, we rescale time ¢ — (@/ @)t so that the period always is
@y and that the period of the wanted solution becomes a parameter in the equation.
With these remarks, one then considers the equation as a mapping on the space
C, of continuous periodic functions of period @y and one tries to find a zero of this
mapping. Since pyy is a solution of (3), we can use the Fredholm alternative for linear
periodic systems and the method of Lyapunov-Schmidt to reduce the discussion
of the existence of periodic solutions pe = pg + we of period @ (for we and €
small enough) to finding the zeros of a function which is obtained from a projection
onto the one-dimensional subspace of Cy, spanned by pg,. The period w, is then
determined by making this function zero and thereby we obtain a solution of the
complete equation.

We now go into more details. We recall that

Cap(X) = {w € C°(R,X) | w is wp-periodic},

and we equip this space with the norm HW”C(DO(X) = SUP;c[o,y) [W(H)[[x- As in
Sect. 2, we rescale the time variable. Let x(¢) be a periodic solution of (3) of period
o. For any € R, o > 0, the function x*(r) = x(%t) is periodic of period @y if
and only if x(¢) is periodic of period ®. As a consequence, if we use this rescaling
of time, then x*(¢) satisfies the equation

X (1) = %Box* (1) + %(fo(x* (1)) + (e, x* (1)) (144)

The objective is to find an wy-periodic solution of (144) for % — 1 and € small. If
x* = po+z, then z satisfies the equation

72(1) =Ap(t)z(t) + G(g, 0,1, 7(1)), (145)

where
Ao(t) = Bo+Dfo(po(t)), (146)
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and

G(e,w,1,2) :%[ 0(Po+2) = fo(po) = Dfo(po)z+h(e, po +2)]
(147)
+ (% —1)(Aoz+Bopo + fo(po))-

Remark 3.1. We remark that G(0,a,7,0) = 0 and that G(0,wy,?,z) has the
property that it is o(|z|) as z — 0. Therefore, the system (145) can be considered
as a perturbation of (2). In most of the infinite-dimensional problems considered
in this paper, G(0, @y,?,z) has no longer this property. And unfortunately, simple
modifications of the linear term will not be sufficient.

Since we are assuming that po(¢) is nondegenerate, 1 is a simple eigenvalue of
the period map ITy(@y,0) and also of the adjoint map (ITy(mp,0))*, that is, there
exists a unique element go(@p) € R” such that,

(Io(@0,0))"go(@0) = qo(@o) = qo(0), (148)

and
(TTp (@, 0))*go (@) - por (0) = go () - por (o) = 1. (149)

Since

%/Ow“ Ty (@0, ) por(t)d = por( ),

Property (149) implies that, if go(¢) = (TTo(@0,?))*go( @),

1 (00
(Porsdo) = @/0 do(t) - por(r)di = 1. (150)

This means that there exists a unique @y-periodic solution go(¢) of the adjoint
equation
wy = —Ao(t)*w, (151)

such that (150) is satisfied. We next introduce the space
Zoy = {9 € Coy (X) [ {9, 90) = 0},
and decompose Cgy, (X) into the direct sum
Cay (X) = Vect (por) B Zey (X). (152)

The following lemma is straightforward.

Lemma 3.2 (Fredholm alternative). The equation

wy =Ao(t)w+L(r), L€ Cu(X), (153)
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has a solution in Ce,(X) if and only if L belongs to Zy,; that is, (L,qo) = 0.
Furthermore, if L € Zg,, then there is a unique solution KoL € Zy, and the
mapping Ko is a continuous linear operator from Ze, t0 Zuy,, given by (155) below.

Proof. We remark that w(z) is a wp-periodic solution of (153) if and only if w( @) —
w(0) = 0, that is, if and only if,

ZEA%HO(“’O’S)L(SMS: (I = To(eo,0))w(0), (154)

which means that L € R(I — Ip(mp,0)). But, R(I — Io(wp,0)) = (Ker(I —
o(@p,0))*))* and thus L belongs to R(I — ITy(wy,0)) if and only if the scalar
product in R”, Ly vanishes, for any y satisfying (I — ITo(ap,0))*y = 0. Since the
kernel of (I — ITy(wyp,0))* is one-dimensional and generated by go(ay), L belongs
to R(I — Ty (wy,0)) if and only if L- go(ax) = 0, that is, if and only if

@o @o
| Tol@n, L) -golan)ds = [ L(s)- (To(an.))" o(n) ds

o
:/0 L(s)-qo(s)ds =0.

Using the equality (154) together with the variation of constants formula, we obtain
that

KoL(t) = KoL(t) — (KoL, q0) po (1), (155)

where
~ (0]
RoL (1) = To(t,0) (1 ~ Tlo(@,0)) - riy(an ) /0 (@0, 5)L(s)ds

—l—/ot [y(z,s)L(s)ds

One at once sees that KoL is the unique solution of (153) in Z,. Thus, Lemma 3.2
is proved. a

Let us now apply the classical method of Lyapunov-Schmidt to (145) by using
Lemma 3.2. We thus see that we must determine @ > 0, z € Z, as solutions of the
two equations:

3t :AO(I)Z+ G(87 (D,l,Z) - <G(87 , '72)7¢I0>P0t

156
(G(e,,,2),90) = 0. (156)

This implies that

Z:ICO(G(ngv'aZ)_<G(85wa'7z)7q0>pot)' (157)
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For % —1,€ and z small enough, one can apply the implicit function theorem to
obtain a unique function Z(w, €) € Z,, satisfying (157) and Z(ay,0) = 0.
The function Z(w, €) will be a solution of (145) in Z, if and only if

G(e,0) = (G(e,0,-,2(w,£)),q0) = 0. (158)

Itis clear that (158) is satisfied for @ = @y, € = 0. An elementary computation shows
that D,G(0,m0) = @, ! and thus is non-singular. The implicit function theorem
implies that, for (o, €) close to (ay,0), there is a unique solution @ (&), ®(0) = @y,
such that (158) is satisfied.

Tracing back through our transformations yields the proof of Theorem 1.1.

3.2 The Infinite-Dimensional Case

We first notice that, in the proof of Sect. 3.1, we have never used the fact that X is
finite-dimensional. So the above proof is valid in the general case, where X is any
Banach space, By is a linear continuous mapping from X into X and fj(x) + h(€g,x)
is a C!-perturbation in (&,x).

We notice that, in [15, Chapter 10, Theorem 4.1], Hale and Verduyn Lunel have
used the method of Sect. 3.1 to prove that regular perturbations of RFDE’s have still
a periodic solution pe of period g, close to ay, if the unperturbed equation has
a non-degenerate periodic solution py(#) of period @y. In the introduction, we had
noticed that, if the period @y is strictly larger than the delay r, one could apply the
Poincaré method. The method of Sect. 3.1 works even if the period @y is less or
equal to the delay r.

We now go back to the Egs. (4) and (5) given in the introduction. We recall that
By and B, are generators of CO- semigroups on X, and that f¢, € > 0, is a family of
nonlinearities in C' (X, X), such that fe converges to f in C'(0,X) for any bounded
open subset O of X. Under these hypotheses, the Egs. (4) and (5) define local non-
linear semigroups 7Ty (¢) and 7¢(r) on X. We assume here that the (dense) domains
D(By) and D(B;) are strict subspaces of X. Thus, the nonlinear term G(€, ,1,z)
given in (147) does no longer satisfy the properties described in Remark 3.1, since
the term (2 — 1)Aoz does not belong to X for a general element z € X. This means
that the decomposition made in (145) into the sum of the linear term Ay(¢) and the
nonlinear term G(€, ®,t,z) is not longer appropriate.

Next we will quickly describe how one can extend the method of Sect. 3.1 to the
Eqgs. (4) and (5). Let po(t) € C ! (R,X) be a non-degenerate periodic solution of (4)
of (minimal) period wy > 0. We recall that py(¢) € C'(R,X) if and only if po(z) €
C°(R,D(By)). We recall that 1 is a non-degenerate (or simple) periodic solution of
period @y if 1 is a (algebraically) simple eigenvalue of the period map ITy(wyp,0),
where IT(¢,0) is the linear evolution operator defined by the linearized equation

wi(t) = (Bo+Dfo(po(t)))w, w(0) = w, (159)
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that is, To(z,0)wo = Dy (To(t)po(t))wo = w(t) € C°((0,4e0),X) is the (unique)
solution of (159).

We suppose that there exist positive constants &, o and Cy such that, for 0 < e <
& and for any ¢t > 0,

€% || ox x) < Coe™ ™. (160)

Bt t

We also assume that the semigroups e?¢’ converge to ¢’ in the sense that there
exist a positive constant 3 and a subspace Z of X, continuously embedded into X
such that, for any 0 <t <2y,

leBe'y — Byl < CoeP |[v]|z, Wv € Z. aem)

Bt Bt

The convergence of e”¢' towards ¢ is called non-regular if Z is a proper subspace
of X, in which case we assume that the injection of Z into X is compact.

In order to seek a periodic solution pe(t) € CO(R,X), close to po(t), with
(minimal) period @, near @y, we perform the same change of time variable ¢ as in
Sects 2.1 and 3.1. We are led thus to look for a wy-periodic solution u” (1) = u(Z>1)
of the equation

W () = %Bgu*(t) ¥ % Folu* (). (162)

If u*(t) = po(t) + z(¢), then z(¢) is an wy-periodic solution of the equation
®
a(t) = o (Be + Dfo(por))) 2+ Gle, 0,1.2), (163)

where

Gle.w.1,2) = %wpwz) — fo(po) = Dfo(po)d] + (% - 1) fo(po) — Bopo + %Bgm,

(164)

(we emphasize that we cannot choose the same non-linearity as in (147), since the
term (% — 1)Apz does not belong to X for a general element z € X). The above
equation makes sense if we assume, for example, that

* (Al) The periodic solution py(¢) belongs to the “more regular spaces” D(Bg),
for & > 0. In addition, Supy,<g, SUP;c(0,ay) [70(*)[| p(8,) is bounded by a positive
constant Cy. Moreover, Bgpo(t) converges to Bopo(¢) (uniformly with respect
to t) in the space X, as € goes to 0.

The hypothesis that po(r) belongs to the “more regular spaces” D(Bg), for € > 0 is
a strong assumption, since in some problems D(Bg¢) # D(By), for € > 0. This is the
case for problems in thin domains (see Sect.2.3.3) or for the example with varying
damping given in Sect. 2.3.2.

Here, contrary to the ODE’s case, where we considered the linearized equation
along py(t) for € = 0 (see (159)), we introduce the linear equation
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wir) = %(BerDfo(Po(f)))W, w(0) = w, (165)

and consider the time-r map I1(e,®;7,0) : wo € X — w(t) = I1(g, w;¢,0)wg € X,
which is the solution at time ¢ of (165). We notice that I1(0, mp;?,0) is nothing else
as the map ITy(z,0). If we want to follow the lines of proofs of Sect. 3.1, we need to
know that (g, ; my,0) admits an eigenvalue A (€, ®) close to 1. More precisely,
we assume that

* (A2)For0 < e < g and for o close to @y, the map I1(g, ®; @y,0) admits a unique
eigenvalue A(g,) close to 1. This eigenvalue is isolated and (algebraically)
simple, and A(g,®) converges to 1, when € and ® — @y converge to zero.
Moreover, there exists a family of associated eigenfunctions @ (&, ®)(0) such that
(g, )(0) converges to pg (0) as € and @ — @y tend to zero.

In the case where the operator B, is a non-regular perturbation of the operator By,
the above hypothesis (A2) is strong and is maybe not satisfied.
We set (e, )(t) =T1(e,w;1,0)(¢(g,w)(0)) and

—log(e,m)
= 166
(e, ) o (166)

Then, the function y(g, ®)(r) = e* &) (g, ) (1) satisfies

(e, 0)(a) = e ENA (e, 0)p(e, ©)(0) = y(e, )(0), (167)

and
SV(E0)(1) = 2 (B:+ Dfi(po(1) ¥(e.0)(1) + (e 0)yle. 0)0).  (168)

In other terms, 1 is an eigenvalue of the time wy-map I, (€, ; wy,0) with associated
eigenfunction y/(e,)(0), where I, (€, w;1,0)vy = v(¢) is the unique solution of the
linear equation

()
nlt)=o (Be +Dfo(po(1))v(t) + (e, @)v(r) = Au(e, 0:0)v(1),  v(0) =vo.
(169)
We notice that 1 is a (isolated) simple eigenvalue of the linear map I, (€, ®; @y, 0).
The above considerations lead us to look for an @y- periodic solution u*(¢) =
po(t) +z(t), where z(¢) is an @p-periodic solution of the equation

2(t) =Au(e,0;1)z+ (G(g, 0,1,2) — (€, 0)2). (170)

With the above changes, we can now mimic the arguments of the end of Sect. 3.1.
Since 1 is a simple eigenvalue of the period map Il (€, ®;wp,0), and hence of
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the adjoint map (ITy (&, w; @wyp,0))*, there exists a unique element g(€&, w; wy) € X*
such that,
(M (g, 0:,0))"q (e, 0; ) = q(€, 0; ap), (171)

and
q(€; 0;m) - y(€,0)(0) = 1. (172)

Properties (171) and (172) imply that g(e, w;7) = (I1y (€, 05 wo,1))*g(€, 0; ay) is
the unique wy-periodic solution of

wr = —Ay (€, 0;51)"w, (173)

satisfying the condition

1 [
(W(e.0)()gle.00) = o [ vie.o)0) gewnd=1. a7
We next introduce the space
Zuy (8,0) = {9 € Co (X) [(9,4(¢, @;-)) = 0},

and decompose Cgy, (X) into the direct sum

Can (X) = Vect (y(g,0)(-)) & Zuwy (€, @)
As in Lemma 3.2, one shows that, the equation

wi = Ay (g, 0;0)w+L(1), L€ Cqy(X), (175)
has a solution in Cy, (X) if and only if L belongs to Z, (€, ®). Furthermore, if L €
Za,(€,m), then there is a unique solution K(&, @)L € Zy,(€,®) and the mapping
K(e,w) is a continuous linear operator from Z, (€, ®) into itself. Moreover, using

the variation of constants formula, one proves that, if L belongs to Zg, (g, ), then,

(K(e,0)L)(1) = (K(e, 0)L)(tr) — (K(e, 0)L,q(&, 0, ) y(e, @)(t),  (176)

(K(e, 0)L)(1)
@
:H[J(87w;tvo)((l_Hu(gvw;w()»0))\R(17Hu(£,w;ax),0)))71/0 Iy (e, @; ,s)L(s)ds
t
+ / M, (e, @; o, )L (s)ds
0

As in Sect. 3.1, we now apply the method of Lyapunov-Schmidt to (170), that is, we
determine @ close to @y, z € Zy, (€, ®) as solutions of the two equations
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& :AH (87 w;t)z+ (G(S, (J);l,z) - ”(87 (J))Z) - <G(87 (J);-,Z),q(&‘, (1);-))1//(8, (J))
(G(e,0,",2),q(¢, 0;-)) = 0. a77)

This implies that
2= K(e,0)(G(e,w:1,2) — p(e,0)2) — (G(e, 5+,2),q(€, 03)) y(e, @) . (178)

In the ODE’s case, a straightforward application of the implicit function theorem

implied that, for % — 1 and & small enough, there exists a unique C'-function

2(w,€) € Zgy, satisfying (157) and Z(ayp,0) = 0. Here the complication comes from
the fact that the operator /C(€, @) depends on € and @. In view of the definition (176)
of K(g,w), one sees that solving the equality (178) is not simpler than solving the
first equality in (54) or finding a fixed point of the mapping L (®,-) given in (55)
of Sect.2. Since the expressions of K(&,) and Je(®) are both consequences of
the variation of constants formula, it is not surprising that (&, ) is obtained from
Je(w) by replacing Sg (t) by I, (&, ;1,0).
The function 2(w, &) will be a solution of (170) in Z, (&, ) if and only if

G(e,0) = (G(e,0,-,2(0,€)),q(g, ;) =0. (179)

Again, the Eq. (179) is more delicate than the corresponding equality (158) of
the ODE’s case. There, solving (158) was a simple consequence of the implicit
theorem. We emphasize that solving the Eq. (179) is not simpler than solving the
Eq. (78) in Sect. 2.

A more careful analysis shows that we can solve the Egs. (178) and (179) by
requiring that the above hypotheses (A1), (A2) together with the Hypotheses (H1)-
(H7) of Sect.2 hold, and by arguing as in Sect.2. We do not give any detail of
the proof since, in general, this method is more complicated than the integral
method and requires the more restrictive hypothesis (A1). To conclude, in general
the integral method is superior to this method.
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50 [ du

j=1 J

Jdu

N
+ > bi(t,x +co(t,x)u, t>s, x€D, 1
206,075+ ol ) (M

endowed with the boundary condition
Bt)u=0, t>s, xe€dD, 2)

where D C RY, 5 >0, a;j, a;, b;, and c( are appropriate functions on [0,00) X D, and
B is a boundary operator of either the Dirichlet or Neumann or Robin type, that is,

(Dirichlet)

a;jj(t,x)dju+ ai(f,x)u) Vi (Neumann)

3)

=z

T

I
M= =
~~
M=

~.
Il
—

M=
™M=

I
—
~.
Il
—

aij(t,x)8ju+ai(t,x)u) Vi +do(t,x)u, (Robin)

where dy is an appropriate function on [0,e0) x dD. Let a = ((aij)};_y, (@),
(bi)f\’: 1> €0,do) with dy = 0 in the Dirichlet or Neumann boundary condition case.
To indicate the dependence of (1)4(2) on a, we may write (1)+(2) as (1),+(2),.

Among others, (1)+(2) arise from linearization of nonautonomous nonlinear
parabolic equations at a global solution (i.e., a solution which exists for all # > 0) as
well as from linearization of autonomous nonlinear parabolic equations at a global
time dependent solution.

Concerning the linearization of a nonlinear problem at a global solution, it is of
great importance to study the dynamical behavior of solutions of (1) + (2) as s — o
and t — s — oo, where s represents the initial time. This paper is focused on the
study of the least upper bound of exponential growth rates of solutions of (1) + (2)
as s — oo and r — s — oo, which is equivalent to the study of so called principal
spectrum of (1) + (2) introduced in this paper.

Observe that (1)+(2) is called forward nonautonomous because, first, we are
mainly interested in the properties of solutions as s — oo, t —s — oo, and a;}, a;,
b;, co, and dy are not necessarily defined for r < 0, and, second, the set of forward
limiting equations can contain elements depending on time.

Principal spectrum for nonautonomous parabolic equations defined for all € R
is well studied in several works (see [9-12, 14-18, 21], and references therein)
and has also found great applications (see [8, 13, 19, 22, 27], etc.). Principal
spectrum for such nonautonomous parabolic equations reflects the growth rates of
solutions as t — s — oo, where s represents the initial time.
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As the focus for forward nonautonomous parabolic equations is on the study
of the behavior of solutions as s — e and r — s — oo, the principal spectral
theory developed for nonautonomous parabolic equations defined for all r € R
cannot be applied to forward nonautonomous ones directly. The objective of this
paper is to establish some principal spectral theory for forward nonautonomous
parabolic equations, and discuss its applications to nonlinear parabolic equations
of Kolmogorov type.

In order to do so, we first in Sect. 2 introduce the assumptions and the notion of
weak solutions of (1)+(2) and present some basic properties of weak solutions.

In Sect. 3, we give the definition of principal spectrum of (1)+(2) and establish
some fundamental properties. Let U,(z,s)uy denote the weak solution of (1)+(2)
with initial condition u(s) = U,(s,s)uo = up € L(D) (s > 0). Roughly speaking, the
principal spectrum of (1)+(2) is the complement in R of all the A € R satisfying
either of the following conditions:

e Therearen >0,M > 1,and T > 0 such that

[Ua(t,5)|| < MeP=ME=) fors > 5> T;
* Thereare n >0, M € (0,1], and T > 0 such that

(|Ua(t,s)|| > MM forr > s> T

(see Definition 3.2). Among others, it is proved in Sect. 3 that

* The principal spectrum of (1)+(2) is a compact interval [Anin(a), Amax (a)] (see
Theorem 3.1).

In||Ua(t,5)|| plnHUa(t,S)ll

o Amin(a) = liminf . and  Amax(a) = lirsnjg . (see
t—s—ro0 PLIRAV

Theorem 3.2).

In Sect. 4, we investigate the relation of the principal spectrum of (1)+(2) and the
principal spectrum, denoted by [Amin (@), Amax (a)], of its forward limiting equations,
and show that if some extension of (1)+(2) together with its limiting equations
admits a so-called exponential separation, then

* [Amin(@), Amax(@)] = [Amin(@), Amax (a)] (see Theorem 4.3);
* Amin(a) = liminf M and Amax(a) = lim supM
P I=s Phimav I=s
nonzero nonnegative uy € L, (D) (see Theorem 4.3);

e If, moreover, (1)+(2) is asymptotically uniquely ergodic, which includes the
asymptotically periodic as a special case, then [Amin(a), Amax(a)] is a singleton,
i.e., Amin(@) = Amax(a), and in the asymptotically periodic case, Amax(a) equals
the principal eigenvalue of the forward limiting periodic parabolic equation (see
Corollary 4.5).

for any
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In Sect.5, we establish more properties of the principal spectrum [Ayin(a),
Amax (@)] of (1)+(2), including

* Amin(a) and Amax(a) continuously depend on a in the norm topology (see
Theorem 5.1);

* When g;;, a; and b; depend only on x, the principal spectrum of (1)+(2) is greater
than or equal to that of its time-averaged equations (see Theorem 5.3).

The properties mentioned above provide some important tools for the principal
spectrum analysis as well as its computation.

We remark that the theories and techniques developed in this paper would have
applications to the study of long time behavior in various forward nonautonomous
nonlinear equations arising from biology and chemistry. In particular, they would
have applications to the extensions of the existing dynamical theories for asymptot-
ically periodic systems (see [28-31], etc.) to asymptotically uniquely ergodic ones,
which include asymptotically periodic and almost periodic systems as special cases.
In the last section (i.e., Sect. 6), we discuss applications of the principal spectrum
theory for forward nonautonomous parabolic equations to the asymptotic dynamics
of nonlinear parabolic equations of Kolmogorov type. In particular, we provide
sufficient conditions for the uniform persistence (see Theorem 6.1).

Throughout the paper D C R" is a bounded domain (an open and connected
subset).

The norm in L,(D) is denoted by ||-||. Also, the norm in the Banach space
L(Ly(D),Ly(D)) of bounded linear operators from L, (D) into L(D) is denoted
by [|-]].

For the meaning of some symbols, like CK¥*%+B(E| x E,), or D(E), etc., the
reader is referred to the authors’ monograph [18].

2 Assumptions and Weak Solutions
In this section, we state the assumptions, introduce the definition of weak solutions,
and present some basic properties of weak solutions.

2.1 Assumptions

Consider (1)+(2). Our first assumption is on the regularity of the domain D.

(A1) (Boundary regularity) For Dirichlet boundary conditions, D is a bounded
domain. For Neumann or Robin boundary conditions, D is a bounded domain with
Lipschitz boundary.
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If (A1) holds, D is always considered with the N-dimensional Lebesgue measure,
whereas, in the case of Robin boundary conditions, dD is considered with the
(N—1)-dimensional Hausdorff measure, which is equivalent to the surface measure.

The second assumption regards boundedness of the coefficients of the equations
(and of the boundary conditions):

(A2) (Boundedness) a = ((aij)};_, (@)}, (bi)i,co,do) belongs 10 Le([0,00) x

D,RNZHN“) X Leo([0,00) X dD,R) (in the Dirichlet or Neumann case dy is set to
be constantly equal to zero).

We may write a = (Cl,‘j,ai,b,‘,C(),d()) fora = ((Cl,‘j)?{izl, (Cl,‘)?/:l, (b,')f»vzl, Co, d()) if
no confusion occurs.

The next assumption is about the uniform ellipticity.

(A3) (Uniform ellipticity) There exists oy > O such that there holds

2 a;jj(t,x §,§j>oc02§2 for a.e. (t,x) € [0,00) x Dand all & € RV,
i,j=1

aij(t,x) = aji(t,x) forae. (t,x) €[0,00)xD, i,j=1,2,...,N. 4

Sometimes we will use the forward limit equations to study the principal
spectrum of (1)+(2). For any ¢ > 0 we define the time-translate a -t of a by

a-t:= ((al/ t)lj 1)( ){’V:la(bi't)fvzlvco'tvdo't)a

where a;; -1(7,x) := a;j(T+1,x) for T € [—1,00), x € D, etc.

For a given sequence (#,) C [0,00) with #, — T* (T* < o) and d@ = ((dij)f'\,]j:p
(di)fvzl’ (l;i){‘vzl’ Co, d~0) € Leo((—T",00) x DvRN2+2N+l) X Loo((=T*,0) x D, R),
we say that a -1, converges to d in the weak-* topology if forany T > —T*, a-t, — a
in the weak-* topology of Le.([T, ) x D, RN**2VH1) x I ([T, e0) x 9D, R).

Recall that the Banach space L..(R x D,RV*2V+1) 5 [ (R x 9D, R) is the
dual of L (R x D, RV *2V+1) x L, (R x 9D, R). We denote the duality pairing by

<'7 '>L1 Lo+
We fix a countable dense subset {gj,g2,...} of the unit ball in L;(R x D,

RN*+2N+1) 5 (R x 9D, R) such that for each k € N there exists K = K(k) > 0
with the property that g, (¢,-) =0 fora.e.t € R\ [-K,K].
For any a1, d® € Lo, (R x D,RV+2¥+1) x [_(R x 9D, R) put

|
da Z‘Z_ g, (@t —a®))y, ol ©)

For any @ € Le.(R x D,RV*2V41) 5 [ (R x D, R), @ = (@i}, dr, bi, ¢o,dy), and
any ¢ € R we define the time-translate a -t of a by
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a-t:= ((alj t)z/ 17( )ﬁl,(l;i-t)f\lzl,fo-t,Jo-l),

where d;; - 1(7,x) :=a;j(t+1,x) fort € R, x € D, etc.

We may extend a to functions belonging to Lo (R x D, RN*2V+1) 5 [ (R x
dD,R) to study the forward limits of a. A function @ € Le.(R x D, RN'F2N+1)
Le(R X OD,R), a = ((aij)};—y, (@)L, (bi)iLy, €0, do), is called an extension of a if
ajj(t,x) = a;j(t,x), a(t,x) = ai(t,x), bi(t,x) = b;(t,x), and o (,x) = co(t,x) for a.e.
(t,x) € ]0,00) X D, and dy(t,x) = dy(t,x) for a.e. (t,x) € [0,00) x ID.

The lemma below will be instrumental in showing that the forward limits of a do
not depend on the extension of a to a function in Le.(R x D, RV *2V+1) x I (R x
ID,R).

Lemma 2.1, Ler aV = (a}),al"” B!V, & dy") and a® = (@) ,a” b, e,
d_éz)) be extensions of a € Le([0,00) X D RN2+2N+1) X Lo ([0,00) x dD,R). Then,
for any t, — e, one has d(a M .z,,a®. t,,) — 0. In particular, aV) - 1, converges in
the weak-* topology to d (€ Le(R X D,RN FNHDY ¢ Lo (R x 9D, R)) if and only if
a? ., converges in the weak-* topology to a.

Proof. For € > 0, take ko € N such that

o 1
2 5%

k=ko

where M denotes the maximum of the (L..(R x D,RNVF2N+1) » [ (R x
dD,R))-norms of @") and @®). Then we have

=

1
> §|<gk= @V-r—a? )| <e
k=ko

for each 7 € R. Let K > 0 be such that g, (¢,x) = 0 for a.e. t outside [—K, K], for all
k=1,2,...,kp— 1. We have

k-1

Z ?|<gka (51(1) “In —a? 'tn)>L1,Lm| =0

=1

forn € N solarge thatt, > K. As aresult, d(Ez(l) -1y, a? -ty) < € for such n. Therefore

d(@V 1,,a% -1,) 50 as n— oo,

and then 1) -1, converges in the weak-* topology t0 @ (€ L (IR x D, RN T2V +1)
Lo.(R x dD,R)) if and only if @ -, converges in the weak-* topology to @. [



Spectral Theory for Forward Nonautonomous Parabolic Equations and Applications 63

For an extension a of a, the set {a-7:¢ € R} is (norm-)bounded, hence has
compact closure in the weak-* topology. We define

Y(a):=cl{a-t:t e R}, (6)

where the closure is taken in the weak-* topology. When not remarked to the
contrary, Y (a) is considered with the weak-* topology. Y (@) is a compact metrizable
space, with a metric given by d(-,-).

Ford € Y(a) and t € R we write 6;d :=a-t. (Y(a),{0: };er) is a compact flow
(i.e., 0yd is continuous in ¢ € R and d € Y(a), and o6y = Id, 01+ = 0; o O for any
t,s € R).

Let a be an extension of a. Put

Yo(@):=(cl{a-t:1€[s,o)}. @)

s>0

In other words, Yy(a) equals the ®-limit set of a for the compact flow
(Y (a),{ 0t }1er)- By standard results in the theory of topological dynamical systems,
Yy(a) is invariant, nonempty, compact and connected. Also, a € Yy(a) if and only if
there is a sequence t,, — oo such that a-t, — a as n — oo.

In view of Lemma 2.1, ¥y (@) does not depend on the choice of extension a of a.
We can (and will) thus write Yy(a). Further, d € Yp(a) if and only if there is a
sequence f,;, — oo such thata-t, — d as n — oo.

The next assumption will be instrumental in proving the continuous dependence
of solutions on parameters.

(A4) (Convergence almost everywhere)
In the Dirichlet or Neumann case:

(Ada) For any sequence (t,) C [0,00) with t, — T* (T* < o) such that a-t,
converges to d in the weak-* topology we have that a;; -t, — d;j, a; -t, — d;,
b; -ty — b; pointwise a.e. on [T,) x D, for any T > —T*,

and

(A4b) for any sequence (@) C Yy(a) converging to @ in the weak-* topology we

have that a( ") — djj, a (n> — dj, l( — B,- pointwise a.e. on R x D.

In the Robin case:
(Ada) For any sequence (t,) C [0,00) with t, — T* (T* < o) such that a -t,
converges to a in the weak-* topology we have that a;; - tn = dij, aj -ty — dj,

b - t, — b; pointwise a.e. on [T,o0) x D, and dy - t, — do pointwise a.e. on
[T,o0) X D, forany T > —T*,

and

(A4b) for any sequence (a™ )) C Yola) converging to a in the weak-* topology we

have that a( —djj, d () — dj, b — b pointwise a.e. on R x D, and d}@ —

do pomthse a.e. on R x dD.
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To study the continuous dependence of the weak solutions and principal spectrum
of (1)+(2) with respect to its coefficients, we may imbed the extensions of & into a
subset ¥ of Le.(R x D, RV +2N+1) 5 [_(R x 9D, R) satisfying

(A2) (Boundedness and invariance) Y is a bounded subset of L.(R x D,
RNZHNH) X Le(R x dD,R) and is closed (hence, compact) in the
weak-* topology of Le.(R x D,RNerZNH) X Leo(R x dD,R). Moreover, Y
is invariant: Forany d € Y and anyt € R there holdsd-t €Y.

(It should be remarked here that, under Assumption (A2, (Y,{0;}ier),
where 0;d :=d-t, is a compact flow.)

(A3)" (Uniform ellipticity) There exists oy > 0 such that for any a € Y there holds

Z aij(t,x §,§j>o¢0252 fora.e. (1,x) € Rx Dand all & € RV,
i,j=1 i=1

d,’j(t,x) = dji(t,x) for a.e. (t,x) eRxD, i,j=1,2,...,N. ®)

At some places, we may assume
(A4)" (Convergence almost everywhere)

In the Dirichlet or Neumann case:

For any sequence (a g )) C Y converging to a in the weak-* topology we have that

~(n) ( ) )

—djj, a; ' — dj, b(n — b; pointwise a.e. on R x D.

In the Robin case:

For any sequence (a(”)) C Y converging to a in the weak-* topology we have that

~,(7) — dij, ( " daj, Bl( — b; pointwise a.e. on R x D, and d~( — dy pointwise

a.e. onRan

Observe that for a given a satisfying (A2) and (A3), Y = Yy(a) satisfies (A2)’ and
(A3).
For a € L..([0,%0) X D, I@NZHNH) X Le([0,00) x dD, R) satisfying (A2) and (A3)

we denote by @ = (d;;, a;, bi, ¢, dp) the extension of a given by

aij(t,x) == opd;; forr <0, xeD,

ai(t,x) =0 forr <0, x €D,

Z,’(l‘,x) =0 fort <0, xeD,

Co(t,x) :=0 forr <0, x€D,

=o(t,x) =0 fort <0, x€dD 9)

(8;; denotes the Kronecker delta).

Sometimes, for a fulfilling (A2) and (A3), we pick up some extension a of a so
that Y = Y (a) satisfies (A2)’ and (A3)’. We may say that such a satisfies (A2) and
(A3). If Y =Y (a) satisfies (A4)’, we say a satisfies (A4)'.



Spectral Theory for Forward Nonautonomous Parabolic Equations and Applications 65

Clearly a defined by (9) satisfies (A2)" and (A3)’.
Lemma 2.2. For a satisfying (A2)—(A4) the extension a given by (9) satisfies (A4).

113

Proof. In the following, the expression am converges pointwise a.e. to @’ means
that @, — . a." — ai, b )
a.e.on R x dD.

Note that the proof reduces to proving the following subcases:

— b; pointwise a.e. on R x D, and d}()” — dp pointwise

(i) For any real sequence (t,) with lim t,, = —oo we have that a-t, converges
n—yoo
pointwise a.e. to (0 ;;,0,0,0,0).
This is straightforward.
(ii) For any real sequence (t,) with limt, = T € R we have that a-t, converges
n—soo

pointwise a.e.toa-T.
The fact that the corresponding coefficients converge pointwise a.e. on
[T, o) x D (resp. pointwise a.e. on [T,e=) X dD) is a consequence of (Ada). The
pointwise convergence a.e. on (—oo,T) X D (resp. on (—eo, T') X dD) follows
by the construction of .
(iii) For any real sequence (t,) with r}gg ty = oo such that a-t, convergesto a € Yo(a)
in the weak-* topology we have that a - t, converges pointwise a.e. 1o Q.
This is a consequence of (A4a).
(iv) Forany sequence (a\) C Yy(a) convergent to a € Yo(a) in the weak-* topology
we have that a\") converges pointwise a.e. to a.
This is just (A4b). (]

The next result is a consequence of the Ascoli—Arzela theorem.
Lemma 2.3. Assume that the boundary oD of D is of class CP, for some B > 0.

(1) If aij, ai, bi, co € CP1P2([0,00) x D), and dy € CP1B2([0,50) x ID), where 0 <
B2 < B, then a = (ajj,ai,bi,co,do) satisfies (A4). y y

(2) Assume that Y satisfies (A2). If for each a = (a;j,a;, bi,o,do) € Y there holds
dij, ai, bi, & € CPp: (R x D), and dy € CP1-B (R x dD), where 0 < 3, < j3,
and the CP1-P2 (R x D)-norms of dij, a;, b;, & are bounded uniformly ina €Y
and the CP1-B2 (R x dD)-norms of do are bounded uniformly in @ € Y, then Y
satisfies (A4)'.

2.2 Weak Solutions: Definition

Throughout this subsection, D satisfies (Al) and Y is a subset of L.(R X
D,RVH2VH) [ (R x 9D, R) satisfying (A2)'~(A3)".

Let a satisfy (A2), (A3), and let a be an extension of a such that Y(a) C Y.
In particular, a satisfies (A2) and (A3)'.
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We define V as follows:

W, (D) (Dirichlet)
V= { W) (D) (Neumann) (10)
W, ,(D,dD), (Robin)

where W) (D) is the closure of D(D) in W, (D) and W2172 (D, dD) is the completion of
Vo :={ve W, (D)NC(D):visC” onDand |[v|ly < e}

with respect to the norm ||v||y := (||Vv||3 + ||VH%73D)1/2, where D(D) is the space of
smooth real functions having compact support in D.

If no confusion occurs, we will write (u,u*) for the duality between V and V*,
where u € V and u* € V*.

For s <t, let

W=W(s,t;V,V*):={veLy(s,1),V):veELy(s,t),V")} (11)

equipped with the norm

i = ([ Il de+ [ 15013 ar)’,

where v := dv/dt is the time derivative in the sense of distributions taking values in
V* (see [5, Chap. XVIII] for definitions).
For a given @ = (d;,dj, bi,¢o,dp) € Y, consider

! = jzlal] " x; e 5 o 9x; coth, )i, X<
(12)

endowed with the boundary condition

B(t)u=0, xe€dD, (13)

where B is a boundary operator of either the Dirichlet or Neumann or Robin

type, that is, B(t)u = B(t)u, where B(t)u is as in (3) with a being replaced by a.

Sometimes we write the nonautonomous problem (12)+(13) as (12)5+(13);.
Denote by Bz = Bs(t, -, ) the bilinear form on V associated with @ € Y,

Bg(t,u,v) ::/D((d,-j(t,x)aju+di(t,x)u)8iv—(Ei(t,x)&'u—l-ﬁo(t,x)u)v)dx, (14)
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(u,v € V) in the Dirichlet and Neumann boundary condition cases, and
Ba(t,u,v) := / ((a@ij(t,x)9ju~+ai(t,x)u) oy — (bi(t,x)du + &o(t,x)u)v) dx
D
+/ do(t,x)uvdHy 1, (15)
aD

(u,v € V) in the Robin boundary condition case, where Hy_; stands for the
(N — 1)-dimensional Hausdorff measure, which is, by (A1), equivalent to the surface
measure (we used the summation convention in the above).

Definition 2.1 (Weak solution). (1) Let d € Y. A function u € Ly((s,t),V) is a
weak solution of (12)z+(13)g on [s,t] X D, s < t, with initial condition u(s) = ug
if

- [w@mé@ar+ [ Balu@e@dr— o) =0 (6)

for all v € V and ¢ € D([s,t)), where D(][s,?)) is the space of all smooth real
functions having compact support in [s,?).

(2) If a is an extension of a and s > 0, a weak solution u € Ly((s,t),V) of
(12)7+(13)z on [s,] x D with initial condition u(s) = u is called a weak solution
of (1)+(2) on [s,t] x D with initial condition u(s) = u.

Definition 2.2 (Global weak solution). (1) Let ¢ € Y. A function u €
Ly 1oc((8,20),V) is a global weak solution of (12)a+(13)a with initial condition
u(s) = up, s € R, if for each ¢ > s its restriction uj,,) is a weak solution of
(12)+(13) on [s,¢] x D with initial condition u(s) = uy.

(2) If ais an extension of a and s > 0, a global solution of (12)5+(13); on [s,e0) is
called a global solution of (1)+(2) on [s,).

We remark that the (global) weak solutions of (1)+(2) are independent of the
choices of the extensions of a. Sometimes we will write of (global) weak solutions
of (1)4+(2),.

2.3 Weak Solutions: Basic Properties

Throughout this subsection, D satisfies (Al) and Y is a subset of L.(R X
D, RV H2N+1) s [ (R x 9D, R) satisfying (A2)'~(A4)’.

Let a satisfy (A2)-(A4), and let a be an extension of a such that Y (a) C Y.

We recall some basic properties of weak solutions of (12)+(13) ((1)+(2)) from
[18] to be used in later sections. The reader is referred to [18] for various other
important properties.
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Proposition 2.4 (Existence of global solution). For any a €Y, s € R, and any
ug € Ly(D) there exists a unique global weak solution u(t;s,d,uo) of (12)+(13)z
with initial condition u(s;s,d,uq) = uo.

Proof. See [3, Theorem 2.4]. O

As, fors <tand d €Y fixed, the assignment [ Ly (D) > ug — u(t;s,d,up) € Lr(D)]
is linear, we write U (z,s)uq for u(t;s,d,uo).

Proposition 2.5. (i) Foranys <t and any a €Y there holds
Ui(t,s) = Uz(t —5,0).
(ii) Foranys <t; <ty and any a €Y there holds
Ui(ta,s) = Uz(ta,11) o Ua(ty,5).
As a consequence, for any s < t and any @ €Y there holds
Ua(s+1,0) = Uzs(t,0) o Us(s,0).

Proof. See [18, Propositions 2.1.6,2.1.7 and 2.1.8]. O
We may write Uz (t,s) as Uy(t,s) = Ugs(t — 5,0) if t > s > 0.

Proposition 2.6 (L,-L, estimates). There are constants M > 0 and y > 0 such that
[|Ua(2,0)|| < Me" (17)

foraeY andt > 0.
Proof. See [18, Proposition 2.2.2]. O

Proposition 2.7 (Compactness). For any given 0 < t; < tp, if E is a bounded
subset of Ly(D) then {Us(t,0)up: d €Y, t € [t1,12], uo € E} is relatively compact
in Ly(D).

Proof. See [18, Proposition 2.2.5]. O

For u,v € Ly(D) we write u <v (orv > u) if u(x) <v(x) fora.e.x € D. We denote
Ly(D)" :={u€Ly(D):u>0}.

Proposition 2.8 (Monotonicity on initial data). Let ¢ € Y, t > 0 and u;,u; €
Ly (D).

(1) If uy < up then Uz(t,0)u; < Us(t,0)us.
(2) Ifu; <up, uy # uy, then (Uz(t,0)u;)(x) < (Ua(t,0)uz)(x) for x € D.

Proof. See [18, Proposition 2.2.9]. O
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Lemma 2.9. Leta €Y andt > 0. Then ||U;(,0)|| = sup{ Ua(z,0)uq : up € L(D)™,
[luoll =1}

Proof. See [18, Lemma 3.1.1]. O

Proposition 2.10 (Monotonicity on coefficients). Assume that a'V) and a'® satisfy

(A2)-(A4).

(1) Assume the Dirichlet boundary condition. Let, for some T > 0, al(}) = ag),
al(»l) = al(»z), bl(l) = bl@, but cé)l) < céz), where equalities and inequalities are

to be understood a.e. on [T,) X D. Then
Uy (8, 8)uo < Uy (1, 5)uo

foranyt > s>T and any uy € L,(D)™.

(2) Assume the Neumann or Robin boundary condition. Let, for some T > 0, alV =

ij
az(';?)’ az('l) = al@y b,('l) = b,@y but Cél) < CE)Z), d(()l) > d(()z), where equalities and
inequalities are to be understood a.e. on [T,) x D or a.e. on [T,o) x dD.

Then
U, ) (t,8)uo < U, (t,8)uo

foranyt > s>T and any uy € L,(D)™.
(3) Let, for some T >0, ag}) = a(z> am = al@, bgl) = b(2> c(1> = c(()z), but d(()l) >0,

ij i i %o
d(()z) =0, where equalities and inequalities are to be understood a.e. on [T, ) x

D or a.e. on [T,) X dD. Then
Uf(l) (t,8)up < U;\(Iz) (¢,8)up

foranyt>s>T and any ug € Ly(D)", where UR(t,5)uo and UN(t, s)ug denote
the solutions of (1)a+(2), with Robin and Neumann boundary conditions,
respectively.

(4) Let, for some T >0, al(;) = ag), agl) = 01(2)’ bgl) = bgz), c(()l) = cgz), but d(()z) >0,
where equalities and inequalities are to be understood a.e. on [T,e) X D or a.e.
on [T,») x dD. Then

Ugl) (t,8)up < Uf(z) (z,8)uo

for any t > s > T and any ug € Ly(D)", where UP(t,s)uq and UR(t,s)ug
denote the solutions of (1),+(2), with Dirichlet and Robin boundary conditions,
respectively.

Proof. Compare [18, Proposition 2.2.10]. (]

Proposition 2.11 (Continuous dependence). For any real sequences (s );_, With
sp — oo and (ty)5_ witht, —t € (0,00), if

n=1

lima-s,=d,
n—yoo



70 J. Mierczynski and W. Shen
then for any ug € Ly(D), Ug(sy+1ty,5n)uto = Uy, (tn,0)ug converges to Uz (t,0)ug in
L,(D).

Proof. Tt follows from the arguments of [18, Theorem 2.4.1]. O

Proposition 2.12 (Continuous dependence). For any sequence (iz(”))::1 CY,any
real sequence (t,)7_, and any sequence (u,)?_, C Ly(D), if lim, ..a™ = a,
lim,, ety = t, where t € (0,0), and lim, e tty, = ug in Ly(D), then U (t,0)uy
converges in Ly(D) to Uz(t,0)uy.

Proof. It follows from [18, Theorem 2.4.1]. (Il

We denote by I1(Y) = {TI(Y), };>0 the topological linear skew-product semiflow
generated by the family (12);+(13)z, @ € Y, on the product bundle L, (D) x Y:

TL(Y)(r1ug,d) = T1(Y ), (0, @) := (Ua(t,0)u0, 6,d) (t >0, a€ Y, up € Lo(D)).

For Y =Y (a), we will denote I1(Y) by I1(a).

3 Principal Spectrum

In this section, we introduce the definition of the principal spectrum of (1)+(2) and
establish some fundamental properties of it. Throughout the present section, we
assume that D and a satisfy (A1)-(A4). Let a be an extension of a such that it
satisfies (A2)'—(A4)'.

3.1 Definition

Definition 3.1 (Principal resolvent). A real number A belongs to the principal
resolvent of (1)4+(2), or {U,(t,s) }+>5>0, denoted by p(a), if either of the following
conditions holds:

e Therearenn >0,M > 1, and T > 0 such that
(Ua(t,5)|| < Me*M0=) forr>s5>T

(such A are said to belong to the upper principal resolvent, denoted by p (a)),
e Thereare n >0, M € (0,1], and T > 0 such that

Ua(t,5)|| > Me*ME=) fors>s5>T

(such A are said to belong to the lower principal resolvent, denoted by p_(a)).
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Definition 3.2 (Principal spectrum). The principal spectrum of (1),+(2), or
{U4(t,8) }s>5>0, denoted by X(a), equals the complement in R of the principal
resolvent p(a).

3.2 Fundamental Properties

Theorem 3.1. The principal spectrum X(a) of (1),+(2), is a compact nonempty
interval [Apin(a), Amax (a)].

In the following, [Amin(a@),Amax(@)] denotes the principal spectrum X(a) of
(1)4+(2), unless otherwise specified.

Theorem 3.2.
In||U,(t In||U,(t
Amin(a) zliminf—n” a(t,9)l glimsup—nH at9l _ Amax (a).
S—yeo t—s s—roo t—s
t—s—oo I

Theorem 3.3. Assume that there is T > 0 such that there holds: a;(t,x) = b;(t,x) =
0 for a.e. (t,x) € [T,) x D, and co(t,x) < 0 for a.e. (t,x) € [T,) x D. Then
[Amin(@), Amax (a)] C (=, 0].

Theorem 3.4. [n the case of the Dirichlet boundary condition, assume that there is
T > 0 such that there holds: ai(t,x) = bi(t,x) = 0 for a.e. (t,x) € [T,>) x D, and
co(t,x) <0 fora.e. (t,x) € [T,o0) X D. Then Amax(a) <O0.

To prove the above theorems, we first prove some lemmas.

Lemma 3.5. (1) Foranyty > 0 there is Ky = K| (to) > 1 such that ||Uy(s+1,s)|| <
K, forall s > 0 and allt € [0,1).

(2) For any ty > 0 there is Ko = Kx(tg) > 0 such that ||Uy(s +1,5)|| > Kz for all
s>0and allt € [0,1).

Proof. See [18, Lemma 3.1.2]. O

Lemma 3.6. (1) A real number A belongs to the upper principal resolvent if and
only if there are & >0, T >0, n > 0 and M > 0 such that

|Ua(t,8)|| < MeP=M0) fort—s> 8y ands>T.

(2) A real number A belongs to the lower principal resolvent if and only if there are
8 >0,T>0,1n>0andM > 0 such that

|Ua(t,8)|| > MePME) fort—s> 8y and s > T.

Proof. The “only if” parts follow from Definition 3.1 in a straightforward way.
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To prove the “if” part in (1), it suffices to notice that, by Lemma 3.5(1), there is
K = K1 (&) > 0 such that ||U,(t,s)|| < K; < (Kjmax{1,e~%*=1})eA=m=5) for
allt > s> T witht — 5 < &.

To prove the “if” part in (2), it suffices to notice that, by Lemma 3.5(2), there is
K> = K»(8y) > 0 such that ||U,(z,s)|| > K> > (K min{1,e~%(A+M1)e(A+m)(=9) for
allt > s> T witht — 5 < &. O

Lemma 3.7. There exist 8 > 0, M; > 0 and a real A such that ||U,(t,s)|| >
M=) forall s > 0and all t —s > §,.

Proof. See [18, Lemma 3.1.4]. O

Proof of Theorem 3.1. We prove first that the upper principal resolvent p. (a) is
nonempty. Indeed, by the L,—L, estimates (Proposition 2.6), there are M > 0 and
y > 0 such that ||U,(t,s)|| < Me?"=*) forall r > s > 0. Consequently, y+ 1 € p, (a).
Further, it follows from the definition that p; (a) is a right-unbounded open interval
(Amax (a),2°).

The lower principal resolvent p_(a) is nonempty, too, since it contains, by
Lemma 3.7 combined with Lemma 3.6(2), the real number A — 1. Further, it follows
from the definition that p_(a) is a left-unbounded open interval (—oo, Adiyin(a)).

As p_(a)Npi(a) =0, one has X(a) =R\ p(a) = [Amin(@), Amax(@)]. O

Proof of Theorem 3.2. First, by Definition 3.2, for any sequences (#,);_; C (0,0),
($n)5r_y C (0,00), such that s, — e and #, — 5, — oo as n — e there holds

I [Uaftnso)l _ 0 U]

In—Sn n—soo n— Sn

Amin(a) < liniinf < Amax(@). (18)
Nn—ro0
Notice that, since Anin(a) ¢ p—(a), it follows from Definition 3.1 that for each
n € N there are n < s, 1 < t,,,1 with the property that

1Ua(tn.1,50.1)]] < %eXp(()"min(a) + %)(tn,l —Sn1))-

We claim that lim, e (f,1 — $,,1) = e as n — eo. Indeed, if not then there is
a bounded subsequence (f,,,1 — Sp.,1)51> Mk — ° as k — co. It follows that
|Ua(tn,,1,5m,,1)|| = 0 as k — eo, which contradicts Lemma 3.5(2). Thus we have

In||U,(t
llmSup n|| a( }Ll?sﬂ,l)H

n—yoo In1 —Sn1

< Amin(a). (19)

Notice also that, since Amax(a) ¢ p+(a), it follows from Definition 3.1 that for
each n € N there are n < 5,5 < 1,2 with the property that

[Ua(tn,2:50,2) || > nexp ((Amax(a) — %)(%2 —Sn2))-

We claim that lim, e (f,2 — $,2) = e as n — eo. Indeed, if not then there is
a bounded subsequence (f,,2 — Sy 2)5 1> Mk — ° as k — co. It follows that
|Ua(tn,2,5n,,2)|| = o as k — eo, which contradicts Lemma 3.5(1). Thus we have
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liminf > Amax(a). (20)
R—beo In2 =1y 2
The theorem then follows from (18)—(20). O

Proof of Theorem 3.3. Fix ug € Ly(D)* with |lug|| = 1, and put u(t,x) :=
(Uy(t,T)up)(x), t > T, x € D. It follows from [18, Proposition 2.1.4] that

lee(e, )17 = [lueCs, ) |* = —Z/SlBa(T,u(T, ),u(t,-))dt

_2[‘/D( ilaij(*r,x) O u(T,x) axju(‘r,x)) dxdt <0

i,j=

forany T < s < t. Consequently, with the help of Lemma 2.9 we have |U,(z,s)| < 1
forany T < s < t. Therefore (0,00) C p_(¥). O

Proof of Theorem 3.4. It follows by the Poincaré inequality (see [6, Theorem 3 in
Sect. 5.6]) that there is o > 0 such that ||u|| < oy ||Vu| for any u € W) (D).
Starting as in the proof of Theorem 3.3 we estimate

e, P = s, P = =2 [ Bafe(5,), (2, )) e
2// za,,zxax,urx)a u(z,x)) dxds
i,j=1
by (A2)
< <20 [ |Va(e.) v < 58 [ u(r) e

for T < s < t. An application of the regular Gronwall inequality and Lemma 2.9
gives that

|Ua(t.5)]| < e 0l=)

for any T < s < t, where Ao := 0/} > 0. Consequently, [—2g,) C p-(a) and
Amax(a) < —Ag. O

3.3 Monotonicity and Continuity with Respect to Zero Order
Terms

In this subsection, we explore the monotonicity and continuity of the principal
spectrum of (1)+(2) with respect to the zero order terms.
Let a(!), a® be such that they satisfy properties (A1)—(A4).
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We assume that there is 7 > 0 such that the following assumptions are satisfied:

MCD a() =a () al () =a? (.61 () =5 (), forae. (1.x) €
[T,e) x D.

MC2) dP () =dS" (") forae. (t,x) € [T,e0) x OD.

(MC3) One of the following conditions, (a), (b), (c), (d), or (e) holds:

(a) Both (1), and (1), are endowed with the Dirichlet boundary conditions,
and

o V() <P () forae. (1,x) € [T,00) x D,

(b) Both (1), and (1),2) are endowed with the Robin boundary conditions, and
o V() <P () forae. (1,x) € [T,00) x D,
« dV(.,)=dP () forae. (t,x) € [T,e0) x ID.

(c) Both (1),a1) and (1), are endowed with the Neumann boundary conditions,
and

o V() <P forae. (1,x) € [T,00) x D,

(d) (1),0) is endowed with the Dirichlet boundary condition and (1) 2) is endowed
with the Robin boundary condition, and d(()z) (,)>0
o V() =cP(,) forae. (1,x) € [T,0) x D.

(e) (1), is endowed with the Robin boundary condition and (1), is endowed
with the Neumann boundary condition, and d(()z) (,)>0
o V() =cP () forae. (t,x) € [T,0) x D.

Theorem 3.8. Assume that MC1) and (MC3) hold. Then lmin(a(l)) < lmin(a@))
and Amax (@V) < Amax(a'®).

Proof. We prove only the first inequality, the proof of the other being similar.
By Theorem 3.2, there are sequences (s, )5, (ta);_;, With 0 < s, < 1,,, 5, — o0
and t, — 5, — o0 as n — oo, such that

Lo 01U, (650

N )

o PR Amin (Cl )

Proposition 2.10 implies that for each ug € Ly(D)* there holds
1U0) (tn 0 )uol| < |Uye2) (tas sn)uo|

for T <'s, < t,, which implies, via Lemma 2.9, that ||U_ ) (tx,5,)|| < [|U, ) (tn,a)||
for sufficiently large n. By Theorem 3.2,
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In||U (2, In||U ) (2,
lmin(a(l))ﬁliminf [Uy01) (s )| < lim 1U,@ (tn;5n) |

n—soo th — S T n—eo Ih —Sn

= Amin(a?). O
Theorem 3.9. Assume that (MCl) and (MC2) hold. Then |/’Lmin(a(1)) _
)l'min(a(z))l S rand |)Lmax (Cl(l)) — Avmax(a(z)” S T, where r:= Il-g;n ess Sup{ |CE)1> ([,X) _
e (t,x)| :1 € (1,%0), x€ D},

Proof. Form € N, putal’) + (r+ Lytobe a'V with c(()1> replaced by c(()1> £(r+1).
By using arguments as in the proof of [18, Lemma 4.3.1] we see that

Ua(k)i(rJr%)(t’S) = ei(rﬁL%)(lfS)Ua(k) (t,s) (0 S § < [)
for k = 1,2. Consequently, by Theorem 3.2,
Rexi (@ £ (r+3)) = Aeal@V) £ (r 4 3),

where Aex stands for Ay, or Amax.
Observe that for any m € N there is 7;, > 0 such that

) - (r+ Ly <ePe,x) < eV e,0) + (r+ 1)

for a.e. (¢t,x) € (Tn,o°) X D.
It then follows from Theorem 3.8 that

Ko (@) = (14 1)) < Aea(@?) < Aea(@V + (r+3)),

hence
Aexi(@V) = (r+ 1) < Aei(@®) < Aew(@M) + (r+ 1)

m

As m € N is arbitrary, this gives the desired result. (]

4 Exponential Separation and Equivalent Definition

In this section, we investigate the relation between the principal spectrum of (1)+(2)
and that of the forward limit equations of (1)+(2). To do so, we employ the so-called
exponential separation theory for general time dependent linear parabolic equations,
which together with principal spectrum theory extends principal eigenvalue and
principal eigenfunction theory for time periodic parabolic equations.
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4.1 Definitions and Characterizations

We first introduce the principal spectrum of (12),+(13), over Yy(a) and the
exponential separation of I1(Y) over Y. We then show that the principal spectrum
of (1)4+(2), equals that of (12),+(13), over ¥y(a) provided that I1(a) admits an
exponential separation on Y ().

Throughout the present subsection, Y is a subset of L..(R x D,RNzJFZNH) X
Lo.(R x dD,R) satisfying (A2)'—(A4)'.

Let D and a satisfy (A1)-(A4), and let @ be an extension of a such that Y (@) C Y.
In particular, a satisfies (A2)—(A4)'.

Definition 4.1. A € R belongs to the principal resolvent of Yy(a) or the principal
resolvent of (12),+(13), over Yy(a), denoted by p(a), if either of the following
conditions is satisfied:

e There are 1 > 0 and M > 1 such that
[|Ua(2,0)]| < Me* ™" for t>0, acY(a)

(such A are said to belong to the upper principal resolvent of Yy(a), denoted by

p(a)),
* There are 1 > 0 and M € (0, 1] such that

|Ua(t,0)|| = Me* ™" for >0, ac Yy(a)

(such A are said to belong to the lower principal resolvent of Yy(a), denoted by
p_(a)).
Definition 4.2. The principal spectrum of (12),+(13), over Yo(a), denoted by £(a),
equals the complement in R of the principal resolvent of (12),+(13), over Yy(a).

Remark 4.1. In the terminology of the monograph [18], the principal resolvent of
Yo(a) (resp. the principal spectrum of Yy(a)) is called the principal resolvent of T1(a)
over Yy (a) (resp. the principal spectrum of T1(a) over Yy(a)).

Theorem 4.2. £(a) is a nonempty interval [Amin(a), Amax (a)].
Proof. See [18, Theorem 3.1.1]. O

Definition 4.3. Let Y’ be a closed invariant subset of Y. We say that I1(Y) admits an
exponential separation with separating exponent ¥y > 0 over Y if there are an invari-
ant one-dimensional subbundle X; of L, (D) x Y’ with fibers X;(d) = span{w(a)},
|lw(a)|| = 1, and an invariant complementary one-codimensional subbundle X, of
Ly (D) x Y’ with fibers X»(a) = {v € Ly(D) : (v,w*(a)) = 0} having the following
properties:

(i) w(a) € Ly(D)* forallaeY’,
(i) X2(@)NLy(D)T ={0} forallaeY’,
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(ili) There is M > 1 such that for any @ € Y’ and any v € X,(a) with ||v| =1,
[Ua(t,0)vl| < Me™™"||Ua(t,0)w(@)]| (> 0).
For more on bundles, etc., see [18, Sect. 3.2].
Let (A5) stand for the following assumption.

(A5) T1(a) admits an exponential separation over Y (@), for some extension a of a.

In the next subsection, we will show that if both D and a are sufficiently smooth,
(AS) is satisfied.

Theorem 4.3. Assume (AS). Then
(i)

In [[Ua(t,s)w(a-s)]| In [[Ua(z, 5)uol|

Jumin(@) = liminf = liminf

=500 t—s [—§—o0 t—s
1 t
:llmlnf n||Ua( 5S)H
S—eo t—s
[—S§—ro0

Jfor each nonzero ug € Ly(D)™,

(ii)

In||Ua(t,s)w(a-s)|| In [[Ua(#, 5)uol|

Amax(a) = limsup = limsup
s—ro0 r—s s—ro0 r—s
{—5—o0 {—5—o0
. In||U,(t,s
BN A
s—ro0 t—s
t—§—o0

for each nonzero uy € Ly(D)*. ;
(iii) X(a) = X(a), i.e., Amin(@) = Amin(@) and Amax(a) = Amax(@).
Before proving the above theorem, we first recall a lemma from [18].

Lemma 4.4. Assume (AS). Then
(1) A € R belongs to p(a) if and only if there are 1 > 0 and M > 1 such that

|Ua(t,0)w(@)|| < Me* =" fort >0 and a € Yo(a),
(2) A € R belongs to p_(a) if and only if there are 1 > 0 and M € (0,1) such that
|Ua(t,0)w(@)|| > Me* ™" fort >0 and a € Yy(a).

Proof. See [18, Lemma 3.2.6]. O
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We remark that the complement of the set of those A € R for which either of the
conditions in Lemma 4.4 holds is called the dynamical spectrum or the Sacker—Sell
spectrum of | X,N(L>(D) xYp(a))- The reader is referred to [23-26] for the fundamental
spectral theory for nonautonomous linear evolution equations.

Proof of Theorem 4.3 First of all, by [18, Lemma 3.2.5], we have

. f1n||Ua(t,,,s,,)u0H

limin
n—oe In—Sn
In||U,(t
_ liming " Yalns0)l
n—reo Iy — Sn
:liminfln||Ua(tn,sn)w(d.sn)||
n—reo Ih—Sn
< limsup In ||Uy (20, 50)w(a - sn)|
n—soo In — Sn
In||U,(¢ In||U,(t
:limsup nH a(n75n>H :hmsup n” a(n,sn)MOH (21)
n—yoo In —Sn n—yoo Iy — Sn

=3

for any (s,);"_,, (ta);_; such that s, — oo and 1, — s, — e, and any nonzero ug €
Lr(D)". By Theorem 3.2, there holds

1 t 1 t
Awin(@) = liminf YOI i G IG5 @ @2
s e r—s s—yoo r—s
t—§—ro0 f—S5—yo0
(1) and (ii) then follow from (21) and (22).
Next, we prove (iii). We first prove
Anin (@) < Aanin(@) < Amax (@) < Amax(@). (23)

Fix, for the moment, € > 0. As Ayn(a) — & € p_(a), it follows from
Lemma 4.4(2) that there is 7 > 0 such that for any ¢+ > T and @ € Yp(a) there
holds

In || Uz (t,0)w(@)|| > (Amin(a) — €)t. (24)
By Proposition 2.12, there is & > 0 such that for any a('),a® € Y(a) with
d(a@",a®) < § there holds
— €T < In|Uy (T,0)w(@")| = In || Uy (T, 0)w(@?)|| < eT. (25
For the above 6 > 0 there is 77 > 0 such that for any s > T} there is @ € Yy(a)
such that
d(a-s,a)<$é.
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It then follows from (24) and (25) that
In||Uy(T +5,5)w(@-s)|| > (Amin(a) — 2€)T,
and hence

|U(T +5,5)w(@-s)|| > ePmin@) 2T, 26)

forany s > 7.
We then have, applying Proposition 2.5,

|Ua(nT +5,5)w(a-s)|
Ul (n = DT +5,T +)UulT +5,5)w(@-5)|
> |Ua((n—= 1T +5,T +s)w(@- (T +5))|| - emin(@)-26)
> ||Ua((n—2)T +5,2T +5)w(@- (2T +5))|| - 2 Pnin(@)-2)7
> ...

> ¢(Amin(a)—2€)T (27)

forany s > 7y andn € N.
Therefore for any s > 7} and ¢ > 0 with t —s = nT + 7 for some n € {0,1,2,...}
and 0 < 7 < T there holds

1Ualt,shw(@- )| = |Ualt,nT +5)Ua(nT +5,5)w(a-s)|

> ||Uat,nT + 5)w(@- (nT +s))|| - Pminl@) 22T

> Meﬂ(imm(a)*%)T, (28)
where M :=inf {||Uz(7,0)w(a)|| : 0 <t < T, a€Y(a)} > 0. This implies that

In[|Ua(t,s)w(a-s)]|

liminf — > Amin(a) — 2€.
t—S§—ro0
Letting € — 0 we get
.. In||Ug(t,s)w(a-s .
liminf | “(t _)s @-s) > Amin(@). (29)

{—§—o0

Similarly we prove that

limsup In||U, (¢, s)w(a-s)||

§—yoo t—s
—s—ro0

< Amax (). (30)

(23) then follows from (22), (29), and (30).



80 J. Mierczynski and W. Shen

Next, we prove
Aanin(@) < Aanin (@) < Amax (@) < Aamax (@) (31)
Let A € p4(a). By Definition 3.1, there are 1 > 0, M > 1 and T > 0 such that
(Ua(t,s)|| < MeP=M0=5) fors > 5> T.

In particular, |U,(,s)w(a-s)|| < Me* M=) forany r > s > T.
For each a € Yy(a) there is (s,);7_ C (0,00) with s, — o such that a@- s, — a.
Then by Proposition 2.12, for any t > 0

Ua(t + Spysp)w(a@-sn) — Uz(t,0)w(a)
as n — o, Hence

|Ua(t,0)w(a)|| < Me*—"

for any ¢ > 0. It then follows via Lemma 4.4(1) that A € p, (a). Consequently,
Tomax (@) < Amax (@). (32)
Let A € p_(a). By Definition 3.1, there are 1 > 0, M € (0,1) and 7 > 0 such that
(Ua(t,s)|| > MePTME) fors > 5> T.

By [18, Lemma 3.2.3], there is M, > 1 such that ||U,(z,s)|| < Ma||U,(2,s)w(a-s)||
for all > s. Therefore, ||U,(t,s)w(a-s)|| > Me* M=) for any t > s > T, where
M:=M/M, € (0,1).

For each a € Yy(a) there is (s,);_; C (0,00) with s, — o such that a@- s, — a.
Then by Proposition 2.12, for any t > 0

Ua(t + SmSn)W(ﬁ . Sn) — Ud(t,O)W(d)
as n — oo, Hence
|Ua(t,0)w(a)|| > MeA+nr

for any ¢ > 0. It then follows via Lemma 4.4(2) that A € p_(a). Consequently,

lmin(a) > /’Lmin(a)- (33)

(31) follows from (32) and (33).
By (23) and (31), X(a) = £(a), i.e., (iii) holds. O

Corollary 4.5. Assume (AS). If a is asymptotically uniquely ergodic (i.e., Yo(a)
is uniquely ergodic), then Amin(a) = Amax(a). If;, furthermore, a is asymptotically
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periodic with period T (i.e., Yo(a) = {a-t:t € [0,T]} for some @), then A :=
Amin(a)(= Amax(@)) is the principal eigenvalue of the following periodic eigenvalue
problem,

—u,+z (Za,,tx ou —|—a,(tx)>

N
213 txg +¢o(t,x)u = Au, x€D, (34)

= x € 0D,

Proof. By [18, Corollary 3.2.2], we have Apax (a) = imin(a). It then follows from
Theorem 4.3 that Amax (@) = Amin(a). O

4.2 The Classical Case: An Example

In this subsection, we consider the so-called classical case, i.e., both D and
the coefficients of (1)+(2) are sufficiently smooth (see (SM1) and (SM2) in the
following) and show that for such a case (AS) is satisfied.

(SM1) (Boundary regularity) D C R is a bounded domain, where its boundary 0D
is an (N — 1)-dimensional manifold of class C>*% for some o > 0.

(SM2) (Smoothness) There is o > 0 such that the functions a;; (= aj;) and
a; belong to C*T%3+%([0,00) x D), the functions b; and co belong to
CH 14210, ) x D), and the function dy belongs to C***3%([0,00) x
aD).

(SM3) (Ellipticity) There exists oy > 0 such that

2 aij(t,x §,§,>0@2§2f0ra11x6DfERNandt>0

i,j=1 i=1

We extend a to a by putting @;;(¢,x) := a;;(0,x) (i,j = 1,2,...,N), a;(t,x) :=
a;(0,x) (i =1,2,...,N), bi(t,x) := b;(0,x) (i = 1,2,...,N), é(t,x) := co(0,x), for
allt < 0 and x € D, and dp(t,x) := do(0,x) forall t < 0 and x € dD.

(SM1) implies the fulfillment of (A1), (SM2) implies the fulfillment of (A2),
and (SM3) is just (A3). By Lemma 2.3(1), (SM1) and (SM2) imply (A4). (SM2)
and (SM3) together with the construction of a give (A2)'—(A3) with Y =Y (a). The
satisfaction of (A4)’ with Y = Y (a) follows now from (SM2) via Lemma 2.3(2).

We claim that the problem (1)+(2) satisfies (A5). We have

Y(a)=oa(@)U{a-t:t e R}UYp(a),
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where /(@) = {(a(0,-),ai(0,-),5:(0,-),¢0(0,-),do(0,-))}.

Leta= (d[j,di,];[,fo,do) €Y(a).

* Assume d € Yp(a), or @ € o.(a). It follows by the Ascoli-Arzela theorem that the
functions @;; and @; belong to C>+*3+%(IR x D), the functions b; and & belong to
C?%1+%(R x D) and the function dy belongs to C>+*3+%(R x dD). Applying
the theory in [1] (see [1, Corollary 15.3]), we have that Uz (-,0)u is a classical
solution on [ty, <), for any 7y > 0 and ug € L (D).

e Assume d@ = a- 7 for some T > 0. Then the functions &;; and &; belong to
C?+%3+2([0,00) x D), the functions b; and & belong to C>+%1+%([0, ) x D)
and the function dj belongs to C2+®3+%([0, ) x D). Again applying the theory
in [1], we have that Uz(-,0)uy is a classical solution on [fy, ), for any 7y > 0 and
uo € Ly (D)

* Assume d=a- 7 for some T < 0. Applying the theory in [1] and the theory in [18],
we have that [(0,7) x D 3 (¢,x) — (Ua(t,0)up)(x)] € Wpl’z((O,T) x D) for any
T >0and p > 1, and Uz (t,0)u is a strong solution on (9, 7), forany 0 <ty < T
and ug € L, (D)

Then in the Dirichlet case, by [11, Theorem 2.1 and Lemma 3.9], there hold

(HI1) (Harnack type inequality for quotients) For each &, > 0 there is C; =
C1(8)) > 1 with the property that

)scgg (Ud (l, O) ME)2> ) (x) N xeD (Ud (tu O) ME)2> ) ('x)

foranya€Y(a), t > 8 and any u(()l),u(()2> € Ly(D)" with u(()z> #0.
(HI2) (Pointwise Harnack inequality) There is ¢ > O such that for each &, > 0 there
is Cy = C5(8,) > 0 with the property that

(Ua(t,0)uo) (x) = Ca(d(x))*||Ua(t,0)uo |- (35)

forany @ €Y(a), t > &, up € Lo(D)* and x € D, where d(x) denotes the
distance of x € D from the boundary dD of D.

In the Neumann or Robin cases, [9, Theorem 2.5] states that (HI2) is satisfied
with ¢ = 0, which implies, via [18, Lemma 3.3.1], the fulfillment of (HI1). The
above reasoning can be repeated for the adjoint equation, hence, by [18, Theorem
3.3.3], the topological linear skew-product semiflow I1(@) admits an exponential
separation over Y (a).

For t > 0 we define

K(t) := —Ba:(0,w(a-t),w(a-1)),
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that is,
N N
=— aij(t,x)djw(a- ai(t,x)w(a-t) )ow(a-r)dx
0 21/0(21 (0)9w(@-0)+ae,xwia-1) ) awa-1)

+ ./D (ébi(tax)aiw(ﬁ 1)+ co(t,x)w(a- l))w(c'z -t)dx

in the Dirichlet and Neumann boundary condition cases, and
N N
NOEEDY / (2 aij(t,x)djw(a-t)+a(t,x)w(a- t))&iw(c'z -1)dx
i=1/D N j=1

+ ./D (ébi(fax)aiw(ﬁ 1) +co(r,x)w(a- t))w(c'z -t)dx

- / do(t,x)(w(@-1))> dHy_1
oD

in the Robin boundary condition case, where Hy_; stands for the (N — 1)-dimen-
sional Hausdorff measure (which is, under our assumption (SM1), equivalent to the
(N — 1)-dimensional Lebesgue measure).

Observe that the function x: [0,00) — R is well defined and continuous (see [18]
for detail).

Lemma 4.6. Assume (SM1)-(SM3). For 0 < s <t put n(t;s) := ||Ua(t,s)w(a-s)|.
Then

ni(1:5) = k()N (z:5)
forany 0 <s <t.
Proof. See the proof of [18, Lemma 3.5.3]. O
In view of Lemma 4.6 we have the following extension of Theorem 4.3.

Theorem 4.7. Assume (SM1)~(SM3). For any nonzero uy € Ly(D)™ there holds

In|Ua(t
Ao (@) = lim nf 1 Va9l

P t—s
In||U,(t InllU, (¢ -
:hmmfw — liminf n||Uy(t,s)w(a-s)|
§—ro0 _ S—yo0 PR
=500 t—s5—o0

1 ! 1 !
zliminf—/ K(t)dt < limsup—/ K(t)dt
S—reo t—s Ky §—roo r—s s
I—§—re0 t—§5—00
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In||U,(t,s)w(a-s In||U,(t,s
=limsup || a(? ) ( )” :limsup H a(’ )”
s—>o0 t—s S—roo t—s

t—s—o0 t—s—o0
In||U,(¢t,s)u
:hmsupM = Amax (a).
§—roo — S
[—§—ro0

S More Properties of Principal Spectrum

5.1 Continuity with Respect to the Coefficients

In the present subsection we investigate continuous dependence of the principal
spectrum on the whole of the coefficients.

Assume (A1). We let Y be a subset of Lo.(R x D,RV+2V+1) x [ (R x 9D, R)
satisfying (A2)'—(A4)'.

Throughout the present subsection we make also the following assumption.

(A5) TI(Y) admits an exponential separation overY.

Let dyorm(-,+) denote the metric on L..(R x D,RV+2V+1) 5 I (R x 9D, R)
generated by the norm, and let d(-,-) be given by (5).

For aV),a® € L.([0,00) x D,RN+2N+1) x [_([0,e0) x dD,R) and s > 0, by
45 (@), a®)) we denote the Lu ([s,0) x D, RN +2V+1) 5 I ([s,0) x 9D, R)-norm
of the difference of the restrictions of a'!), a®) to [s,e0) x D ([s,0) x dD).

Definition 5.1. We say that a € L.([0,c0) x D, RV *2V+1) x I ([0,00) x 9D, R) is
Y-admissible if a satisfies (A2)—(A4) and, moreover, Yy(a) C Y.

We remark here that, for a Y-admissible a, it follows from [18, Theorem 3.2.3]
(the uniqueness of exponential separation) that the restrictions to Yy(a) of the
one-dimensional subbundles (resp. one-codimensional subbundles) appearing in the
definition of an exponential separation over Y (a) and over Y are the same.

For the rest of the subsection we fix a Y-admissible a'*).

Theorem 5.1. For each € > 0 there is 11 > 0 such that for any Y -admissible a, if
limsupds,,, (a,al”)) < n then

norm
§—roo

Amin (@) = Amin(@ )| < & and | Amax (@) — Amax (@) < &.

Lemma 5.2. For each € > 0 there is 1 > 0 with the following property. Let 4,d € Y
be such thatd(a-t,d-t) < for all t € R. Then, for any integer sequences (ky):

()5, such that I, — k, — oo as n — e and

n=1’

i I01Ua(l ) wi(a- k)|

n—ee In —kn

:A’,
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one has

10 |Ua (k) W(a k)| In | U k) w(i - k)|

— & <limi < < .
A—e< hrllgloglf Lk < hffffp s <A+eg
Proof. It follows from [18, Lemma 4.4.2]. (I

Proof of Theorem 5.1. Fix € > 0, and take a Y-admissible a such that

limsupd’,, (a,a!”)) < n, where n > 0 is as in Lemma 5.2.
§—yo0

By Theorem 4.3 and [18, Theorems 3.2.5 and 3.2.6], there exist an ergodic
invariant measure Ui, for the compact flow (Yo(a(®),{c;}) and a Borel set ¥; C
Yo (a(())) with tmin (Y1) = 1 such that

li

o0

im Vet Ow@I 5 )
t

for any a € Y). Fix some d € Y). Let (1,);7_, be a sequence with lim, ,et, = co
such that @(©) - t, converges to d. We can extract a subsequence (#y, ) such thata-t,,
converges, as kK — oo, to some d.

We claim that d(d-,d-t) < 1 for all t € R. Denote 1y := limsupd’,,(a,a'”))
S—>o0

(< 1), and let M, stand for the maximum of the Le.(R x D, RN**2V+1) 5 [ (R x
dD,R)-norms of @ and @) Fix r € R. Take ko € N so large that 1 /2%~ < M, (n —
M1)/6. Then we have

oo

1 _ _
> ?|<gkaa'7_a(0)'T>Ll7Lm| <
k=ko

n—m
—_— 36
3 (36)
for all T € R. Take M > 0 such that g(7,-) = 0 for all T < —M and all k =
1,2,...,ko — 1. Further, take so > 0 such that d3,,(a,a®) < (1 42n;)/3 for all
s > so— M. Finally, let [y € N be such thatz+1,, > so — M forall [ > I.
Then we have

|<gk7d' (t+tﬂl) _d(0> : (t+tn1)>L1,Loo| < (Tl +2771)/3
fork=1,2,...,kp— 1 and all [ > [y, hence
ko—1

1 . )
D ?|<gkaa'(t+tn1)_a(0)'(t+tﬂl)>L17Lm| <
k=1

n+2m 37)
3
for all [ > Iy.

Taking (36) and (37) into account we see that d(a- (t +1,,),a® - (t +1,)) <
(21 + 1) /3 for sufficiently large /. By letting / go to infinity we have d(a-1,d-t) <
2n+m)/3<n.
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By Lemma 5.2,

A’min(d(o)) —¢ S llmmfln ||Ud(n70)W(a n)”

n—eo n
In||Us(n,0)w(d-
Slimsup HH (l(n7 )W(CZ n)H S Afmin(a(()))""g-
n—yoo n

As a consequence of Theorem 4.3 and [18, Theorem 3.1.2 and Lemma 3.2.5], both
liminféln |Us(n,0)w(c-n)|| and limsupﬁln |[Us(n,0)w(ci-n)|| are in X(a). Hence
n—yoo n—so0

we have found A € [Amin(a), Amax (a)] with [A — Amin(a(?))| < €. By interchanging
the roles of a®) and a we obtain that there is A € [Anin(a(®), Amax (a'?))] with |4 —
Amin(a)| < €.

We proceed in the same way with Ap.y, obtaining that the Hausdorff distance
between [Amin(a), Amax (@)] and [Amin(@(?)), Amax (a®)] is not bigger than &, which
is equivalent to the statement of Theorem 5.1. O

5.2 Time Averaging

In the present subsection we assume that a;;(f,x) = a;j(x), ai(t,x) = a;(x), b;(t,x) =
bi(x), and D and a satisfy (SM1)—(SM3).

Let a be the extension of a as in Sect. 4.2. T1(a) admits an exponential separation
over Y (a).

We call @ = (ajj,a;, bi, 6, dy) a time-averaged function of a if

I B
/ co(t,x)dt forallx € D,
Jsy

and

~ In
dp(x) = lim / do(t,x)dt for all x € D,
Sn

n—oo fy — 8y Js

=

for some real sequences (s,)5_, (f2);_; With s, — eo and #, — s, — o0 as n — oo
The time independent equation

Voo & du N ou
U = Z;%(Zlaij(x)a_xj —I—ai(x)u)—i-zib,’(x)g—i-co(x)u, x€D,
i= L= i= i
Bau =0, x€aD,
(38)
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where

<

(Dirichlet)

3

=

Il
M=
—
M=

Il
.
~.

Il
.

a;j(x)dju+a; (X)M) Vi (Neumann)

M=
™=

Il
.
~.

Il
.

aij(x)dju+ ai(x)u) Vi+do(x)u,  (Robin),

is called a time-averaged equation of (1)+(2) if 4 = (a;j,a;, b;, ¢, cfo) is a time-aver-
aged function of a.
The eigenvalue problem associated to (38) reads as

Z (Zau —i—a, )—l—Zb o(x)u = Au, x€D,

Bau =0, x € dD.
(39)

It is well known that (39) has a unique eigenvalue, denoted by Auinc(d), which
is real, simple, has an eigenfunction @pyinc(4) 6 L,(D)™ associated to it, and for
any other eigenvalue A of (39), ReA < Aprinc(d) (see [2,4]). We call Apinc(@) the
principal eigenvalue Of (38) and @princ (@) a principal eigenfunction (in the literature,

sometimes, —/'Lprmc is called the principal eigenvalue of (38)).
Let

Y(a) ::{d:aogsn«n with s, — o and f,—s, — oo such that

CO(X) - ,}E}Il, th — Sp

fn ~
/co(t,x)dt forall xeD,

Sn

do(x) = lim /t" do(t,x)dt forall xe 8D} .
n—ety —8Sp Js,

It follows from our assumptions, via the Ascoli-Arzela theorem, that
Y(a) is nonempty, and consists of functions belongmg to C3Ho(D, RV V)
CHo (D, RVN+1) x C3+%(9D), with their C3*%(D,RV*+N) x c1+“(D,RN+1) X
C3*T*(9D)-norms uniformly bounded. Moreover, the convergence in the definition
of ¥ (a) is uniform in x € D (resp. uniform in x € 9D).

Theorem 5.3. (1) Thereisdc Y (a ) such that Ayin(a) > Aprinc(d)
(2) )L'max > ;Lprlnc fOV any a € Y( ) X
(3) Assume moreover that a is asymptotically uniquely ergodic Then Y( )isa

singleton {aA}y /,Lmax( ) /,me > )Lpnnc , and lmm )Lpnnc if and
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only if there is a sequence (s,);_; C [0,00) with lim,_e. s, = o with the property
that the following two conditions are satisfied:

e There are a continuous function co1: D — R and a bounded continuous
Sunction cgp: (—oo,00) — R such that co(t + s,,x) converges, as n — oo, to
co1(x) + coa(t), uniformly on compact subsets of R x D,

o There is a continuous function dy;: dD — R such that dy(t + s,,x) con-
verges, as n — oo, to do (x), uniformly on compact subsets of R X dD.

To prove the above theorem, we first recall a lemma from [18].

Lemma 5.4. Let v(t,x) :=w(a-t)(x) (t >0, x € D) and

(x5, 1) = exp (% /St Inw(a- 7)(x) dr)

(0 <s<t,x€D). Then w(x;s,t) satisfies

Noo (X oW . N oW
218_)6 <2 aij(x)a—xj —i—a[(x)w) +l-§1bi(x)3_xi

j=1
1 119V 1 ! 1 !
(L [y (1 b .
< <t—s/s ﬁar(r,x)dr)w+<t_s/s k(t)dt . co(r,x)d1:>w
(40)
forx e D and
B(s,))w=0

for x € dD, where

W (Dirichlet)
N N
X 2 (Z aij(x) W+ a; (x)W) Vi (Neumann)
B(s,t)w:= ¢ i=1 j=1 41
N N
Y (Z a;j(x) 0, W+ ai(x)W) Vi
i=1 j=1
+(ﬁ J! do(r,x)dr)w (Robin).
Proof. See the proof of [18, Lemma 5.2.1]. O

Proof of Theorem 5.3(1) and (2). (1) For given 0 < s < t put

n(t:s) = [[Ua(t,s)w(a-s)|
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and

1 1
W(x;s,t) 1= exp (:/ Inw(a-1)(x) d‘c) ) xeD.

By Theorem 4.7, there are sequences (s,);,_; and (z,)_, with s, — e and t,, —
Sp — o such that

Inn(s,) 1 /t" k() dt — Amin(a).

In—Sn In —Sn Js

It follows from (SM2) with the help of the Ascoli—Arzela theorem that (after
possibly taking a subsequence and relabeling) }gl; lnixn f;: co(t,x)dr and
fim 7

respectively. Denote these limits by ¢y (x) and do (x). Let a := (aij,ai, b;, EO,JO).
It then follows by arguments similar to those in [18, Theorem 5.2.2(1)] that

)l'min (CZ) > A'princ (fl)

(2) Forany d = (a;j,a;,bi,é0,do) € ¥ (a) there are (s,)7_, and (1), with s, — oo
and t, — §,, — oo such that

ff: do(t,x)dt exist, and the limits are uniform in x € D and in x € 9D,

/%WM&%%@

th — Sn Jsy,

1o
/co(t,x)dt—>60(x) and
Sn

Iy —Sp Js

uniformly in x € D and in x € dD, respectively. By passing (if necessary) to
subsequences and relabeling we can assume that there is A such that

lim
n—ee [y — Sp

f}@mzm

Sn

By arguments similar to those in the proof of (1), Ag > Aprinc(@). It follows from
Theorem 4.7 that Amax (@) > Ag. Then we have Amax (@) > Aprinc(@). O

Before proving Theorem 5.3(3) we formulate and prove the following auxiliary
result.

Lemma 5.5. Assume that a is asymptotically uniquely ergodic. Then

(i) For eachx € D and each d = (a,'j,a,-,b,',éo,cio) € Yy(a) the limits

! 1 1
lim — d d lim — [ € d 42
,j%’mt—s.s co(T,x)dT an Jim — | éo(t,x)dt 42)

exist and are equal, and
(ii) For each x € D and each a = (aij,a;,b;i,¢o,do) € Yo(a) the limits
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1 t
lim —— / dirde  and  lim — [d(zodr @)
lSjjmt—s f—s—eof —§

exist and are equal.

In particular, it follows that ¥ (a) = {(a;j,ai,b;,¢o,do)}, where ¢q is the common
limit in (42) and c?o is the common limit in (43).

Proof. Let P be the unique ergodic invariant measure for the compact flow
(Yo(a),{0}ter). P is also the unique ergodic invariant measure for the compact
semiflow (Yp(a),{0: }r>0), where ¥p(a) := {a-t:t >0} UYy(a) =cl{a-t:t>0}.

For each x € D (resp. for each x € dD) we define a function é&x]: ¥p(a) — R
(resp. a function dy[x] : ¥o(a) — R) as:

50[X](67) = EO(Oax)v fiEYo(ﬁ),
JO[x] (d) = ~0(07x)a aec YO(C_I)
where @ = (a;;,a;,b;,¢,dp). The functions &x]: ¥y(a@) — R (resp. do[x]: Yo(a) —

R) are, for each x € D (resp. for each x € dD), continuous.
As (Yo(a),{o:}1>0) is uniquely ergodic, it follows from the results in [20] that
for any continuous g: ¥y(@) — R and any & > 0 there is Ty = T(g,€) > 0 such that

l/tg(d-r)dr—/y()(é)g(-)dl?’(-)‘ <e

tJo

for each ¢ > Ty and each d € ¥y(a). In particular, for any continuous g: ¥p(a@) — R
there holds

lim 1 tg(ﬁ-r)dr: lim 1 tg(d-r)dr:ﬁ g()dP(),

s t—S8Js t=s—eo [ —8 Jg Yo(a)

for each a € Yp(a). By substituting in the above, for a fixed x € D, the function é|[x]
for g we have

lim —— [ eo(t,x)dr= lim —— tco(r,x)d‘r:/ Gl (1) dP(-),

s f—8Js t=s—oof —§ JYy(a)

for each d € Yy(a). Similarly, by substituting, for a fixed x € 9D, the function dj[x]
for g we have

. 1 ! 1 4 -
tfl%w: : d()(T X)dT—lllylllm: C()(T,X)dT— (@ do[x]()d]P(),

for each a € ¥y (a). O
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Proof of Theorem 5.3(3). By Theorem [18, Theorem 5.2.2(3)] and Theorem 4.3,
we have

Amax (a) = ;Lmax (Cl) = imin (Cl) = )l'min(a)'

Let ¥ C Yy(a) be a minimal invariant set. By the unique ergodicity of
(Yo(a),{o}), the compact flow (¥;,{c;}) is both minimal and uniquely ergodic.
Letd € Y;. In view of Lemma 5.5 we can apply [18, Theorem 5.2.2(3)] to have that
Amax (a) = A(4) if and only if there are cg;, ¢z, and dp; such that

Eo(t,x)ZC()l(l‘)-f—Coz(x) and cio(t,x):d()l(x).

Note that there is s, — oo such that a-s, — d. Therefore, Amax (a) = A(a) if and only
if there is s, — <o such that

lim C()(t + s,,,x) = (01 (l‘) + Coz(x) and lim do(l‘,x) =dp (x),

n—yo0 n—yo0

where the convergence is uniform on compact subsets of R x D (resp. on compact
subsets of R x dD). O

5.3 Space-Averaging

In the present subsection we assume that a;;(7,x) = a;j(1), ai(t,x) =0, b;(t,x) =0,
and the boundary condition is Neumann. We also assume that D and a satisfy
(SM1)-(SM3).

Let &(2) := ﬁ Jpcolt,x)dx, t > 0. We call d := (a;;,0,0,¢,0) the space-aver-
age of a, and call the problem

< 9 ([ du
T oy ij(t)5— ) +¢ >
Uy z&x,- (j_zlau(t)axj)-i-co(t)u, t>5>0,x€D,
N N (44)

Z(Zaij(t)()ju)vizo, t>s20,x€8D

i=1 \j=1

the space-averaged equation of (1)+(2).
The theory presented in Sect. 4.2 applies to (44).
Denote by [Amin(d), Amax ()] the principal spectrum interval of (44).

Theorem 5.6. (1) [Amin(d), Amax(d)] = { A : Tsp <ty with s, — oo and ty, — s, — oo
such that 2 =1, .. —— [ &(1)dt }.

Sn

(2) )l'min (Cl) > Afmin (d) and )Lmax (Cl) > Afmax (d)

Proof. (1) Observe that the function u: [0,00) x D — R defined as u(t,x) :=
exp (Jo¢o(T)dt),1>0,x € D, is a solution of (44) satisfying u(0, -) € L,(D) ™\ {0},
and apply Theorem 4.7 to obtain (1).
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To prove (2), we use the following inequality, which was proved as a part of the
proof of [18, Theorem 5.3.1(2)]:

| L In||Uy(t,s)w(a-s)|| 1 1 w(a-t)(x)
t—sJs Co(T)de < t—s +W:/plnw(é-s) X)

dx, 0 <s<t.
45)

It follows from [18, Lemma 5.2.3(2)] that the set {w(a")(x)/w(@?)(x) :
a,a? e y(a), x € D} is bounded and bounded away from zero. Therefore
the limit, as s — oo and r — s — oo, of the second term on the right-hand side of (45)
equals zero. Consequently,

oy Ut swi@-s)|
Amin () = 1t1srgg1f: /S do(t)dr < hsrgglf p— = Amin(a)

—§—>00 [—S§—ro0

and

1 ! In ||U,(¢ a-
Amax (d) = limsup—/ &o(t)dt < limsup n|lUalt, syw(@-s)| = Amax(a).
s—oo I — 8 Js s—yo0 r—s
[—§—ro0 [—§5—>00
This concludes the proof of (2). ]

6 Applications to Nonlinear Equations of Kolmogorov Type

In this section we study the asymptotic dynamics of nonlinear parabolic equations

of Kolmogorov type. In particular, we provide conditions for (forward) uniform

persistence of the nonlinear Kolmogorov equations by utilizing the principal

spectrum associated to proper forward nonautonomous linear parabolic equations.
Throughout the present section we make the following assumption.

(NA1) D C RY is a bounded domain, where its boundary dD is an (N — 1)-dimen-
sional manifold of class C3*%, for some o > 0.
Further, B will stand for the boundary operator either of the Dirichlet type

Bu=u ondD,
or of the Neumann type
Bu = % on 0D,
av

where v denotes the unit normal vector pointing out of D.
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Let @Qprinc be the unique (nonnegative) principal eigenfunction of the elliptic
boundary value problem

{Au:lu onD, 46)

Bu=0 ondD,

normalized so that sup{ @princ(x) :x € D} = 1. By the elliptic strong maximum
principle and the Hopf boundary point principle, in the Dirichlet case Qprinc(x) >0
for each x € D and (J @Qprinc/dV)(x) < O for each x € dD. In the Neumann case
(Pprinc =1

Let X be a fractional power space of the Laplacian operator A in L,(D) with
the boundary condition Bu = 0 such that X is compactly imbedded into C' (D). We
denote the norm in X by ||-|x.

Denote X := {u € X : u(x) > 0 for all x € D}. The interior X"+ of X*
is nonempty, and is characterized in the following way: In the case of Dirichlet
boundary conditions, X "t = {u € X* : u(x) > 0 forall x € D and (du/dv)(x) <0
for all x € dD}, and in the case of Neumann boundary conditions, X T+ = {ue
X* :u(x) >0 for all x € D} (see [18, Lemma 7.1.8]). In particular, observe that
(Pprinc € X+t

For uy,u; € X we write u; < up (orup > uy) ifup —u; € X 7.

Consider the following nonautonomous partial differential equation of Kol-
mogorov type:

ur = Au+ f(t,x,u)u, x €D, 47

with f: [0,00) x D x [0,%0) — R, endowed with the boundary conditions
Bu=0, x € dD. (48)

We assume the following.

(NA2) For any M > 0 the restrictions to [0,%0) x D x [0,M] of the function f and its
derivatives up to order two belong to C' 1717 (]0,0) x D x [0,M]).

(NA3) There are P > 0 and a continuous function m: [P,e) — (0,e0) such that
f(t,x,u) < —m(u) for anyt >0, any x € D and any u > P.

By the theory in [7], for each fp > 0 and each uy € X' there is a (clas-
sical) solution u(-;#9,up) of (47)+(48), defined on [fy,o0), with initial condition
u(tosto,up)(x) = up(x), such that u(t;to,up) € X for all # > £y. By the comparison
principle, there holds u(z;1,ug) € X for all £ > 1.

Definition 6.1. Equation (47)+(48) is said to be forward uniformly persistent if
there is 7 > 0 such that for any uy € X'\ {0} there is T(up) > 0 with the
property that

u(t;t07u0) > 1 ®princ
forall 7o > 0 and all 7 > T(ug) + 1.

Note that # = 0 is the solution of (47)+(48).
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Consider the linearization of (47)+(48) along 0,

vy =Av+ fo(t,x)v, xeD,
' (t,x) “9)
Bv=0, x € adD,

where fj(t,x) = f(t,x,0). We also have that for each 7y > 0 and each vy € X there
is a (classical) solution v(+;#y,vo) of (49), defined on [fy, ), with initial condition
v(fo310,v0)(x) = vo(x), such that v(¢;19,vo) € X for all > 1.

It follows from (NA1) and (NA2) that the assumptions (SM1) through (SM3) are
satisfied for (49), with a = (§;,0,0, fo,0). Consequently, the theory presented in
Sect. 4.2 applies.

Let [Amin, Amax] stand for the principal spectrum interval of (49). We then have

Theorem 6.1. If A, > 0 then (47)+(48) is forward uniformly persistent.

For any function g: R x D x [0,00) — R and any t € R we write g-(T,x,u) :=
g(t+t,xu), TR, x€ D, u>0.

We extend the function f to a function f: R x D x [0,%) — R by putting
f(t,x,u) := £(0,x,u) fort <0, x € D and u > 0.

Put

Z:=cl{ft:teR} (50)

with the open-compact topology, where the closure is taken in the open-compact

topology. By the Ascoli—Arzela theorem, the set Z is a compact metrizable space.

Further, if g € Zand7 € Rthen g-¢ =: {;g € Z. Hence (Z,{{; },er) is a compact flow.
Put

Zo:=(cl{ft:1€[s,0)}. 51
s>0

Zy, as the o-limit set of a forward orbit in the compact flow (Z,{{ }icr), is
nonempty, compact, connected and invariant.
Put

Zo:={ft:t>0 UZy=cl{f-t:t>0}. (52)
The set Z; is a closed, hence compact, subset of Z. Further, it is forward invariant:
for any g € Zy and any ¢ > 0 there holds g - € Z.

For any g € Zy, consider the following semilinear second order parabolic
equation of Kolmogorov type,

{utzAu—i—g(t,x,u)u, t>0,x€D, (53)

Bu=0, t>0,x€dD.

By the theory in [7], the following holds.
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Proposition 6.2. For each ug € X* and each g € Zy there exists a unique solution
u(-3ug,g) of (53), defined on [0,0), satisfying the initial condition u(0;ug,g) = uo,
such that u(t;ug,g) € X+ for all t > 0. That solution is classical. Further; the
mapping

[[0,00) x X x Zy > (t,ug,8) > u(t;up,g) € X]

is continuous.

Observe that u(- +to;to,up) = u(-;ug, fo - to) for o > 0.
Let Yy and ¥, be defined as follows,

Yo :={go:3g € Zy such that go(r,x) = g(¢,x,0), t e R, x € D },

and

Yo := {0 : 3g € Zo such that go(z,x) = g(t,x,0), t e R, xe D }.

The sets Yy and ¥; are considered endowed with the open-compact topology. As
the images of the compact sets Zy and Z, respectively, under restriction, they are
compact.

For 1y € R and g¢ € ¥, consider

v =Av+go(t,x)v, t>ty, xE€D,
(54)
Bv=0, t>1ty, x€oD.

By the theory in [7], for any vy € X, fo € R and gy € ¥y, (54) has a unique
(classical) solution v(¢;19,vo,80), defined on [ty, o), with v(z;%0,v0,80) = Vo, such
that v(¢;19,v0,80) € X for all ¢ > 1.

Observe that for any g € Zy, u = 0 is the solution of (53) and (54) with go(t,x) =
g(t,x,0) is the linearization of (53) along u = 0. Put Uy, (t,1)vo := v(t30,Vv0,80)-
If go = fo -to and 19 > 0, we write Uy, (2,10) as U (t,1o).

Lemma 6.3. For eacht > 0 there holds

H”(t;p”ng) _pUgo(tvo)”()HX

-0 asp—0"
P

uniformly in g € Zy and ug € X " with ||lug||x = 1, where go(t,x) = g(t,x,0).
Proof. 1t follows from [18, Theorem 7.1.5]. O

Lemma 6.4. Assume that Amin > 0. Then there is T > 0 such that
Ugo(Tvo)(Pprinc > 2Qpine  forall go €Y.

Proof. Let [imin, imax] be the principal spectrum of (54) over ¥y. By Theorem 4.3,
Amin = Amin and hence Anin > 0. The lemma then follows from [18, Lemma
7.1.16]. O
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Proof of Theorem 6.1. Let T > 0 be as in Lemma 6.4. As the mapping [y 2 go —
Ugy(T,0)@princ € X | is continuous and Yy is compact, the set { Ug(T',0) @princ —
2@princ : 80 € Yo} is compact, too. Further, this set is, by Lemma 6.4, contained
in the open set X . Therefore & := inf{ || (Ug, (T, 0) @princ — 2Pprinc) — V|[x : &0 €
Yo, v € dX ™ } is positive. By linearity,

inf { || (rUg (T',0) @prine — 27 Pprinc) — V||x : g0 € Yo, v € XY =rg (55)

for any r > 0.
It follows from Lemma 6.3 that there is rg > 0 such that
&2
||M(T+t;l‘,r(pprinc) — rU(T+t7t)(Pprinc||X < T
forall # > 0 and all » € (0, ry].

We claim that there is 77 > 0 such that for each ¢t > T} one can find g € Zj such
that ||U(T +1,1) @princ — Ugy(T,0) @princ||x < €/3. Indeed, for each g € Z, there
is 6 = 0(g) > 0 such that for any i € Z, if d(g,h) < & then ||Up,(T,0)@princ —
Ugy(T,0)@princ||x < €/3, where d(-,-) stands for the metric in Z. Since Zj is
compact, there are finitely many g(1>, ce g(”> € Zy such that the union of the open
balls (in Z) with center g(*) and radius 5(g(k>), k=1,...,n, covers Zy. Denote this
union by B. It suffices now to find 77 > 0 such that f -t € B for all r > Tj, and the
existence of such 7 follows from the fact that Z is, by definition, the w-limit set
(in the compact flow (Z,{&})) of f.

Fix for the moment r > T, and let g € Zy be such that ||U(T +,t)@princ —
Uy, (T,0) @princ || x < €0/3. We estimate

([ (T + 31, r@princ) = 2r@prine) — (rUsg, (T, 0) @prine — 2r@princ) || x
= [[u(T + 132, 7 @prine) = rUgy (', 0) Pprine | x
< (T 4151, r@princ) — rU (T +1,1) Qprine || x
+|[rU(T +1,) @princ — rUgy (T, 0) @Pprinc|| x

réy r&
<24 =
3 + 3

for any r € (0, ro]. It follows from (55) that u(t + T3¢, 7 Qprinc) — 27 @princ € X T, that
is, u(t 4+ T3, Qprinc) > 27 Pprine, for any r € (0,70 and any r > Tj.

Fix a nonzero ug € X™. By the comparison principle for parabolic equations,
u(t;tg,up) > 0, that is, u(r; 19, up) belongs to the open subset X " of X, for any ¢ >
to. Since [Ty, Ty + T x {ug} x Zy is compact, it follows from Proposition 6.2 that the
set {u(t;ug,g):t € [T\ +1,T1+T+1], g€ Zy} (C X" T)is compact. Consequently,
the set {u(t + to3t0,u0) 110 > 0, t € [T} + 1,71 + T + 1]} has compact closure
contained in X . By arguments as in the proof of [18, Theorem 7.1.6], there is
7> 0 such that u(t + o379, u0) > FQprinc forallzo > 0andt € [T+ 1,71 + T + 1].
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Assume 7 > rg. Then for each t € [T} + 1,7y + T + 1] and each #typ > 0 we
have u(t + T + fo;t0,up) = u(t + T +to;1 + to,u(t + fo;t0,u0)) > u(t + T + 151 +
to, VO(Pprinc) > 2r0(pprinc. By induction, we have M(l‘ +nT +ty; o, M()) > 2r0(pprinc for
all n=1,2,.... Therefore we can take t(ug) =T, + T + 1.

Assume 7 < ry. Then for each ¢ € [T} + 1,71 + T + 1] and each #y > 0 such that
u(t +to3t0,10) > rPprinc for some r < ro we have u(t + T +195t0,u0) = u(t +T +
to;t + to,u(t + 10310, u0)) > u(t + T + 1051 + 10, "Pprinc) > 27 Pprinc. Repeating this
procedure sufficiently many times we obtain that u(r 4+ nT + 19510, 10) >> 2"'r Qprine
as long as 2"’1r~ < ry. After some calculation we conclude that we can take
T(up) = (| R0 | 4 2) T+ T4 + 1.

In both cases, n = 2ry. O

We finish the section by giving a sufficient condition for the assumptions in
Theorem 6.1 to hold.

A function fy € C(D) is called a time-averaged function of f; if there are sub-
sequences (s,)5_; and (t,);_;, with 0 < s, <t, foralln =1,2,..., lim,_e 5, = oo,

n=1°
limy, o0 (;, — 5,) — ©o, such that

fo(x) = lim !

n—ee fy — Sy

1 " (e, 0)dr

Sn

uniformly for x € D.
Let ¥ := { fo: fo is a time-averaged function of fy }. For a given fy € ¥, denote
by Aprinc(fo) the principal eigenvalue of
Au+ fo(x)u=Au, x€D, (56)
Bu=0, x € dD.

Theorem 6.5. If Apyinc( fo) > 0for any fo € Y, then (47)+(48) is forward uniformly
persistent.

Proof. Observe that the standing assumptions in Sect. 5.2 hold for (49). By Theo-
rem 5.3(1), there is fy € ¥ such that Ayin > Aprinc (fo). An application of Theorem 6.1
concludes the proof. (]
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Abstract We study the existence of liquefaction and evaporation waves by the
methods derived from dynamical systems theory. A traveling wave solution is
a heteroclinic orbit with the wave speed as a parameter. We give sufficient and
necessary conditions for the existence of such heteroclinic orbit. After analyzing the
local unstable and stable manifolds of two equilibrium points, we show that there
exists at least one orbit connecting the local unstable manifold of one equilibrium
point to the local stable manifold of another equilibrium point. The method is known
as the shooting method in the literature.
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Fig. 1 The pressure function P
p = p(A,v) for some fixed A

A=0
w<0

Pl ---

w >0

The one-dimensional case of the system describing such flows in Lagrangian
coordinates is
vy —uy =0,

Uz +17(/’L;V)x - 8“)()67

- %/w(a,vwmxx, )

where v is the specific volume, u the velocity of the fluid, A the weight portion of
vapor in the liquid/vapor mixture, € the viscosity, B the diffusion coefficient and
¥ > 0 the typical reaction time. The pressure p(A,v) in (1) is a smooth function that
satisfies

Py <0< pyr, pw>0. 2)

Although p,,, > 0 was assumed in many previous papers, we do not use it in the proof

of the existence of liquefaction and evaporation waves (Theorems 2.4 and 2.6).
Figure 1 shows the graph of a typical pressure function, where p, is the

equilibrium pressure at which liquid and vapor can coexist and m,M are the

Maxwell points.

The function w(A,v) represents the rate of vapor initiation and growth:

w(v,A) = (p(A,v) = pe)A(A = 1). 3)

A traveling wave of (1.1) is a solution of the form (u,v,4)(s), where s = - and ¢
is the speed of the wave. With «' = du /ds, we have

—ov —u' =0,

—cu' +p' =u",

—cA = aw(A,v)+bA",

(u, v, L) (Fe0) = (ux,va, As), 4)
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where a = €/y, b = /€. Because A is the weight portion of the vapor in the

liquid/vapor mixture, we only admit solutions with 0 < A < 1.

From the third equation of (4), equilibrium points (Ay,vy) must satisfy
w(A,v) =0, which has three branches of solutions: A =0 or A =1 or p(1,v) = p,.
From the first two equations of (4), ¢>v' 4 p’ = u" = —¢V". Integrating from —eco

to s we have:
—cdv/ds=c*(v—v_)+(p—p_).
Let s = b€ and ' = du/d&. We have
A" = —cA —abw(A,v),
—2V = 2=V ) + (p(Av) ~ p-).
If the traveling wave connects E+ with (A,v) = (A4,vy), then

vy =v )+ p(vi,Ay) = p(A-,v-) =0.

Definition 1.1. A liquefaction wave is a solution of (1.4) with
A-=0,0< Ay <1,
P(A,vi) > pe, &+ pu(As,vs) <O,
while an evaporation wave is that with
Ao=1,0<A <1,
P(As,vi) < pe, &+ pu(Ae,v) <O
A collapsing wave is a solution of (1.4) with
0<A <1, Ay =1,
P(Ax,vi) > pe, &+ py(As,vse) >0,
while an explosion wave is that with
0<A_<I1, Ay =0,

P(Ae,vi) < pey A+ py(Aa,vi) > 0.

&)

(6)

Recall that /—p, is the speed of sound. The definitions can be summarized in the

following table:

D = De D < pe

subsonic ¢? + p, < 0 liquefaction evaporation
supersonic ¢+ p, >0  collapsing explosion
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Shearer [12—14], Fan [4] and Slemrod [15] studied the Liquid/vapor phase transition
through the p-system of conservation laws of hyperbolic-elliptic mixed type. Fan
[5-7] proved the existence of liquefaction and evaporation waves. He also studied
the stability of a simplified system consisting of a system of two conservation laws
and a KPP equation. See also [1-3, 8] for further discussions of the model.

The following methods were used in [5, 7] in proving the existence of traveling
waves:

(1) The Leray—Schauder degree theory.
(2) The theory of monotone systems of parabolic PDEs.

A common feature to methods (1) and (2) is the adding of a small diffusion term
Nvyy to the system,

Vi =M+ (v—v_)+p—p-,
/,Lf = b/lxx‘i'a(p(lvv) —pe)/l(/l - 1)

First one finds traveling waves for the system with small 11 > 0. Then one shows that
there exists a sequence 1), — 0 such that the corresponding solutions (A y) —
(A,v). The limit is a traveling wave corresponding to n = 0.

We briefly describe the use of the Leray—Schauder degree theorem to our system.
Consider the modified system:

' +ev' = —=6((v—v_)+p—p-),
A"+ cA' = —-0aw(v,A), —L< & <M,
MA)(=L) = (v—,A-),  (mA)(M) = (74, A4).

By choosing (17+,5L+) properly, once can show that there is a strictly monotone
solution for all 6 € [0, 1].

Write the system as an integral equation 7' (x,0) =x. Then T : Q x [0,1] — X is
a compact operator in a real normed space. Moreover the solution exists if 6 = 0.
From the Leray—Schauder degree, if we assume:

(i) T(x,0)+#xforxedQ, 6 €0,1].
(ii) The Leray—Schauder degree D;(T(-,0) —1,Q) # 0,

Then for any 0 < 6 < 1, T'(x,0) = x has at least one solution in Q.
We then find convergent subsequences of monotone solutions such that

(i) L(n) = o0, M(n) — oo
(11) \7;1 — V+,)Ln — A,Jr
>iii) n, — 0.

The limit of solutions is the traveling wave solution to the system with n = 0. Next,
we briefly describe the use of the “Method for Monotone Systems of PDES” to our
system. Consider
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Vr = anx‘FCZ(V_Vf) +p—-pr-
/,Lf = b/’locx‘i'a(p_pe)/’l'(/’L - 1)

We can rewrite the system as
Uy =AUy + F(U,c),

where

_(P=v)+p—p-
U= (a<p—pe>z<7t—1> )

_ +py D
V= (i) appaea ) rapae )

Under the sufficient conditions, we can verify that

(1) The system is monotone: off-diagonal terms of VF are positive.
(2) The eigenvalues of VF at U_ are negative.

(3) The wave speed c is sufficiently large.

(4) Other conditions for a monotone system are satisfied.

Then there exists a monotone solution U for small 1. By letting 1 — 0 we find the
limit of solutions which corresponds to solutions for the system with 1 = 0.

Using a geometric/dynamical system’s method (shooting method), Fan and Lin
simplified the proof of the existence of evaporation and liquefaction waves obtained
in [5,7]. We also rigorously proved the existence of collapsing and explosion waves
that were only verified numerically before. Define 2(A,v) := ¢*(v—v_) + p(A,v) —
p—. Then

C:={(A,v):h(A,v) =0}
is the isocline for v due to (5). Based on (6),

h(A,v) = c*(v—ve) + p(A,v) — ps.

In this paper we summarize our results obtained by the shooting method from 2005
to 2008 as follows:

Theorem 1.1. (1) The sufficient and necessary conditions for the existence of
collapsing waves are:

> 4ablp(Ay,vy) = pel, &+ pu(Aes,vs) >0

(2) The sufficient conditions for the existence of explosion waves are:

0224ab|p(a’+7v+)_p6|7 Cz'f‘Pv()LfaV—)ZO-
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The necessary conditions for the existence of explosion waves are:
C224db|p(k+,1)+)—pe|7 02+Pv(l+av+)20-

(3) If Ay = 0,1, then the sufficient conditions for the existence of liquefaction or
evaporation waves are:

4+ pu(Aw) <0, ifv. <v<vy, A=0,1,

and
¢ > dab|p(A_,v_) — pe|.

(4) If p+ = pe,0 < Ay < 1, then the sufficient conditions for the existence of
liquefaction or evaporation waves are:

& > dablp(A_,v_) - p.l,

cz+pv(/'L,v)<O, FA=0<A<A,v_<v<vy,

and along the isocline C for v,

Sl;tp{ abm(l,vc(l))”}< L

|C2 +PV(;La VC()L)

As proofs of the existence of collapsing and explosion waves were presented in a
separate paper [9], in the rest of this paper we will study the existence of liquefaction
and evaporation waves only. The existence of liquefaction waves for A_ =0, A, =1
will be proved in Theorem 2.4 while the existence of liquefaction waves for A_ =0,
0 < A4 <1, py = p, will be proved in Theorem 2.6. Similar proofs apply to the
evaporation waves and will not be presented in this paper.

For liquefaction and evaporation waves, it will be shown in Lemma 2.1 that the
wave speed c is positive. Therefore, from (6),

o= \/_p(l+,v+)—p(7t,v)' %

Vy — Vo

In [5,7], Fan proved that liquefaction and evaporation waves exist if the wave speed
¢ > 0 satisfies ¢ > 2/ab|p(A_,v_) — p|. On the other hand, if the speeds satisfy
¢ <2y/ab|p(Ay,vy) — pe|, then there is no liquefaction or evaporation waves.

The locations of (v, Ay ) for both waves are depicted in Fig. 2.

Recall that the pressure p(A,v) satisfies

Py <0< py,
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Fig. 2 The points (v4, Ay ) of
liquefaction waves (p+ > p.)
and evaporation waves

(p+ < pe). The arrows point
to the fronts of the waves

and the growth rate w is

w(A,v) = (p=pe)A(A—1).

Since p; > 0, the function p = p(A,v) can be solved for A = A*(v,p). For
each v = vy, with v, < vo < vy, w = w(A4,v) has three zeros: L =0, A.(vg) =
A*(vo, pe), A = 1. However, for vo < vy, or vg > vy, w = w(A,vp) has two zeros:
A=0,A=1.

Let P C R? be an open set bounded by finitely many smooth surfaces.

Definition 1.2. For each P € P such that the ®(&y, P) € 9P for some & > 0, there
exists the first touch time &; such that

D(&),P) € P, while ®(E,P) € Pfor0 <& < §&.

If the first touch time for P exists, then define the first touch point as B(P) :=
(&1, P).

The following lemma is related to the Wazewski’s principle [10, 11]. It is not as
general but works well on our system.

Lemma 1.2. Assume that there exit two mutually disjoint open subsets of dP: Sy
and S, such that,

(1) Forany P € S;, j= 1,2, there exists a small € > 0 such that ®(&,P) € P for
—& < & < 0. Moreover; the flow ®(&,-) is transverse to Sy or S,.
(2) Forany P € P such that ®(&,P) € dP for some & > 0, we have B(P) € §; US,.
(3) There exists a smooth curve segment P\P, in P such that B(P)) € Sy,
B(P,) € S,.
Under these conditions, there exits a Py € PP such that (&, Py) remains
inP forall & > 0.

The shooting method alone does not provide information on the uniqueness of
the traveling waves for each fixed wave speed c. In a work-in-progress paper by
Fan and Lin, numerical computation combined with the shooting method has been
performed on a similar system. For a given wave speed, these results suggest that
each type of traveling wave for liquid/vapor phase transition may be unique.
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2 Existence of Liquefaction and Evaporation Waves

In this section we present the proof of the existence of liquefaction waves for the
case {A_ =0} — {A; = 1}, and the case {A_ =0} — {p+ = p.}. The same proof
applies to the evaporation waves with some minor changes.

System (5) can be written as a first order system of three variables (A4, i, v):

A=,
u' = —cu—abw(d,v),
—2V ==y )+ (p(Av) ). ®)

We look for a heteroclinic solution of (8) connecting the equilibrium points E1 :=

{()L:i:nud:uvj:)}-
Equilibrium states are the zeros of the right hand side of (8).

=0,
w(A,v) =0,
Fv—v )+pA,v)—p_=0. )

The solutions of w = 0 form three branches: L =0, 1 and p(A,v) = p,. The graph
of (9) with a given c is a straight line in the (v, p) plane, see Fig.2. However, the
graph of (9) in the (A, v) plane is the isocline C for v.

For each v with v,,, <v < vy, by solving p(4,v) = p, for A, we have

A =2e(v).

The equilibrium E_ is on A = 0 with p_ > p, oron A = 1 with p_ < p,. The
equilibrium E is on the line A = 1, p4+ > p, oron p = p,,0 < A < 1 (liquefaction
wave). The equilibrium E; ison A =0, p < p, oron p = p,,0 < A < 1 (evaporation
wave).

Let p; = p(A4,v.). The wave speed ¢ and v are now related by (6): c¢?(vy —
v-)+(p+—p-)=0.

From (6), for the liquefaction wave p4 < p_, we must have v, > v_; while for
the evaporation wave p, > p_, we must have v <v_.

2.1 Eigenvalues and Eigenvectors at Equilibrium Points

In this section, we first show that if ¢ > 0, then the equilibrium E_ corresponding
to A = 0,1 is a saddle with exactly two positive eigenvalues and one negative
eigenvalue, while the equilibrium £ has one positive eigenvalues and two negative
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eigenvalues. The traveling wave solution we look for is a heteroclinic solution
connecting saddle to saddle. Moreover, as & — oo, the orbit of the traveling wave
starts at the two dimensional local unstable manifold W (E_) and ends at the two
dimensional local stable manifold W} (E. ).

The linear variational system at equilibrium point is

!

A A 0 1 0

M| =A|M]|, whereA= | —abw, —c —abw,
b b

1% Vv —Zpa 0 —bc—17py

Eigenvalues r are determined by

r -1 0
det(rl —A) = |abwy r+c abw,, =0.
e 0 r+2(pte?)

We first study eigenvalues at the equilibrium E4 with A =0 or 1,
W}L(/’L,V):(Zl—l)(p—pe), WV(A,V):O,
b
det(rl —A) = (P +cr+wy)(r+ Z(pv +c?)).

Eigenvalues at A =0, 1 are

o= —c)2— \/(c/z)z —ab(2A —1)(p(A,v) = po),
r2 = —c/24/(¢/2)2 — ab(22.— 1) (p(A.v) — po).

P (pAm)+ ).

c

r3

Lemma 2.1. (1) Assume that ¢ > 0. At E_, assume that ¢* + p,(A,v) < 0 and
(24 —1)(p — pe) < 0. Then the equilibrium E_ has two positive eigenvalues
and one negative eigenvalue. At E, assume that ¢> > 4ab|p(A,v) — pe| and
>+ py(A,v) < 0. Then if Ey is on the line A = 0,1, it has two negative
eigenvalues and one positive eigenvalue.

(2) Assume that ¢ < 0. At E_, assume that ¢* + p,(A,v) < 0 and (24 —1)(p —
Pe) < 0. Then the equilibrium E_ has two negative eigenvalues and one positive
eigenvalue. At E., assume that ¢* > 4ab|p(A,v) — p.| and ¢* + p,(A,v) < 0.
Then if E4 is on the line A = 0,1, it has two positive eigenvalues and one
negative eigenvalue.

Proof. Proof of (1): We always have r3 >0 for A =0or 1.IfA =0, p > p, orif
A =1, p < p., we have

ab(24 = 1)(p(A,v) = pe) <0,
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and hence r; < 0 and r, > 0. Thus E_ has two unstable eigenvalues and one stable
eigenvalue. f A = 1, p > p, orif A =0, p < p,, we use ¢> > 4ab|p(A,v) — p,|
to show ry,r, are real and r,r, < 0. Thus E has two stable eigenvalues and one
unstable eigenvalue.

The proof of (2) is completely similar and shall be omitted. O

Since in the case (2), a heteroclinic connection from E_ to E usually does not
happen, we shall assume ¢ > 0.

2.2 Existence of Liquefaction Waves for ._ =0, A, =1

In this section, we consider the liquefaction wave connecting A- =0 to Ay = 1.
The liquefaction wave that connects A— = 0 to p. = p, shall be constructed later.
Since liquefaction and evaporation waves are subsonic waves, cf. Definition 1.1, we
assume that the waves satisfy the following assumption in this section:

(H1) ¢+ py(A,v) <0,ifv- <v<viand A =0,1.

The traveling waves satisfy the following system of equations:

AM=u, p'=—cu—abwi,v), (10)

—V ==y )+ (p(A,v) —p-). (11)

As from Lemma 2.1, we assume that ¢ > 0.

The isocline for v means C := {(A,v) : v/ = 0}. Clearly (A,v) € C if h(A,v) =0.
It is easy to see that on the two equilibrium points, (A+,v+) € C.

Due to (H1), on the line A_ = 0 we have ¢? + p, < 0.If v > v_, then 2(0,v) < 0.
Therefore v/ > 0 if v_ < v < v, and A = 0. Similarly, due to (H1) again, if A = 1,
we can show that v/ < 0 if v_ < v < vy. Now for each v € (v_,v), there exists a
unique A € (0,4 ) such that 2(A,v) = 0, denoted by

A =2A®).
Due to the fact p; > 0, A.(v) is a smooth function of v € (v_,v,).

In general A.(v) may not be a monotone function as depicted in Fig. 3.
The isocline for v divides the rectangle (A_,A;) x (v_, v ) into two parts. Let

N:={(A,v):vo<v<ve, 0<A < A:(v)}.
If (A,v) € N, then v/(&) > 0. Let EF be the curve on which p = p, and v_ <v <

vi,A_ < A < Ay, see Fig.3. Then EF C N where v/ > 0. This can be shown as
follows. Since on EF, p = p, < p+ and v < v, we have

h(A,v) = (v=vi)+(p—py) <O.
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p=—c(A-1)/2 F

1=0
VoG

V= v— A A=0 r=1

Fig. 3 The pentahedron and the top view of its base F,. On the curve EF, p(A,v) = p,. On the
isocline GH, v =0

Consider a pentahedron shaped solid P in (A,u,v) space bounded by the five
surfaces:

Left side 7y := {A =0};
Back side F :={v=v;,0<A<1,0<u<—c(A—-1)/2};
Front side Fy:={v_ <v<vy, A =2A(v), 0<u < —c(A—1)/2};
Slant side F :={c(A —1)/24+u=0,0< A <A:(v),v—- <v<vyi};
Bottom side Fj := {u =0, 0 < A < 1}.

The bottom side is further divided into Fj, = Fp U Fpp, with

Fp1 = ]—'bﬁ{p(l,v) > pe}7
Fra = FpN{p(A,v) < pe}.

For each interior point P of P, let B(P) be the first touch point on dP as in
Definition 1.2.

(1) Since dA/d& = p > 0inside P, B(P) ¢ Fy.

(2) On Fi, we have v = —2(p(v+,A) — p+). Since p; >0 and A < 1, we have
p(vy,A) < p(vy, 1) p+. Thus, v > 0 It is possible B(P) € Fy.

(3) On Fy, we have A’ >0 and v/ = 0. Let the outward normal of Frben=
{(A,u,v) =(1,0,—dA.(v)/dv), and let the vector field be f. Then n-f > 0. The
flow starts on F; must leave P transversely. It is possible that B(P) € F for
some P € P.

(4) On the interior of Fp, we have du/d& < 0 due tow >0 for0 <A <1 and
p < pe - Itis possible that B(P) € Fpp,.

(5) On the interior of Fj;, we have du/dé = —abw(A,v) > 0 due to w < 0 for
0< A < 1and p > p,. Thus B(P) is not in the interior of Fp;.
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If B(P) € {p = pe} N Fp at the first touch time &, > 0, then from (10) it is easy
to verify that (&) = u’(&;) =0and u” (&;) < 0. Therefore, there exists § > 0 such
that u(&) <0if & — 6 < & < &, contradicting to &; being the first touch time. So
B(P) cannot be on the line {p = p.} N Fp.

The following lemma shows that B(P) ¢ F.

Lemma 2.2. The first touch point with the boundary B(P) is not on the slant
side Fy.

Proof. The inward normal of the slant side Fy := {c(A —1)/2+u =0} is
n= (ny,ny,n,) =(—c/2,-1,0).
The vector field is
f=(f,,fu.5,) = (U, —cu —abw(A,v),V).
We want to show that on Fy,
n-f=—cu/2+cu+abw(i,v)>0.
Using 4 = —c¢(A —1)/2, we have
n-f= (1-2)((¢/2) — abA(p— p.)). (12)
Since (A,v) satisfies
Av—v )+ (p—p)<0, andv>v_,
we have p < p_. Therefore,

(¢/2)* > ab(p- — pe) = abA(p(A.v) = pe).

It follows that n- £ > 0, see (12). Therefore B(P) ¢ Fs. O

Let us check the edges of P (not including E ). The four edges thatlieon A =0
cannot contain B(P) as shown by (1).

Among the other four edges, two of them bound F;, so they cannot contain B(P)
due to n-f > 0 as in Lemma 2.2. What left are the two more edges that bound Fy;
(not including {p = p.}). They cannot contain B(P) due to u’ > 0.

We have shown that if B(P) is the point where ®(&, P) first hits the boundary of
P, either it lies on S; := F orit lies on §» := FpoUF U{u =0,v=v,,0< A <
)Le (V+)}.

Moreover, B(P) cannot belong to the four boundaries of F, the three boundaries
of F and the three boundaries of F;. The point B(P) can belong to the common
boundary of F; and F, but not the common boundaries of F; and Fp.



A Dynamical Systems Approach to Traveling Wave Solutions for Liquid/Vapor . . . 113

Lemma 2.3. There exist P\,P, € W/

L (E_) NP such that B(Py) € S and
B(Pz) €S

Proof. To start the shooting method, we list facts about W,‘;C(E,): Letr; <0< n

be the two eigenvalues for (10). Let r3 > O be the eigenvalue with the eigenvector
(0,0,1).

(1) The line {A =0} is on W/ (E_). On this line, we have
V>0ifv>v., V<0ifv<yv_.
(2) Wi (E_) is two dimensional with two linearly independent tangent vectors
(A,M,V)=(0,0,1)and (A,M,V) = (1,r,,0).
Based on this, we can express the local unstable manifold as
WE(ES)={(A,mu):—er<A<e,v_o—e<v<v_+e&, u=u"A,v)}

Moreover, if A > 0, then u* > 0.

Recall that the isocline C for v can be expressed as A = A.(v) with A.(v_) =0,
and dA.(v_)/dv > 0. Choose v with v_ < 7 < v_ + & so that 0 < A.(V) < g;.
For each 0 < A; < A.(¥), define a line segment PP, on W (E_):

PPy = {(A, v, 1) : 2 S A< Ac(V),v =T, = p(A,v)}.

It is parameterized by A with A = A.(¥) corresponding to P, and A = A; correspond-
ing to P>. It is also clear that PP, is in P except for the point P;.

Since the flow on the v-axis is transversal to the plane {v = v'}, assuming that
A1 is sufficiently small so that P, is close to the v-axis on W*(E_), then the orbit
®(&,P,) stays close to the v-axis until it hits v = v, transversely. It is easy to show
that B(P,) will hit the boundary of P in S,. On the other hand, P; is on S; and the
flow ®(&, P;) leaves P transversely at P € . O

Theorem 2.4. Consider the liquefaction waves with A =0, A, = 1. Assume ¢ +
pv(Av) <0ifA =0,1andv € [v_,v;] and ¢* > 4ab|p(A_,v_) — p.|. Then there
exists a liquefaction wave connecting E_ to E. The (A,v) components of the wave
are monotone.

Proof. There exits an relatively open subset O of P; P, containing every P such that
B(P) € S;. There exits also an relatively open subset O, of PP, containing every
P such that B(P) € S,. It is also clear that O and O, are mutually disjoint. Since
P, € Oy, P, € O, and P P; is a connected set,

PP, — (01UOs) (13)
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is nonempty. Let P be a point from (13). Then ®(&, P) cannot hit the boundary of
P. It must stay inside P and approach the equilibrium E . Also ®(&,P) — E_ as
& — —ocosince P € Wi (E_). O

2.3 Existence of Liquefaction Waves
JorA_=0,0<A. <1, pr=pe

Assume ¢ > 0 as before so that the equilibrium E_ corresponding to A = 0,1 is a
saddle with exactly two positive eigenvalues and one negative eigenvalue. We do not
know exactly what are the eigenvalues for E; when p = p.,A # 0, 1. However, it s
not used in the proof of Theorem 2.6.

Assume that

4+ pu(d,v) <0

is satisfied throughout the region A € [0, A.],v € [v_,v.]. The isocline C := {V' =0}
can be solved from the equation

Fv—v)+pA,v)—p, =0,
and the solution can be expressed as
v=v(1),0<A <Ay,

dvc(a’) —DPa
- —h o,
dﬂf Cz +pv ~

We look for the liquefaction wave connecting A_ = 0 to p; = p,.. The traveling
wave satisfies (10) and (11). As from Lemma 2.1, we assume that ¢ > 0.

Consider a pentahedron shaped solid P in (A, u,v) space bounded by the five
surfaces (Fig.4):

Left side 7y := {A =0};
Back side F :={v=v4,0<A <A, 0<u < —c(A—2A.)/2};
Front side 7y :={0 <A < A,, v=vc(4), 0 < < —c(A —A.)/2};
Slant side Fy:={c(A —2A.)/2+ 1 =0,0< A <A, ve(A) <v<vi};
Bottom side Fp, :={u =0, 0 <A < A.}.

The bottom side is further divided into Fj, = Fp U Fpp, with

Fp1:=FpN{p(A,v) > pe},
Fpr = Fp N {p(A,v) < pe}.
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v
=—c(A-1 )2 F
p=—c(A-L,) . H
+
0
A=0 E
v V= v+
A=0 v
— -G
A=h, A
V=v- A r=0 A= ke

Fig. 4 The pentahedron and the top view of its base F,. On the curve EF, p(A,v) = p,. On the
isocline GH, v =0

Let P be an interior point of P and B(P) be the first touch point of the orbit at IP.
Just as in §2.2, we can show:

(1) B(P) ¢ Fy.

(2) Ttis possible that B(P) € F.

(3) Itis possible that B(P) € Fr.

(4) Ttis possible that B(P) € Fpp.

(5) B(P) is not in the interior of Fj;. Also B(P) cannot be on the line {p = p,} N
Fp1.-

The following lemma shows that B(P) ¢ F.
Lemma 2.5. Assume that along the isocline C, we have

[ _abpa(hv(h))
f{ [+ po(Ave(R) } <

Then B(P) is not on the slant side F.
Proof. The inward normal of the slant side F := {c¢(A — A.)/24+ 1 =0} is

n=(ny,ny,n,)=(—c/2,-1,0).
The vector fields are
£=(f;.1,.8) = (U, —cu —abw(d,v),V).
We want to show that on F,

n-f=—cu/2+cu+abw(i,v) >0.
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Using 4 = —c(A — A,)/2, we have

nf= (-2 <(c/z)2_abj(f’)fe)) . (14)

Recall that p, < 0, thus dw/dv > 0. Since on Fy , we have v, (1) <v < v, therefore

w(d,v)  w(A,ve(R))
e A

1
< - 1
=7 ; (15)

by the fact A(1 — 1) < 1/4 and p(A¢,vc(A.)) = 0.
The difference quotient can be estimated by

dp(A,ve(4))

sup| 12 | - SUP|P)L +Pv(dVC(;L)/d;L)|
A A
| —PL | | CZPA |
=su + py————| =Ssu .
)Lp Pat P - )Lp 21,

If the assumption of the lemma is satisfied, then from from (14) and (15), we have
n-f>0. a

Theorem 2.6. Consider the liquefaction waves with A =0, 0 < Ay <1, p1 = pe.
Assume that ¢ + p,(A,v) < 0 throughout the region and

abpi (hve(M))
S‘ip{ [+ oA ve(R) } <

along the isocline C for v. Then there exists a liquefaction wave connecting E_ to
E. with p+ = p,. The (A,v) components of the wave are monotone.

Proof. The rest of the proof of the existence of the liquefaction waves follows

exactly like the case where A, = 1. a
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Abstract We show that radially symmetric spikes are unstable in a class of
reaction-diffusion equations coupled to a conservation law.
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1 Introduction

We consider a class of spatially extended systems that are governed by a scalar

reaction-diffusion equation, coupled to a conservation law,

ur = V- [a(u,v)Vu+b(u,v)Vv], >0 x€RE, 0
v =Av+ f(u,v),

Here, the functions a,b, and f are of class c? (RZ,R). In order to ensure well-
posedness on appropriate function spaces, we also assume that a(u,v) > ag > 0
for all (u,v) € R%. Equations of the type (1) arise in many physical, biological,
and chemical applications. We mention the Keller—Segel model for chemotaxis [6],
phase-field models for undercooled liquids [1], and chemical reactions in closed
reactors, with stoichiometric conservation laws for chemical species. We refer to
[13] for a somewhat more extensive review of the literature and specific examples.
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Many of those systems are known to exhibit patterns in large or unbounded domains.
The simplest examples in one space-dimension, k = 1, are layers (or interfaces),
and possible bound states formed between pairs of such layers. The simplest
higher-dimensional patterns are radially symmetric, localized and time-independent
patterns (u,v)(r,x) = (u*,v*)(]x|). We refer to such solutions as spikes.

In previous work [13], we showed that such localized patterns are always
unstable for the dynamics of (1), under quite mild, generic assumptions, in one
space-dimension. Our goal here is to extend such instability results to higher space-
dimensions. In this introduction, we first briefly characterize the types of radially
symmetric solutions that we are interested in, and then state our main results,
which provides an instability statement for a large class of spike solutions. Our
emphasis is on phenomenological assumptions, related to the spike solution, rather
than assumptions on specific shapes and monotonicity properties of a,b, and f.

The following two assumptions characterize spikes as exponentially localized
with a stable background.

(rs1) We assume that spikes are nonconstant, exponentially localized, that is
P p y
(¥ —u™ v =) (x)| <Ce M forall xeRF, (u,v*)# (u”,v),

for some constants u=,v*° € R, f(u,v*°) =0and C,n > 0.
(rs2) Spikes are asymptotic to constant states that are stable for the pure kinetics,
W=0 Vv=fluv),
that is, we assume f, (u™,v™) < 0.

We will now outline how to construct spikes that satisfy (rs1)—(rs2); for a more
detailed discussion, see Sect.2. One readily checks that radially symmetric spikes
satisfy the system

{ [rk71 (a(u,v)ur—i—b(u,v)v,)]r =0, )

Ver + k;rlvr+f(u,v) =0.

where r := |x| is the radial variable. The first equation in the above system can be
integrated and viewed as a differential equation for u in terms of v,

du  b(u,v)
dv  a(u,v)’

3)

Solving this differential equation with appropriate initial conditions, one obtains
a solution u* = ®(v*). Substituting this solution into the second equation of the
system (2) we obtain the equation for v*,

k—1
Vir +

v+ f(®(v),v) = 0. )
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This equation is nothing else than the equation for radially symmetric solutions to
Av+ f(@(v),v) =0. (5)

Radially symmetric solutions to such a stationary nonlinear Schrodinger equation
have been studied extensively in the literature, using a variety of techniques, for
instance shooting or variational methods.

Different from the one-dimensional case, even positive solutions of (4) that decay
to zero need not be unique and may bifurcate as problem parameters are varied. We
will focus here on the simplest case, where the linearization of (4) is invertible and
possesses an odd Morse index. More precisely, consider the linearization /C of (5) at
v* as a self-adjoint operator on the closed subspace of L?(R¥) consisting of radially
symmetric functions, defined by

Kv =Av+ f, (@), v)D (v )v+ f,(@(V), v )v.

We will assume the following two conditions.

(rs3) The kernel of K in L2, (R¥) is trivial.
(rs4) The operator K on L2, ;(R¥) has an odd number of positive eigenvalues.

Condition (rs3) is typical in the sense that it is violated only for exceptional values of
parameters; see for instance [2, Sect. 5]. It is also known to hold for several specific
examples, see [5, 8, 12].

We note that in a typical situation the steady-states have Morse index one, they
are in fact Mountain-Pass type extreme for the functional associated with (5). In this
case, (rs4) is satisfied and K has exactly one positive eigenvalue.

We are now ready to state our main result.

Theorem 1.1. Suppose (1) possesses an exponentially localized, radially symmet-
ric spike solution (u*,v*) satisfying (rsl)—(rs4). Then (u*,v*) is unstable as an
equilibrium to (1), considered as an evolution equation on the space of bounded
uniformly continuous functions BUC(R,C?) or on BU Cpyq(R, C?).

The formal linearization of (1) along the spike (u*,v*) is the equation

d (u u
0)-<)

where
[ V- (a*V+aVu* +bVv*) V- (b*V +a;Vu* +b;Vv*) ' 7
fu A+ fy
Here “x” next to any of the functions a, b, f and their partial derivatives represents

the composition of the respective function with the spike (u*,v*).
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We can view the differential expression £ as a densely defined, closed operator
on various function spaces such as BUC(R*,C?), L*(R¥,C?) or the exponentially
weighted L (R¥,C?) spaces that we define below. One can check that on these
spaces L generates an analytic semigroup, see for instance [7].

We will show in this paper that the spectrum of £ intersects ReA > 0. This
readily implies that the spectral radius of the semigroup generated by L is larger
than 1, and, using a result of Henry [3, Theorem 5.1.5], that the spike is actually
unstable for the nonlinear evolution. We refer to [13, Sect. 3] for more details on
how spectral instability implies nonlinear instability in this context.

The remainder of the paper is organized as follows. We show that spikes
naturally come in families parameterized by the asymptotic state, Sect. 2. We then
recall some results on the essential spectrum of £ in Sect.3. The heart of our
analysis is contained in Sect.4, where we show that there exists at least one real
unstable eigenvalue for £ whenever the essential spectrum is stable. The main
idea is similar to the construction in [13]. We perform a homotopy to a system
where the linearization is known to exhibit an odd number of unstable eigenvalues
and show that, during the homotopy, eigenvalues may not cross the origin. The
crucial difficulty is the presence of essential spectrum at the origin, which makes
it difficult to control multiplicities of eigenvalues. We therefore monitor eigenvalues
near the origin by using a carefully crafted Lyapunov—Schmidt type reduction
procedure, mimicking the extension of Evans functions at the essential spectrum.
The procedure here is somewhat more subtle than in [13] since one would not expect
Evans functions to be analytic in the presence of terms with decay 1/r, generated
by the Laplacian in higher space-dimension [15].

Notations: We collect some notation that we will use throughout this paper. For
an operator 7 on a Hilbert space X we use T*, dom(T), kerT, imT, o(T), p(T)
and T\Y to denote the adjoint, domain, kernel, range, spectrum, resolvent set and the
restriction of 7' on a subspace Y of X. If g : R2 — R is a smooth function, e.g.,a,b,
f or one of its partial derivatives, we write g* := g(u*,v*) and g% := g(u™,v™). If u
is a radially symmetric function, we write u(r) = u(x) if |x| = r, slightly abusing
the notation. We denote by erad(Rk, C™) the space of radially symmetric functions

that belong to L?(R¥,C™). For n € R, L%, rad (R¥,C™) denotes the weighted space of

vector-valued functions defined via the weighted L?>-norm

ol = [ (e Pas.
Rk

2 Families of Spikes

In this section we show that the existence of a spike satisfying conditions (rs1)—(rs4)
implies the existence of a family of radially symmetric spikes. Recall that a radially
symmetric spike (u*,v*) satisfies the system (2)
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{ [ (a(u, )y + b(u,v)v,)], =0,
v+ v+ fu,v) =0.

Integrating the first equation we obtain that the spike (u*,v*) satisfies the equation
a(u,v)u, + b(u,v)v, = mr'=* for some m € R. Since u* and v* converge exponen-
tially as r — oo, we obtain that v — O exponentially as r — oo by standard ODE
arguments. Therefore, u* satisfies an equation of the form u, = mr' =¥ + O (e~¢") for
some € > 0. Since, by (rs1), u* converges exponentially as r — oo, we conclude that
m = 0, which implies that a spike necessarily satisfies the ODE (3),

du  b(u,v) u(ve) = o
’ .

dv a(u,v

Since a spike is a bounded solution, we may assume without loss of generality that
b is bounded. Moreover, a is bounded away from zero, so that this ODE possesses a
global, smooth solution. We denote the solution to initial conditions ug at v = vg by

u(v) = ®(v,vo;up), D(vo,vo;uo) = uo. (8)

For our particular spike (u*,v*), we note that u* = ®(v*,v°;u™) =: ¢ (v*). Hence,
v* satisfies the equation

Vet v+HW)=0, H®):=f(@o(v),v). )

P
We recall that according to conditions (rs3)—(rs4), K = 8} + ’%8, + H'(v*) has
trivial kernel and the number of its positive eigenvalues is odd. Condition (rs1)
asserts that v*(r) — v*° exponentially for r — eo. This implies that H'(v*°) < 0.
Indeed, v* is a solution to the linear equation

vt L LAY =0, AR = HO (7)) () = Oe ),

r

for some 6 > 0. Exponential decay ensures that v*(r) = viV (r) + vaVa(r) +
O((|v1|+ |v2|)e~®", where V; are linearly independent solutions to v,, + v, = 0.
Since neither V| nor V, decay exponentially, we conclude that vi = v, = 0 and
therefore v* = 0, contradicting our assumption that v* # 0. We will refer to this
assumption specifically later on as ODE-hyperbolicity:

ODE-Hyperbolicity:

4
H'(7) = 7= —f <0, (10)

In the next lemma, we prove the existence of a smooth family of spikes.
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Lemma 2.1. Under the assumptions of Theorem 1.1, there is € > 0 and a family of
spikes (u*(-,10),v*(-, 1)) for u € (—¢,¢€), such that

(i) the asymptotic values (u™(W),v°(U)) are smooth functions of U and 0 #
Iuu™(1);

(ii) the spikes (u*(-, 1) —u=(W),v*(-, ) —v>=(W)) are given as smooth maps from
(—¢,€) into H? ;(R¥ R?); moreover, (u*(-,0),v*(-,0)) = (u*(-),v*()).

rad

Proof. The proof, in most of its parts, is similar to the proof of [13, Lemma 2.1].
For completeness we give the main arguments. We first construct a family of
asymptotic states that satisfy (i) by solving f(u,v) = 0 locally near (u*,v*) with the
implicit function theorem, using (rs2), and denote the solution by (™ (u),v=(u)),
U € (—¢,¢), with

A (™ (0),v7(0)) = (~ 1", S5). (an

We now define
R SR, O (v) = D () (1))

and
H:Rx(—¢g,e) =R, Hpu)=f@"v),v).

Note that H(v°(u),u) = 0. Next, we seek radially symmetric spikes that are
solutions to

Vir +

v+ H(v, 1) =0, (12)

with u = ®*(v). Using ODE-Hyperbolicity (10) again, we infer H,(v*,0) =
H'(v*) < 0. It follows that v°(u) is the locally unique equilibrium to (12), and
v* is hyperbolic.

To solve (12) for i = 0 we make the change of variables w = v — v (), which
yields a nonlinear equation

k—1 ~
G(Whu):Wrr""Twr'i_H(W(')'i_vw(”)hu):07 (13)

where the nonlinearity vanishes at the origin so that G : H2,(R¥) x (—¢,€) —
L% ,(R¥) is a smooth map. Since v* satisfies (9), it follows that G(v* —v*=,0) =
Vi, +5=1vi+ H(v*) = 0. The w-derivative of G is given by:

k—1 .
(Gw(V* =v=,0))w = wp + TW-FHV(V*('),O)W = Kw.

Next, we will show that /C is invertible. Since the kernel of K is assumed to be
trivial, (rs3), it is sufficient to show that K is Fredholm of index zero. To see this, we
first consider K as an operator from H2,(R¥) into L2 ,(R¥). Since the spike («*,v*)
is exponentially localized, v*(r) — v, exponentially for r — oo. Thus, the operator

K is a relatively compact (actually, even in the Schatten-von Neumann B, ideal,
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for the right choice of p, see [17, Theorem 4.1]) perturbation of Ko = A+ H’ (Veo).
By ODE-Hyperbolicity (10), we have H'(v.) < 0 so that K., is invertible and K is
Fredholm with index O.

Using the Implicit Function Theorem, we now find a local smooth solution
w(-, i) € H2 4 (R¥). One readily concludes that w(r; 1) — 0 for r — o, which gives
the asymptotics of the spike solution v = w+ v as claimed. O

We note that one can verify that all spikes in the family satisfy the conditions
(rs1)—(rs4).

3 Essential Spectrum

In this section we compute the essential spectrum and show that it coincides with the
essential spectrum of the linearization at (1*°,v*). We say that the essential spectrum
is stable if Re O < 0.

First, we define the limiting operator L.. through

[a"A bA
fe= {fi" A+fv°°} (1

Just like the operator £, we will consider the operator L., on various function
spaces, or merely as a differential expression, slightly abusing notation. We recall
the definition of essential spectrum that we use in this paper. For a given choice
of function space, we say A is in the essential spectrum Oess(£L) if £ — A4 is not
Fredholm index zero. We refer to the complement of the essential spectrum in the
spectrum as the point spectrum Gpoint (L) .

One can compute the essential spectrum using arguments similar to [3, Sect. 5,
Appendix]. In the next proposition we collect some results on the essential spectrum.
For the proof we refer to [13, Sect. 4].

Proposition 3.1. Under the assumption (rsl), the following hold true:

(i) The essential spectra of the operators L and L., coincide, and are equal for
the choices of function space X = L*(R¥, C?) and X = BUC(R*,C?).
(ii) The essential spectrum of L is given by

tr(&) & /tr(€)2 — 4det(&)
2 )

Ouss(£) = {A(8) :E R, where A+(8) =
with
(&) = —(@ + DIEP+ £, det(&) =a”[& [+ (75" - f7a”) |5

(iii) The essential spectral radius of €* is larger than 1 if £° > 0.
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(iv) The essential spectral radius of €* is 1 if f° < 0.

On the radially symmetric subspace, the differential expression for L is

0, [N (@ 0+ )] 0 [ (00, + 1)

ot = HE A1)+ A () |

15)

where
L =au;,+Dbv:, andl =au;+byv;. (16)

Lemma 3.2. Under the assumptions of Theorem 1.1, the essential spectrum of L
and L;,q coincide.

Proof. Using the same compact perturbation argument given in the proof of
Proposition 3.1(i), see also [13, Proposition 4.1], one can show that the essential
spectrum of L,q and of L7, ;, the restriction of L. to the set of radially symmetric
functions, coincide. From Proposition 3.1(i) it follows that to finish the proof of
lemma it is enough to show that Oess (L) = Oess (Lo ).

Simply restricting Fredholm properties to the closed radially symmetric sub-
space, we find that Oess(L£3y) € Oess(Leo). Let & € RF and 4 € {A-(€),A(&)}.
From the definition of A1 we infer that there is vector z # 0 such that

(=Del€P + N — A) 2 =0,

where
a” b~ 00
D., = , Noo = - (17)
o)1 7
LetZ=L% (R ®z={f®z: f € L%,(R")} and let L be the restriction of L

to ZNH2,(R%). One can easily check that
DZN(LF —A)(f©2) = Adf @24+ D2 (Noo = A) f R 2= (Araa + E]*) f ® 2.

Since Gegs (Arad) = (—oo,0] (see for instance [4, Theorem 2]), we have that Apq +|& |
is not Fredholm, which implies that D1 (L7 —A) is not Fredholm, as an operator
from H2,(R*) ®z to Z. Thus, £, — A is not Fredholm. Hence, Gess(Lioy) =
Oess (Lo ), proving the lemma. O

4 Tracing the Point Spectrum

This section presents the core of our arguments which yield the existence of an
unstable eigenvalue provided that the essential spectrum is stable. We first construct
a homotopy of our equation to a simpler equation, Sect.4.1 and show that spikes
are unstable at the end of the homotopy, Sect.4.2. We discuss the kernel of the
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linearization, Fredholm properties in weighted spaces, and far-field asymptotics of
eigenfunctions in Sects. 4.3—4.5. The crucial step is carried out in Sect. 4.6, where
we control for eigenvalues in a neighborhood of A = 0. The discussion in Sects. 4.3—
4.6 is valid during the entire homotopy and will allow us to prove our main result in
Sect. 4.7.

4.1 Homotopy

In this section we make use of the homotopy constructed in [13, Sect. 5.1] in order
to relate (1) to a “simpler” system. For this simpler system, we can easily compute
the point spectrum. The homotopy is constructed so that it does not modify the
structure of the spikes and does not change the stability of 0ess(L). To be precise,
we introduce the homotopy parameter T € [0, 1] and consider the system

{u,:V.[ar(u,v)Vu—i—bT(u,v)Vv], >0, xe R (18)

v =Av+ f(u,v,7),
The functions ar,b; : R — R and f : R? x [0, 1] — R are defined by
ac(u,v)=(1—-1)a(u,v)+t, b(u,v)=(1-1)b(u,v),
Fluv,t) = f(u,v) = f(c(v),v) + f(po(v),v),
where ¢ is the solution of the Cauchy problem

du  be(u,v)
dv  ag(u,v)’

u(v™) = u”, (19)

We collect some aspects of this homotopy in the following remark.
Remark 4.1. The homotopy satisfies the following properties.

(/) The homotopy originates at our (1), f(u,v,0) = f(u,v);
(i) He(v) = f(@c(v),v,7) = H(v);
(iii) If we define u} := @ (v*) and v} := v* then (u}, v}) is a spike for (18) satisfying
conditions (rs1)—(rs4);
(iv) The background states for the system (18), lim . uz(x) = ¥~ and
lim|_,., v;(x) = v~, do not depend on 7.

The linearization of (18) along the spike (u},v}) is given by

d (u u
:0)-(t)

vghere L+ is defined by replacing a, b and f in the definition (7) of L by a¢, b; and
S (.-, T), respectively.
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Lemma 4.2. Assume (rsl) and (rs2). Then, the essential spectrum of L is stable,
that is, Re Oess (L) < 0.

Proof. From Proposition 3.1(iv) it follows that it suffices to show that f;" < 0. The
latter was proved in [13, Lemma 5.2]. O

4.2 Instability at T =1

At the end of the homotopy, the system possesses a lower triangular structure and
we can readily infer instability.

Lemma 4.3. Assume (rsl) and (rs2). Then, the spikes in the system (18) with T =1
are unstable. Moreover, L1 has an odd number of positive eigenvalues.

Proof. We note that if T = 1 the operator £ has lower triangular block structure

A 0
L= {f;‘ Rl] ’

where R = A+ H{(v*) = A+ H'(v*), using Remark 4.1(ii) . Therefore, the
spectrum of £ is the union of the spectra of A and R;. We note that the restriction
of R to the space of radially symmetric functions is IC, which according to (rs4) has
an odd number of unstable eigenvalues. Hence, £ has an odd number of unstable
eigenvalue, proving the lemma. O

4.3 The Kernel of L,.q

From our assumptions on a, b, f, one can see that the kernel of L,q (and of L; for
all 7) consists of smooth functions for all functions spaces in consideration here.
In fact, functions in the kernel of L;,q solve the system of ODEs

a‘ur+ (@uy +biviu+b*v, + (aju; + bivi)v = 0; (1)

k—1
Ve + Tvr—l-fu*u—i—fv*v:o. (22)
To solve the system (21)—(22), we first solve the first equation for u in terms of v.

Lemma 4.4. Ifu,v € BUC(R.) satisfy (21) then u = O‘(a/.t“\*u:o + la’—Ia”v‘*u:O) -

Z—:v, for some constant o € C. Here, (u*(-,1t),v*(-,1t)) refers to the family of spikes
as constructed in Lemma 2.1.

Proof. The proof is a straightforward adaptation of the argument given in [13,
Lemma 5.4] and will be omitted here. O
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Lemma 4.5. A pair (u,v) belongs to the kernel of Lraq in BUC(R,.,C?) if and only
if for some a € C,
u= 058#14‘*”:0 V= aauv‘*uzo. (23)

*

Proof. From Lemma 4.4 we have that u = O‘(a#“\*uzo + Z—:&AVW:O
constant & € C. Substituting this expression into (22) we obtain that a function v
from the kernel of £ in BUC satisfies the following equation

.
)— Z—*v, for some

Vi + vr+ (fv _fu E) V= _afu (au“u—o + Eaﬁvu—O) . (24)

Once again using the fact that (u*(-, 1t),v*(-,it)) is a family of spikes, we know
that v*(-, i) satisfies the equation

k—1
V:Fr(rhu)"" Tv;‘(r,u)—i—f(u*(r,/.t),v*(r,u)) =0.

Differentiating with respect to u in this equation and setting yt = 0, we infer that
O‘auv\*#:o is a particular solution of (24). Hence, the general solution of (24) is of

the formv = a&u v‘*”:() + ¥, where 7 is a solution of the equation
k—1 b*
P+ ——Vr+ (fv* —f;‘;) =0, (25)

which is equivalent to O = 0. From (rs3) we obtain that ¥ = 0, proving the lemma.
O

4.4 Fredholm Properties of L.,q on Exponentially Weighted
Spaces

From now on, we will study the operator L,4. Since the structure of the equation
and (rs1)—(rs2) are preserved under the homotopy, the discussion applies equally to
the operators £ forall 0 <7 < 1.

We will set up a perturbation problem for eigenvalues near A = 0 using
exponentially weighted spaces, introduced at the end of Sect. 1. It turns out that the
linearized operator is Fredholm in spaces with small nonzero exponential weight, so
that one can attempt to use regular Fredholm perturbation theory for eigenvalues.

Lemma 4.6. There exists N* > 0 such that the operator Lyyq is Fredholm with index

—lin L%,’md(Rk,Cz)forall n € (0,n%).

Proof. The proof is a somewhat non-standard generalization of Palmer’s theorem;
see [10, 11], and [16] for generalizations and applications to perturbation theory.
The details of the proof will be presented elsewhere [14]. a
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Next, we consider the adjoint of £,,q with respect to the non-weighted L?-scalar
product, so that L7 is a closed operator on L%n (R,C?).

Lemma 4.7. The kernel of L}, in L?
vector-valued function (1,0)T.

T, a(RE.C?) is spanned by the constant

Proof. From Lemma 4.5 it follows that the kernel of Lr,q on Ly, 4 (R¥,C?) is trivial,
hence its cokernel is one-dimensional by Lemma 4.6. We conclude that the kernel of
Ly inL? ey - (R¥C?) is one-dimensional. A short explicit calculation shows that

rad
the vector (1,0)T belongs to the kernel of L, 4> which proves the lemma. O

4.5 Asymptotics of Eigenfunctions

We recall that L7, is the restriction of L. to the set of radially symmetric functions.
The eigenvalue problem associated with the operator L7, is given by

{ (urr + Mr) + bw(Vrr + _Vr) = Au (26)

Vrr"’ Vr+fuu+fwv_/lv

This system can be rewritten in the form

D.. <a,,+ Ea,) <”> + <Nm - )L) (“) —0, 27)
r 1% 1%

where D.. and N.. were defined in (17). We therefore define the linear dispersion
relation

a""v2 -1 V2

} and d(A,v) =detA(A,v).

Remark 4.8. Next, we collect some results proved in [13, Lemma 5.10].

(i) In case Re A > 0, there are two roots v;, j = 1,2 of the equation d(A,v) =0
with Re v; > 0.

(ii) Setting A = 77, the vj, j = 1,2, can be considered as analytic functions of y
with expansion

_ —77
vi(y) = ey y+O() waly H'(v°) + Oy

where H was defined in (9), and H'(v™) < 0 is guaranteed by (10).

We can now state the main result of this subsection.
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Lemma 4.9. The solutions to (26) for A in a complex neighborhood of the origin
can be characterized as follows.

(i) Incase Re A > 0, the solutions of the system (26) are of the form
(u(r),v(r)" = Clrlfk/sz/zfl(W) +C2r17k/21k/271 (vr),

where, C;, j = 1,2 are vectors in the kernel of A(A,v;) and v =vj;, j = 1,2.!
(ii) Setting A = ¥*, the solution rl’k/sz/z,l(vlr) is bounded at +e and the
constant Cy can be chosen as an analytic function Cy = o/(y) with expansion

a(y) = (=f7. ) +0(y)

such that the function defined by a(}/)rl’k/sz/z,l (vi(y)r) satisfies (26).

Proof. The proof of (i) follows immediately from the definition of the modified
Bessel functions and Remark 4.8. To prove (ii) one can argue in a similar way to the
proof of [13, Lemma 5.10(ii)]. a

4.6 The Eigenvalue Problem Near Zero

In this section we discuss the eigenvalue problem Lp,qu = Au, near A = 0 using
Lyapunov-Schmidt reduction. The following proposition states that the eigenvalue
problem can be reduced to finding the roots of a single scalar function.

Proposition 4.10. Under the assumptions of Theorem 1.1, there exists 6 > 0 and
function E : [0,08] — C, such that for any y > 0,

Y € Opoint(Lraa) ifand only if E(y) =0. (28)

Moreover, we have that

(i) if k = 2 the function E is continuous on [0, 8], differentiable on (0,0], E(0) =0

and
@by
E(y)= =" Ty 00+ o).
It can be extended analytically to B(0,6) \ [—9,0];
(ii) if k > 3 the function E can be extended analytically to B(0, ) and E(0) # 0.

Remark 4.11. The function E is constructed only near A = 0 in our method. One
can construct (but generally not compute) such a function so that it extends to

! Here, I, and K, are the modified Bessel functions satisfying the equation r>A" + rh — (r* +
az)h =0, such that K, is bounded at oo, [, is bounded at 0, see [9].
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a complement of the essential spectrum using Evans function constructions. This
is however not necessary, here, since we are only interested in tracking possible
eigenvalue crossings at A = 0.

Proof. Step 1: The ansatz. We are interested in solutions to

Step 2:

(Qm—f)6)=0, 29)

for y ~ 0. We use the ansatz

()" =w+ Bo(y)hi(y), (30)

where w € L%’rad(Rk,(Cz) and 8 € C, a(-) are defined in Remark 4.8. The

function 4y, is defined as

[ ()(r) = 2 (1) je(V)r' Koy (vi (7)r) (31

for r > 0, y € B(0,6) \ [-8,0] and y € C*(Ry) is a smooth function
satisfying y(r) = 0 for all » < 1 and y(r) = 1 for all r > 2. The function
jx is defined as follows: j>(y) = (Iny)~" and ji(y) = ¥ 2(vi(y))'*/2 for
k > 3. Again, v;(-) is as in Remark 4.8. In the sequel we will show that with
this choice of ji, the function A, can be extended smoothly up to y =0 in
an appropriate sense. Clearly, a function (u,v)T of the form (30) that solves
the eigenvalue (29) for y > 0 belongs to the kernel of L,q. We will see in
Step 4.6 that any eigenfunction is actually of the form (30).

Summarizing, the ansatz allows us to consider the eigenvalue problem
in the smaller space L127,rad (R, C?), only, instead of L2, (R¥,C?), at the
expense of adding a free parameter 3.

Since spikes are exponentially localized, we obtain that

wo :=(utt]y—o = Fuu™(0), vy o — 9" (0))"
= (Buiry_. V)" — 1(0) € L2 g (RF,C2). (32)

Setup of the bifurcation problem. As shown in Sect. 4.4 , we can choose
1 > 0 small enough, but fixed, so that L;,q is Fredholm on L127,rad (RK,C?)
and ker £ ; = Span{(1,0)"} on LEmrad (R*,C?). Here L}, refers to the L?

adjoint. Thus, we have the following characterization of the image:

im Lrag = { (0,)T € 1 g (R, C2) /()wu(r)rkfldr: ).

It follows that (29) with ansatz (30) is equivalent to the following system,
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Step 3:

{F(Wvﬁvw =0
(33)

<(£rad—?’2) (W+ﬁa(7)hk(7)),(1,0)T> —0

L2(0,00k1dr)

Here, the function F : H%Jad (RK,C?) x C? — im Lyyq is defined by

FwB,7) = Po(Laa—7) (w+ Ba(mh(n))

and P, is the orthogonal projection in L%,‘md (R¥,C?) onto im Lyg. We
view (33) as an equation F(w,,y) = O for the variables (w,f,7) €
Hp q(R,C?) x C?, with values F € im Ly x C.

Smoothness of the bifurcation problem. For our perturbation analysis,
we will rely on expansions of F. For this it is essential to establish
smoothness properties. We will see that we can extend the function

Fo: Qu(8) = (Lra = 7°) (@(Nhi(7)) € L5 (R,C?)

to a domain £ (9),
2,(8) =B(0,6)\ [0, 4],
Q;(6) =B(0,9), for k > 3.
which is in fact given by the domain of analyticity of 4;; see Lemma A.4.

Now, let y, ¢ € C(R.) be smooth functions satisfying y(r) = 1 for
all r € [1,2] and y(r) =0 for all » > 3 and all r € [0, %] We choose the

function ¥ such that it satisfies the conditions yg(r) =0 for all r € [0, 1]
and yy(r) = 1 for all r > 1. We note that Yy = ¥, and thus, from (31) we
obtain that

Vohi(y) = hi(y) forall yeQ(é). (34)

Next, we will show that

(Loa=7) (@) = xp12) (Liog = 7) (N Whi(y)),  (35)

where (1 5 is the characteristic function of the interval [1,2]. Since we
know from Lemma 4.9(ii) that a(y)[h(7)](r) satisfies (26) and y(r) =1
forall r >2 and x(r) =0 for all r € [0, 1], we obtain that

(Leg—7) (a(Nh(y)) (r)=0 forall re[0,1] andall r>2.
(36)

Also, since L7, is a differential operator and y(r) =1 and y'(r) =
v’ (r) =0 for all r € [1,2] one can verify that

X121 Lraa (Wu) = X1 2)Lraqu forall ue Hl%)c (Ry,C?).
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This, together with (36), proves (35) which together with (34) implies the
representation for o

Fo(y) = (Lraa — Leza) (W00 (1)hi(7)) + X112 (Liaa — V) (@ (1) Wi (7)) -
(37)

Since Lyg — L34 is a second order differential operator whose matrix-
valued coefficients decay exponentially at e and yy is a bounded C~
function and supp(yp) C [% ,o0), we have that the linear operator defined by
w = (Lrad — L354) (Wow) is bounded from Hzmad (R,C?) to L%’rad (R,C?).
Moreover, since ¥ € C(R4) has compact support, supp(y) C [%,3], the
operator of multiplication by y is bounded from H?, _,(R*) to Hy _4(R¥).
Recall that v is analytic on B(0,8) by Remark 4.8. '

It remains to investigate the smoothness of h;. Lemma A.4 in the
appendix states that / is analytic from €;(8) to an‘md(Rk ). Moreover, in
the case k =2, the limit _ lim Fo(y) = Lraa(:(0)hY) exists in L7, . (RY).

7—0,7>0 ’
Now, using the representation (37), we conclude that F is well defined and
analytic on Q(6), and continuous on [0, §] in the case k = 2.
Construction of the Evans function. From the definition of wq in (32)
it follows that F(wp,1,0) = 0. Since F is bounded linear in w and f3,
and since Fy is analytic on €;(8), we conclude that F is analytic on
H%Jad (RF) x C x (§). Differentiating F in w, we obtain that

Fy(wo,1,0) = PyLrag-

Since L4q is Fredholm of index -1 with trivial kernel, and Py projects onto
its range, we infer that the linearization in w, F,(wy, 1,0), is boundedly
invertible. From the Implicit Function Theorem it follows that we can solve
locally the first equation in (33), and find a unique smooth solution

w*: B(1,8) x Qi(8) C C* — Hyy qa(RE,C?),  w*(1,0) =wy,

so that locally
Fw,B,7) =0<=w=w"(B,7).

From this local uniqueness we conclude that w*(f,y) = pw*(1,7) for all
(B,y) € B(1,6) x Q4(d), so that we may restrict to § = 1 in the sequel. By
continuity of the solution, w*(1,7) + ot(y)h(y) # 0 for small y.

Substituting w* into the second equation of (33) completes the
Lyapunov-Schmidt reduction and gives us a bifurcation equation E(y) =0,
where E : Q;(8) — C is defined as

E() = ((Laa=7) (v (L7 +amh().(1L07) .. (38)
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Now, w* is an analytic function on (J), continuous on [0,6] for
k = 2 by the implicit function theorem. Also, the map Fp : y —
(£L—79%) (a(y)h(y)) is an analytic functions on €4(6) and continuous
on [0, 8] by Step 4.6. We can conclude that E is analytic and continuous on
v € [0, 6] in the case k = 2.

Step 5: Invertibility for E£(y) # 0. In this subsection we show that the eigen-
functions are necessarily of the form described in the ansatz (30) which
is equivalent to prove that L.,q — A is invertible for ReA > 0 whenever
E(y) # 0, where 4 = y*. Consider the system

A

for right-hand sides g1,g> € L24(R*,C?). Since ¥* is not in the essential
spectrum for ReA > 0 we have that L,q — }/2 is Fredholm of index 0.
It is therefore sufficient to solve this equation for right-hand sides gj,
Jj =1,2 in a dense subset of L7,(R*,C?), for example L; _,(R*,C?).
Seeking solutions of (39) in the form of our ansatz (30), which forRe A > 0
clearly provides us with L2-functions, we obtain the system

{F(w,ﬁ,}/) =Py(g1,82)" (40)

((tes ) (- petrmen). 07~ (1) .

This is a linear system in w and 3, and the joint linearization is Fredholm
of index zero, since the Fredholm index of £;,q is —1. Thus, we can solve
this equation with bounded inverse provided that there is no kernel, which
is equivalent to E(y) # 0.

Step 6: Estimating E(7y) for y > 0. We will split the argument for the two cases
that are significantly different, that is , when k =2 or k > 3.

The case k =2 . Since w*(1,7) € Hy ;(R*,C?) we have that

1
— T
E() = (L (@), (10)7) , + (- O(F).
Recall the definition of the functions /;(r) from (16). Since /;(r) — 0 exponentially,
asr — oo, j =1,2, one has that

/0 L (v rdr =0

r

for any function v € H> (R?) whose support does not include r = 0. This implies

that

n.rad

E) = [ 20 (r 0087 —a 0] () (1)
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We expand h;,(y), next. Therefore recall that the modified Bessel function can be
written in the form

Ko(z) = (In2) fo(z) + go(z), forallze C\R_, 42)
with two entire function fj and go.

Since vj is analytic, v (0) =0 and v} (0) > 0 the function p : B(0, §) — C defined
by p(y) =1In( V'—y)) is analytic, for some small 0 > 0. Next we note that

In(vi(y)r)=Iny+p(y)+Inr forall ye B(0,6),r>0. (43)

From (43) and since the functions fj and g( are entire functions, we can expand

(1) = 22 60(0) -y p () + () + O ).
and
01 0) = £ (60(0) ~ = p(r)+ O(7) + O n)

LD o)+ o) ng).

Iny

Substituting these expansions for %, into (41), we arrive at the expansion for £

CR =D L o)+ o). (44)

E =
o Iny Iny

The case k > 3. By Lemma A .4, the limit %m O(hk)(r) = cxx (r)r* % exists
V>

for any fixed r, and convergence holds in the H*n rad (R¥)-norm. Moreover, we have

¢ # 0. Using the definition of the function E, we therefore obtain
E(0) = <Erad( (0)i(0)), (1,0)") 2
= [ (P s - @ e xR )
+/0 ,,k_—laf (rj(fl (L(r)+ lg(r))x(r)rsz) *ldr
= (k=2)er(a™ 7" =" 1),

where we used ;(r) — 0 as r — oo, exponentially, j = 1,2, in the last equality. O
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4.7 Proof of Theorem 1.1

Proposition 4.10 implies that for any T € [0, 1], there exists 6; > 0 and an analytic
function E; : Q(6;) — C that detects the eigenvalues of L g according to (28).
Since E is smooth in 7, there is a constant ¢* independent of T such that |E-(y)| >
%, uniformly in 7, so that we can exclude eigenvalues of L;rq in (0,6%). In
addition, (6) is well-posed for all 7, which implies supRe 6(Lzraq) < oo. Thus,
the number of real unstable eigenvalues of Lz 144 is finite,

N(7) =#{A(7) € Opoint(Lrrad) 1 A(T) > 0} < oo,
for all 7 € [0, 1]. This fact allows us to define a parity index as follows,
ip(7) = (=)™, (43)

Since eigenvalues are uniformly bounded away from 0 and o on the positive real
axis, they can only leave the positive axis in complex pairs. Therefore, i is constant,
independent of 7. Also, by Lemma 4.3 i, (1) = —1, so that N(t) # 0. This proves
the linear instability of spikes and Theorem 1.1.

Appendix A

In this appendix we discuss the analyticity of & and the possibility of extending the
function analytically to a neighborhood of 0. We start with two abstract lemmas.

Lemma A.1. Given n >0, p: Ry — R a C” function, and f an entire function
such that

(i) p(r)=0forallr€]0,1];
(ii) |p(r)| < cr™ for all r > 0, for some constants ¢ > 0 and m € N;
(iii) |f(z)| < ce®F for all z € C, for some constants ¢ > 0 and ® € R,.

Then, there exists § > 0 such that the function F,, : B(0,8) — L?

2 k), given by
[F,(D)](r) = p(r)f(vi(y)r), is well defined and analytic on B(0,

g,rad (R
).
Proof. Since vj is analytic and v; (0) = 0 we can choose 6 > 0 such that o|v; (y)| <

1 /2. Using the hypothesis (i)—(iii) we estimate

1 Y ! sciplr)e S CX o)\ € for a ) ) .
|[p()]()|<|()| ‘l()‘<X[7)()rm / 11 )63(05)7>H

It follows that F,(y) € L2, 4(R¥) for all ¥ € B(0,8) and so, F), is well-defined.
From Lebesgue’s Dominated Convergence Theorem and the estimate (46) we infer
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that F), is continuous. Next, we prove that F, is weakly analytic, that is, the function
defined by Fy(y) := (F,(¥),v).2 is analytic for all v € L}, _4(R¥), which will then
imply that F, is analytic. To check this, we integrate F); on the boundary of a

rectangle R C B(0, 6) using Fubini’s Theorem. Since v; and f are analytic we have

| mwar= [ (f eormmmaer)orte—o. o

Lemma A.2. Given 1 >0, p: Ry — R a C” function, and f an entire function
such that

(i) p(r)=0forallre€|0,1];
(ii) max(|p(r)|,|p'(r)],1p" (r)]) < cr™ for all r > 0, for some constants ¢ > 0 and
m e N;
(iii) |f(z)| < ce®l for all z € C, for some constants ¢ > 0 and ® € R...

Then, there exists 8§ > 0 such that the function F,, : B(0,8) — H?, _(RK), defined

—1n.rad
in Lemma A.1, is well defined and analytic on B(0, ).

Proof. First we note that using standard complex analysis arguments one can show
that the functions f’ and f” are entire functions and they satisfy condition (iii) from
Lemma A.1. Also, we note that by our assumption the functions p, p’ and p” satisfy
conditions (i1)—(ii) from Lemma A.1. We have

[F())'(r) = p'(Nf () +vipn) f ()

()" (r) = p" (N (1)r) +2vi(p () (vi()r) +vi (7 p() S (vi (1)),

for all y € B(0,8) and all r > 0. Now, using analyticity of v|, we conclude from
Lemma A.1 that the maps y — [F,()]V) : B(0,8) — L2 _,(R*) are well defined
and analytic. This proves the lemma. O

Applying these two lemmas to our particular situation we obtain the following
result.

Lemma A.3. For each 11 > O there exists 0 > 0 such that

(i) There exists Fy,Gy : B(0,8) — H?_ _(R¥) two analytic functions such that

—n,rad
1
hy(y) = sz(Y) +Ga(y) forall yeB(0,6)\[0,5]; 47)
(ii) For k > 3, the function hy, can be extended as an analytic function from B(0,8)
into an,rad (RK).

Proof. (1) Recall the decomposition of Ky, the definitions of fy and go (42), and
the expansion of In(v;(y)r), (43).
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Using this representation and the definition of 4, in (31) we calculate

[ha(7)](r) = %,X(”)KO(VI(Y)”) = ﬁx(r) (Iny+p(y) +1nr) fo(vi(y)r)

+g0(V1(Y)V)}

= mLy {P(Y)x(r)fo(vl(y)r) +2(r)go(vi(7)r) + x(r)(Inr) fo(vi(y)r)

+x(r) fo(vi(y)r).

We note that the functions p(r) = x(r) and ¢(r) = x(r) Inr satisfy conditions

(1)—(ii) from Lemma A.2, the functions f and g have exponential growth, that

is they satisfy condition (iii) from Lemma A.2. Since, in addition, p is analytic,

we obtain that there is a 0 > 0 such that the functions F>,G; : B(0,8) —
H?, .4(RY) defined by

[F(N](r) = x(r) [(p(¥) +Inr) fo(vi(¥)r) + go(vi(¥)7)],
[G2(7)](r) = x(r) fo(vi(7)r),

are analytic, proving (i).
(i) The proof of (ii) is similar to the proof of (i). Indeed, if k > 3, then there
are two entire functions fi/, and gg/, such that K, (z) = /21 Jij2(2) +

71 —k/2 gk /z(z). From the definition of A in (31) we calculate

=7 22w (7’)’)171{/21(1(/271(\’1 (7))
=720 [fip (M) + (M) e (0)r)

k—2
() foa ““”(T@)) 2P g (v ()P

=7 Vfre2(Vi(y)r )+ef(kfz)pml(")"szgk/z(Vl(7)")

Again, we note p(r) = x(r) and q(r) = x(r)r*~* satisfy conditions (i)—(ii) from
Lemma A.2, the functions f/, and g/, satisfy condition (iii) from Lemma A.2.
Since p is analytic, from Lemma A.2 we conclude that 4; can be extended as an
analytic function from B(0, 8) into H2,, _;(R). O

We collect the main conclusions of this appendix in the following lemma:
Lemma A.4. Let 92(5) B(0,6) \ [0,0] and Q(6) = B(0,6) for k > 3. The

function hy : Qi (8) — H? . d(RX) is well-defined and analytic. For all k, the limit
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lim hy = k) exists in H*, (R, and h)(r) = cxx (r)r* 7%, for some non-zero
y—0,y>0 m
constant cy.

Acknowledgements The authors gratefully acknowledge support by the National Science Foun-
dation under grant NSF-DMS-0806614.

Received 1/9/2010; Accepted 6/27/2010

References

(1]
(2]
(3]
(4]
(3]

[6

—_

[7

—

(8]

(9]
(10]

(11]
[12]
[13]
[14]
[15]
[16]

[17]

G. Caginalp, An analysis of a phase field model of a free boundary. Arch. Ration. Mech.
Anal. 92, 205-245 (1986)

E.N. Dancer, Real analyticity and non-degeneracy. Math. Ann. 325, 369-392 (2003)

D. Henry, Geometric Theory of Semilinear Parabolic Equations. Lecture Notes in Mathemat-
ics, vol. 840 (Springer, New York, 1981)

R. Hempel, A. Hinz, H. Kalf, On the essential spectrum of Schrodinger operators with
spherically symmetric potentials. With a comment by J. Weidmann, Math. Ann. 277, 197-211
(1987)

Y. Kabeya, K. Tanaka, Uniqueness of positive radial solutions of semilinear elliptic equations
in RV and Seres’s non-degeneracy condition. Comm. Partial Diff. Eq. 24(3—4), 563-598
(1999)

E. Keller, L. Segel, Initiation of slime mold aggregation viewed as an instability. J. Theor.
Biol. 26, 399415 (1970)

A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems (Birkhiuser,
Basel, 1995)

W.M. Ni, I. Takagi, Locating the peaks of least-energy solutions to a semilinear Neumann
problem. Duke Math. J. 70, 247-281 (1993)

EW.J. Olver, Asymptotics and Special Functions (Academic, New York, 1974)

K.J. Palmer, Exponential dichotomies and transversal homoclinic points. J. Diff. Eq. 55,
225-256 (1984)

K.J. Palmer, Exponential dichotomies and Fredholm operators. Proc. Amer. Math. Soc. 104,
149-156 (1988)

P. Polacik, Morse indices and bifurcations of positive solutions of Au -+ f(u) = 0 on RV,
Indiana Univ. Math. J. 50, 1407-1432 (2001)

A. Pogan, A. Scheel, Instability of Spikes in the Presence of Conservation Laws, Z. Angew.
Math. Phys. 61, 979-998 (2010)

A. Pogan, A. Scheel, Fredholm properties of radially symmetric, second order differential
operators, Int. J. Dyn. Sys. Diff. Eqns., 3, 289-327 (2011)

B. Sandstede, A. Scheel, Evans function and blow-up methods in critical eigenvalue
problems. Discr. Cont. Dyn. Sys. 10, 941-964 (2004)

B. Sandstede, A. Scheel, Relative Morse indices, Fredholm indices, and group velocities.
Discr. Cont. Dynam. Syst., 20, 139-158 (2008)

B. Simon, Trace Ideals and Their Applications. Math. Surv. Monographs, vol. 120 (Amer.
Math. Soc., Providence, RI, 2005)



Global Hopf Bifurcation Analysis of a Neuron
Network Model with Time Delays

Michael Y. Li and Junjie Wei

Dedicated to Professor G. R. Sell for the occasion of his 70th
birthday

Abstract For a two-neuron network with self-connection and time delays, we
carry out stability and bifurcation analysis. We establish that a Hopf bifurcation
occurs when the total delay passes a sequence of critical values. The stability and
direction of the local Hopf bifurcation are determined using the normal form method
and center manifold theorem. To show that periodic solutions exist away from
the bifurcation points, we establish that local Hopf branches globally extend for
arbitrarily large delays.
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{ %1 (t) = —kxy () + Btanh(x, (1)) + aip tanh(x2(f — 1)), 0

Xz(l‘) e —kXQ(t) + Btanh(xg(t)) +an tanh(x1 (t — Tl)),

where k > 0, B, ay», ay) are all constants. Their numerical investigation shows that
the model possesses very rich dynamics. For a more general class of neural network
model

{ i (t) = —wu (1) +arfi(u () + bigi (2t — 1)), @

ip(t) = —au(t) + az fa(ua(t)) + baga(ui (t — 1)),

Wei et al. [21] carried out bifurcation analysis for the case (; =y and a1 f| = ax f>.
In this chapter, we carry out complete and detailed analysis on the stability, the
bifurcation, and the global existence of periodic solutions for the general two-neuron
network (2).

In Sect.2, we investigate stability and local Hopf bifurcation as we vary the
total delay T = 7; 4 T», by analyzing the related characteristic equation for system
(2). We show that a sequence of Hopf bifurcations occur at the origin as the
total delay increases. In Sect.3, we establish the direction and stability of the
first Hopf bifurcation branch using the center manifold theorem and normal form
method. Global extensions of the local Hopf branch are established in Sect. 4, where
we apply a global Hopf bifurcation theorem of Wu [22] and higher-dimensional
Bendixson—Dulac criteria for ordinary differential equations of Li and Muldowney
[14]. Numerical simulations are carried out to support our theoretical results.

2 Stability and Local Hopf Bifurcation

In this section, we investigate the effect of delay on the dynamic behaviors of the
two-neuron network model (2).
Let x;(t) = u1(t — 1), x2(¢t) = ua(¢), and T = 7y + 7. Then system (2) becomes

{)h (t) = —x1(t) +arfi(x1(t)) +b1g1(x2(t — 7)), 3)
Xo(t) = —taxa(t) + asfa(xa(t)) + baga(x1(2))-

We make the following assumptions.

(H)) fi,gi € C*, xfi(x) >0, and xg;(x) > 0 for x#0, i=1,2.
Under (H;), the origin (0,0) is an equilibrium of system (3). Without loss of
generality, we assume that f/(0) = 1 and g/(0) = 1, i = 1,2. Then the linearization
of system (3) at the origin is

{)”10) = — iy (t) +ayi(t) +biy2(t — 1),
Y2(t) = —taya(t) +azya(t) + bayi (t).
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Its characteristic equation is
2+ [(n—an) + (e — @)]A+ (1 —a) (o —a) —bibre *T=0.  (4)

Lemma 2.1. Suppose that there exists a Ty > 0 such that (4) with Ty has a pair of
purely imaginary roots £iwy, and the root of (4)

A7) = a(r)+io(1)

satisfies o(Tp) = 0 and 0(7y) = wy. Then o' (1) > 0.

Proof. Substituting A (7) into (4) and differentiating with respect to 7, we have

(dl>l _ 2+ —a)+(—a)] T

d_T blbzlef)u B A

Note that
bibye ™" =A%+ (i —a1) + (H2 — @)]A + (w1 — a1) (12 — a2),

and A (7)) = iwy. We have

(dx(m))*l _ [ty —ay)+(1p—ap)]+2iax _i%
dr (11 —ay)+(up—ap)| 03 i [ (1 —ay) (p—a2)— @]~ @’
and thus,
dA(n)\ ! @?
Re ( d(TO)> = ZO[('L“ —al)2 + (U2 — 612)2 +2w8],
where

A = [( —ar) + (t — a2) P g + 0f[(ur — ar) (U2 — a2) — g

The conclusion follows. O

We make the following further assumption.
(Hz) (1 + o) — (a1 +a2) > 0.

Lemma 2.2. Suppose that assumption (H,) is satisfied.

o If
|b1ba| < [(1 —a1) (2 —a2)| and 0 < (U1 —ar)(k2 —az) # biby,

then all the roots of (4) have negative real parts for all T > 0.
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@) If
biby > (th — a1) (2 — @),
then (4) has at least one root with positive real part for all T > 0. If, in addition,

biby > |(u1 —a1) (2 — a2)],

then there exist a sequence values of T, To < T) < ---, such that (4) has a pair
of purely imaginary roots iwy when T =7;, j=0,1,2,....
(iii) 1f
biby < —|(t1 — ar) (2 — a2),

then, for the same sequence To < T) < Tp < --- as in (ii), all the roots of (4)
have negative real parts when T € [0,7); (4) has at least a pair of roots with
positive real parts when T > Ty; and (4) has a pair of purely imaginary root
Fiwy when T =1;, j=0,1,2,.... Furthermore, all the roots of (4) with T = Ty
have negative real parts except +iay.

Proof. When 7 = 0, the roots of (4) are

Mo= % { — [ —a1) + (12 — a2)]
£/l =)+ G = )P =400 — )2 )]},
This leads to

Re)tl,Z <0 when (/Jl —al)([.ig —az) > biby,

and
ReAd; >0 and Red; <0 when (u; —ay)(tz —az) < bibs.

Equation (4) has a pair of purely imaginary roots i (® > 0) if and only if @ satisfies

5
((ul—al)—i—(uz—az))a): —b1bysinwt. ©)

{ (U1 —a1) (2 — az) — ©* = byby cos 0T,
It follows from (5) that
o* + (1 — a1)* + (2 — a2)*)0* + [(1 — a1)* (12 — az)* — byb3] =0,

and thus,

2

0 = {—[(u1—a1)2+(uz—a2)2]

0| =

+ \/[(Hl —a1)? + (2 — a2)?)> — 4[(11 — a1)? (U2 — a2)? — b3b3] } :
(6)
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Clearly, a real number @ does not exist when |(u; —a;)(us — az)| > |b1by|. This
shows that (4) has no root on the imaginary axis. The conclusion (i) follows.

A real number  satisfies (6) when |(u; — ay)(u2 — az2)| < [b1bs|. In this case,
define

Wy = {—[(Nl—al)zﬂL(Nz—az)z]

SI-

1

i =~ e 4513 | )

and

(i —ar)(Up —az) —
b1by

.1 of . .
Tj:—{arccos +2]7t}, j=0,1,2,.... ®)
()

Then Fiamy is a pair of purely imaginary roots of (4) with 7 = 7;. Since (4) with
T =0 has a root with positive real part when b1by > (U1 —ay)(U — az), conclusion
(i1) follows from Lemma 2.1.

Similarly, since the roots of (4) with T = 0 have negative real parts when b1b, <
(W —ay1)(p — az), and 7 is the first value of T > 0 such that (4) has a root on the
imaginary axis, we know that conclusion (iii) follows from Lemma 2.1. a

Applying Lemmas 2.1, 2.2, and a result in Hale [12, Theorem 1.1, p. 147] , we
have the following result.

Theorem 2.3. Suppose that assumptions (Hy) and (Hy) are satisfied.
@ 1f

|b1ba| < [(p1 —a1) (2 —a2)| and 0 < (U1 —ar)(U2 —az) # bibz,

then the zero solution of system (3) is absolutely stable, that is, the zero solution
is asymptotically stable for all T > 0.

(i) If
biby > (U1 —ay)(p2 — az),

then the zero solution is unstable for all T > 0. If

biby > (W —ar) (U —a2)|,

then there exist a sequence of values of T, To < T) < Tp < --- defined in
(8), such that system (3) undergoes a Hopf bifurcation at the origin when
T=71;, j=0,1,2,..., where T; is defined in (8).
(iii) 1f
biby < —[(u —ar) (2 — @)l
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Fig. 1 Tllustration of bifurcation sets. The horizontal axis is for values of x = (u; — a1 ) (U2 — az),
and vertical axis is for y = b1 b,. The lines b;by = £(u; — a1 )(U2 — az) divide the plane into four
regions, Dy, D;, D3, and D4. Dy is an absolutely stable region, D; is a conditionally stable region,
and D3 U Dy is an unstable region

then, for the same sequence, Ty < T| < To < --- defined in (8), the zero solution
of system (3) is asymptotically stable when T € [0,7)) and unstable when T >
To, and system (3) undergoes a Hopf bifurcation at the origin when T =17T;, j=
0,1,2,....

The conclusions of Theorem 2.3 are illustrated in Fig. 1.

3 Direction and Stability of the Local Hopf Bifurcation at 7,

In this section, we derive explicit formula for determining the direction and stability
of the Hopf bifurcation at the first critical value 7y, using the normal form and center
manifold theory as presented in [13]. From Lemmas 2.1 and 2.2 we know that, if
assumption (Hp) and condition

biby < —[(u1 —ar) (2 — )|
are satisfied, then, at T = 7, all the roots of (4) except +iwy have negative real parts,

and the transversality condition is satisfied.
We introduce the following change of variables:

yi(t) =xi(tt) and y»(r) =xa(7t).
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Then system (3) becomes

{5’10) =—wy(t) +artfi(yi(t)) +b11g1(02(t — 1)),

V2(t) = —paty2(t) + a2t f2(y2(1)) + batg2(y1 (1)) )

The characteristic equation associated with the linearization of system (9) at (0,0) is
V2 + T[([.Ll - 611) + ([Jz - az)]v—i— TZ([,Ll - al)(/.tz - az) + 12b1b267V =0. (10)

Comparing (10) and (4), we see that v = A 7. All the roots of (10) at T = T except
+iTywp have negative real parts, and the root of (10)

v(1) = B(7) + (1)

with B(%y) = 0 and y(7y) = Tooy satisfies
B'(%0) = 1o (%)

For convenience of notation, we drop the bar in 7y and let T =1+ v, v € R.
Then v = 0 is a Hopf bifurcation value for system (9). Choose the phase space as
C = C([—1,0],R?). Under the assumption (Hj), system (9) can be rewritten as

yi(t) =—(0+Vv)(1 —a)y(t)

+(t0+V)ar [@)’%

(t)“L@y%(tM_...
+ (30 Vb ale - 1”@%0— 1+ 8O,

Y2 (1) = = (70 + V) (U2 — a2)y2(t)

+(To+V)az[ élz(o)y%(t)Jr él,é(o)y?(t)Jr-“}

80 2+ 820

+ (0 + V)b [Y1(t)+
(1)

For ¢ € C, let

Lyg =—Bop(0) +Bip(—1),

where

By — {(TOJFV)(M —ay) 0
—(t+Vv)by  (t0+V)(1—ar)]’

0 —(T()-i-v)b]
By =
1 |:0 0 :| )
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and

By the Riesz representation theorem, there exists matrix 1(6,V), whose compo-
nents are functions of bounded variation in 6 € [—1,0], such that

0
Lp= [ dn(6.v)g(6). for peC.
J-1
In fact, we can show

[ —By, 6 =0,
n(e.v) = { —B15(0+1), 0¢€[-1,0).

For ¢ € C'([-1,0],R?), define

d(p_w) 0 €[-1,0),

Ave={ 80
/| ant.vie. =0,

and
0 0 €[-1,0)
R — 6 — ) 3 3
P =n6.v) {F(v,(p), 6=0.
We can rewrite (11) in the following form:

Vi =AWV)y: +R(V)ys, (12)

where y = (y1,y2)7, yi = y(t +6) for 6 € [~1,0]. For y € C'([0,1],R?), we define

—dW(s), s €(0,1],
Aty =
/jdnT(t,O)l//(—t), 5=0.

For ¢ € C[—1,0] and y € [0, 1], consider the bilinear form

o) = w0090~ [ [ wie-o)am(@)0)az,
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where 11(6) = 1(6,0). Then A(0) and A* are adjoint operators. Since ity are
eigenvalues of A(0), they are also eigenvalues of A*.
By direct computation, we obtain that

1 .
Q(e) = | m—aitiog Jityawy el 0
b ©
is the eigenvector of A(0) for 17y, and

1
bi __ aitomy
Ha—az—1ay

q'(s)=D

‘| ei‘roa)os
is the eigenvector of A* for —iTywy, where

—a;—i . —1
1~ a wo—i—‘io(m—m—lwo)} :

D= [1+—,
Ho —az — 1y

Moreover, (¢*(s),q(0)) = 1, {(¢*,g) = 0.
Using the same notations as in [13], we first compute the center manifold Cy at
v = 0. Let y; be the solution of system (11) with v = 0. Define

2(t) = (q",y) and W(t,0) =y (0)—z(t)q(0) —z(t)q(0).
Let z and Z be the local coordinates for the center manifold Cy in the direction of
g*and ¢*. Then, on Cy, we have W(¢,0) = W(z,Z,0), where W(z,Z,0) = Wzo%2 +

W11z2+W02§ + -
Note that W is real if y, is real. We only consider real-valued solutions. For
solution y; € Cy of system (11), since v =0,

#(t) = itowoz + (¢"(s), F (W +2Re{z(t)q(0)}))
=itwpz+g*(0)F (W (z,Z,0) +2Re{zq(0)})

def. -
“itomoz + q*(0)Fy(z,2).

We rewrite this as
(1) = inmoz+8(z,2), (13)
where
8(2.2) = ¢*(0)F(W(z,2,0) + 2Re{z(1)4(0)})

7 2 27

_ Z
—820+5+g1122+8022 + 821 ) +oee
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From (12) and (13) we have

L AW —2Re{q*(0)Foq(0)}, 6 €[-1,0),
W=y—-2qg—2G= -
AW —2Re{q*(0)Fpq(0)} + Fy, 6 =0.
CIaw 1 H(z,2,0),
where
7 7
H(Z,Z,9)=H203 +H11ZZ+H023+---- (14)

Expanding the above series and comparing the coefficients, we get
(A =2itgwol)Wao = —Hp0(0), AW,1(0) = —H;(0),.... (15)
Note
(@) =wh(0)+z+7

ya(t) = w® (0) + weimwﬂz_i_ we*imwﬂ—

by by “
yz(l— 1) _ W(Z)(_l) + 451 _Cll)ll+ 1(1)0Z+ H1 _‘;11_1()0()27
where
W O e w® s wdmZ
w (0) = Wy (O)E +W11 (O)ZZ+W02 (O)E—F )
2 =2
2 Z 2 — 2 <
W (0) =Wy (0)5 + Wi (0)ez+ Wy (0)5 + -+,
2 =2
2 < 2 _ 2 Z
1%%—0:MQ@U5+mQ@Ua+MQ@n5+M,
and
Fy = T {al 7(0)y3 (1) + big] (0)y3(t — 1)}
2 | axfy(0)y3(r) + bagh(0)yi(r)
L [mf{"(o)ﬁ(f)+blg/1"(0)y%(t_ 1)] e
6 | axfy"(0)y3(r) + bagh' (0)yi (1),
Denote
M1:N1—a1+1wo and My = by

by W —ax+ioy
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Then

q'(0)=D [Mzelifowo] 7
ya(t) = W2(0) + My ™0™z 4 jf e 10z,
a(t=1) = W3(=1) + Miz+ Mz,
and
[ LAY WD(0) +2+2)% + Ll (0) (WP (=1) + Myz+ M;2)?
+EA O (0 )+z+z) B (0) (WO (—1) + Myz 4+ 11,2)°
0 F50)W @ (0 )+Mle”°”’°z+1\711e*”0%z)2
+58(0) (W (0) 242
+213(0)(W(0) + M0z 4 Mye Tomz)3
+28 (O WM (0)+2+42)

o[ @l (0)+bigi (0)M3 ]zz . lalf{'<o>+b1ga'<o>|M1|2

. iy 0 2z
a3 (0)M3e? 0™ + byt (0)] 2 ax £ (0)|My]? + bag (0)

e 70)+bigl(o)m; 7 2
0 _ . N
arfy (0)M2e 200 4 pyel(0) ] 2
1 2
a1 £11(0) 2w, (0) + Wiy (0)) + 12} (0) WP (= 1)M,
+ WA (= 1))+ f]7(0) + b} (0) [ M M,y 2z
T

a f1(0) 2, (0)My e + W) (0)My e~ o) + g (0) (2w} (0) | 2

+W2(0>(0)) +az é”( )| M,y |2Mlei70wn 4 bzglzll(o)

Here
8(z,2) = 3" (0)Fo = D(1,Mae ™™ Fy
. . 2
= D[ (a1 1/(0) + b1} (O)MF + a2 /5 (0)MIM™™ + by Magh (0)™0) =
+(arf{(0) + big{ (0)[Mi 2 + a3 (0) | My [2Mae ™ 4 byMagh (0)e ™) 22
2

+ (a1 f11(0) + b gl (0)M? + ap £l (0)MPMae 30 4 py Mo gl (0)e 1 0®0) < 5
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+(arf{(0) WL (0) + Wiy (0)) + bgl (0)@W, T (— )My + Wi (—1)ty)
tar f1(0) + bigl! (0) My 2My + ax £ (0) My (2W,3 (0)My + Wiy (0) e~ 70e)
+b2g5 (0)Mae ™0 (2W[)(0) + Wy (0)) + aa f3(0) | M PMi M,

+brg (0)Mae™ nowo)zzz} NI .

This gives that

220 = ©Dlay f{(0) + b1 g| (0)M? + ay £y (0)M7Mae ™™ + byM,gh (0)e 1 0%];

g11 = wDlaif{(0)+b1g! (0)|Mi* +axrfy (0)|M;[*Mae ™0 +byMogh (0)e0];
202 = ToD[ayi f](0) + b1g" (0)M? + a3 (0)M? Mae 30 by M, g5 (0)e 0],
g21 = wDlay f{/(0)2W,}(0) + Wiy (0)) + b1 g} (0) 2W,T (— )M, + W) (—1)1y)

+aifi"(0) +bigy' (0)|My M,
+ a3 (O)M (25 ()M + W3 (0¥ e=20em)
+bagh (0)Mae™ 0 (W1 (0) +Wyy (0) + a3 (0) My My M
+bagy (0)Mae™ 0], (16)
We need to compute Wy(6) and Wi (6) in go1. Comparing the coefficients of
H(z,Z,0) = —2Re{g"(0)Foq(0)} = —g(z,2)q(0) — 8(z,2)q(6)
7 7
=— (gzo— +g1zZ+go25 +-- ) q(0)

2 2

7 _
<8202 +&1zZ+ 8o+ ) =+ - > q(0),

with those in (14), we obtain

Hy00 = —g20q(0) — g02q(0) and Hy160 = —g119(0) —5114(0).

It follows from (15) that
WZO(Q) = 2iTowpWa0(0) — gzoq(O)eiT‘)“’Ue —gozq(())e*ifoa)o@_

Solving for W5 (60) we obtain

ig20 im0 | 1802 /o —itgmn® 2ity @00
Wro(0) = — 0)e!™® ——7(0 0@ E 000 17
20(0) Toon( )e +3T0w0q< Je +Ee (17)
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Similarly,

1 . io .
Wii(8) =~ -q(0)e ™™ + - g(0)e 0 + B,

where E; and E, are both two-dimensional constant vectors and can be determined
by setting 6 = 0 in H. In fact, since

H(z,z,0) = —2Re{g"(0)Foq(0)} + Fo,
we have

af{'(0) +big} (0)M7

. 18
a ﬁ’<0>M%e2”°w°+bzg;’<0>} (19

Hy0(0) = —£209(0) —8029(0) + 70 {
and

H;1(0) = —g119(0) — 2,,¢(0) + 10 [alf{’(O) +blg/1'(0)|M1|T

arf5 (0)M + b2g5(0)

From (15) and the definition of A, we have

—Hi+ar 0 0 b .
Wao (0 Wao(—1) = 2i79wWao(0) — Hag(0

To[ by —,uz—i-aj 20(0) + T [O 0 h0(—1) 19y Wa0(0) 20(0),

(19)

and

—U +ap 0 Obl]
Wi (0 Wii1(=1) = —H;1(0).
To{ by —N2+a2] 11(0) + 10 [O 0 1(=1) 11(0)

Substituting (17) into (19) and noticing that

—u+a;—i bie o
by — U +ay —1my

we have

[—Hl +a;—2iey  bie A%
To

Ey = —204(0) — 8204(0) — H20(0).
by —Hz-i-az—Ziwo] 1 = —8209(0) — §204(0) — H20(0)

Substituting (18) into this relation we get

—ita=2ioy  bie % ) [ af{(0) +big{ (0OM}
by —Hotay=2im|  |aafy (0)M7e’ 0N 4 brgl(0)]

[ORN®)
Solving the equation for E| = (Efl),Ez(z)) we get ) = (AA_117 AA—'I), where
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Ay = (11 —ay +2i) (U — az 4 2iay) — bybye 20,
AV = (11— ax + 2ian) (a1 £7/(0) + bg! (0)M3)
+bie 20N (g, £ (0)M7e* ™™ + bygh(0)),
A = (1 — ay +2ian) (arfy (0)MEHD + by (0))
+ba(arf7(0) +big] (0)M7).

Similarly, we can get

[—,ul +ar b ]E _ |:a1f{,(0)+blg,1/(0)|M1|2
by —lb+ta arf3 (0)|M1 >+ bag5(0) )

A A@

and thus E; = (—2— —2—), where

JAVIRENAY)
Do = (1 —a1) (2 — az) — biba,
AN = (1 — ax)(ar f1/(0) + big] (0)M, )
+ by (ar 3 (0)|M;* + b2g5(0)),
AP = (- ar) (@ f3 (0)|Mi[* + bag3 (0))
+ba(arf1'(0) +b1g] (0) M, ).

Based on the above analysis, we see that each g;; in (16) can be determined by the
parameters and delay in (3). Therefore, we can compute the following quantities:

0) = _2 2 |g02| gﬁ
c1(0) 2% w0 (gngzo lgn|”— 3 + 7
L _ _Re{ci(0)}
2 Tl (10) ’

B2 =2Re{c1(0)},

T — — Im{cl (0)} + o2 Im{l/(l’o)}
* oy ’

which determine the properties of bifurcating periodic solutions at the critical
value 7yp. More specifically, parameter v, determines the direction of the Hopf
bifurcation: if v, > 0 (v, < 0), then the Hopf bifurcation is supercritical (subcritical)
and the bifurcating periodic solutions exist for 7 > 1y (T < 1y); parameter [3;
determines the stability of the bifurcating periodic solutions: they are stable
(unstable) if B, < 0 (B, > 0); and parameter 7> determines the period of the
bifurcating periodic solutions: the period increases (decreases) if 7> > 0 (7> < 0).
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Consider a special case for system (2),

{n (1) = —pxr (1) + af (i (¢)) + brf(xa(t — 7)),
Xz(t) = —[.LXQ(I) +le()C2(t)) +baf(x; (l — Tz)).

When a = 0 and b; = b», system (20) has been studied in Chen and Wu [4].

We make the following assumptions.

(P) feC3 xf(x) >0forx#0, f/(0)=1, f/(0) =0, f"(0)#0, u—a >0,
and b1by < —([,L — a)z.

Let

(20)

1 (4 —a)® — g
Ty = — arccos ———— 9
0 b1by

and
1
@y = [~ (u—a)’ +[biba]]2.
We have the following result.

Theorem 3.1. If the hypothesis (P) is satisfied, then there exists Ty > 0 such
that the zero solution of system (20) is asymptotically stable for t € (0, 1], and
unstable for T > 71y, and system (20) undergoes a Hopf bifurcation at the origin
when T = Ty. Moreover; the direction of the Hopf bifurcation and the stability of
the bifurcating periodic solutions are determined by the sign of f"'(0). In fact, if
f"(0) <0 (f"(0) > 0), then the Hopf bifurcation is supercritical (subcritical), and
the bifurcating periodic solutions are orbitally asymptotically stable (unstable).

The conclusions on stability of the zero solution and the existence of Hopf
bifurcation follow from (iii) in Theorem 2.3. Using the fact that f”(0) = 0 and
relation (16), we have

820 =g11 =802 =0,

and
g1 = 70" (0)D[a(1 + |M;|>M; M) + by |M; |Ma + byMae ™ 0], (21)
where
U—a+iawy by . -1
M=——— My=—— D=_2+1(Uu—a—i ,
1 by 2 atiam ( o(u @))
and

efiroa)g — [ia)() + ([.L — a)]zl

b1b,
Substituting My, M,, D, and e "% into (21), we obtain

(u—a)*+ o]

Re{gar} = 0 (14— 0 [u(2-+ %o(k — @) + 001" (0),
2
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where
A =2+ 1(u—a) + o
Hence,
B> =2Re{c;(0)} <0 (>0) when f"(0)<0 (>0),
and
w_—%%%%¥>0@dnwmnf%m<o (>0).

The conclusions of the theorem follow from the standard Hopf bifurcation results
[13].

Example 3.2. Let f(x) = tanh(x) in (20); we arrive at the neural network model
up (l‘) = —luy (t) + atanh(m (t)) + by tanh(u2 (t - Tl)), 22)
L'tz(t) = —[Juz(l‘) + atanh(uz(t)) + by tanh(u (l — Tz)),

where [1,a,by,by, T > 0, and T, > 0 are all constants. Noting that f/(0) = —2, by
Theorems 2.3 and 3.1, we obtain the following result, which generalizes results in
[1] and [20] where system (22) was investigated when a = 0.

Corollary 3.3. Suppose i1 —a > 0 and biby < — (U — a)?. Then there exists Ty > 0
such that the zero solution of (22) is asymptotically stable when T € [0,7)) and
unstable when T > Ty. Furthermore, (22) undergoes a supercritical Hopf bifurcation
at the origin when T = 7, and the bifurcating periodic solutions are orbitally
asymptotically stable.

Theorem 2.3 shows that under the assumptions (H;) and (Hy), if
[b1ba| > |(p1 — a1) (U2 — a2)|
is satisfied, then there exists sequence
0<H< <D< <7<

such that system (3) undergoes a Hopf bifurcation at the origin when 7 = 7;, j =
0,1,2,.... We have only investigated properties of the bifurcation at T = 7y when
b1by < 0. Using a similar procedure, we can investigate the direction and stability of
the Hopf bifurcations occurring at T = 7; for j > 0. In fact, for system (20), we can
show that the Hopf bifurcations at T = 7; (j > 0) are supercritical (resp. subcritical),
with nontrivial periodic solution orbits stable (resp. unstable) on the center manifold
if £7(0) < 0 (resp. f(0) > 0).
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4 Global Existence of Periodic Solutions

In this section, we show that periodic solutions of system (2) exist when the
total delay T = 7) + 7o is away from the bifurcation points. We apply a global
Hopf bifurcation theorem of Wu [7, 22] to establish global extension of local
Hopf branches. A key step of the proof is to establish that system (2) has no
periodic solutions of period 27. This is equivalent to show that a four-dimensional
ordinary differential equation has no nonconstant periodic solutions. This will be
done by applying high-dimensional Bendixson—Dulac criteria developed by Li and
Muldowney [14], which we briefly describe in the following.

Consider an n-dimensional ordinary differential equation

i=f(x), xeR", fecC. (23)

Let x = x(z,x9) be the solution to (23) such that x(0,x) = xo. The second compound
equation of (23) with respect to x(z,x¢)

2l
2= 2L 000 @)

L . . 2] . o
is a linear system of dimension (;), where % is the second additive compound

matrix of the Jacobian matrix % [9, 17]. System (24) is said to be equi-uniformly
asymptotically stable with respect to an open set D C R", if it is uniformly
asymptotically stable for each xo € D, and the exponential decay rate is uniform
for xo in each compact subset of D. The equi-uniform asymptotic stability of (24)
implies the exponential decay of the surface area of any compact two-dimensional
surface in D. If D is simply connected, this precludes the existence of any invariant
simple closed rectifiable curve in D, including periodic orbits. In particular, the
following result is proved in [15].

Proposition 4.1. Let D C R" be a simply connected open set. Assume that the
family of linear systems

2l
0= 2 (c)ele), w0

is equi-uniformly asymptotically stable. Then:

(a) D contains no simple closed invariant curves including periodic orbits, homo-
clinic orbits, and heteroclinic cycles.
(b) Each semi-orbit in D converges to a simple equilibrium.

In particular, if D is positively invariant and contains a unique equilibrium X, then
X is globally asymptotically stable in D.
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The uniform asymptotic stability requirement for the family of linear systems
(24) can be verified by constructing suitable Lyapunov functions. For instance, (24)
is equi-uniformly asymptotically stable if there exists a positive definite function

dav

V(z), such that =5

of X0-
For a 4 x 4 matrix

ap app a3 a4
A= |91 a22 023 ax
asy as ass ass
a4 a42 a43 a44

its second additive compound matrix ALl s [14,17],

ajgtaxn ax az4 —as —ai4
ayp aj+ta;  azy ap 0
Al = as a3 ajtagy 0 an
—a3 asy 0 axtayz azn
—ayy 0 as ay3  axp+asm
| 0 —as az —agp as
Consider the ODE system

X1 = —pxy +arfi(x1) +bigi(xa),
do = —oxy +axfa(x2) + baga(x1),
K3 = — a3 +aifi(x3) +bi1g1(x2),
X4 = —UoXxy4 + arfr(xq) + baga(x3).

We make the following assumptions:

0
—ai4
as
—any
ans

az3 +aas |

EZ) |(32) is negative definite, and V and ‘(11—‘;|(32) are both independent

(25)

(26)

(H3) There exists L > 0 such that | f;(x)| < Land |g;(x)| <Lforxe Randi=1,2.

(H4) There exist a; >0, j=1,2,3,4,5, such that

xcR4

o
~ = afin) —afi(s) + Elbigh ()| + aalbig ()l

o
sup { — (W + po —arfi(x1) —axfr(x2)) + a—;|b1g'1 (x4)[,

o
—(m +u2—a1ff<x1>—azf£<xz>>+a—§|bzg’z<x3>|,

(07
—(t + 2 — a1 f(x3) —azf2’<xz>>+;‘;|bzga<x1>|,

(04 (04
—<2uz—azfﬁ<xz>—azfé<x4>>+a—j|bzg’z<x1>|+af|bzg;<x3>|,

(- i xs) — anf () + aiswlga(xzﬂ} <0,

27)
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Proposition 4.2. Suppose that assumptions (Hy), (H3), and (Hy) are satisfied.
Then system (26) has no nonconstant periodic solutions. Furthermore, the unique
equilibrium (0,0,0,0) is globally asymptotically stable in R*.

Proof. First of all, we verify that the solutions of (26) are uniformly ultimately
bounded. Let

1
V(xl,XQ,X3,X4) = 3 [x% +x% +x§ +X4ﬂ .
Then the derivative of V along a solution of (26) is

(ii_‘t/ (34) = —Iilx% - lizx% - /«le% - lizxzz;
+aixi fi(x1) +bix181(xa) + axxa fo(x2) + baxaga(x1)
+a1x3 f1(x3) + b1x3g1(x2) + asxa fo(xa) + baxaga (x3).

Using (H3) we have

dv

— | <—uZt ¥ +2aLZ} |x
dr (34) = u 171x1+ a 171|x|7

where 4 = min{ 1, U}, and @ = max; <;<2{|a;, |bi|}. Then there exists M > 1 such
that ’2—‘; ‘ < 0 for Zlexiz > M?. As a consequence, solutions of (26) are uniformly
(34)

ultimately bounded.
Let x = (x1,xp,X3,%4) and

f(x) = (—puxy +arfi(x1) +big1(xs), —Haxa +as fo(x2) + baga(x1),
—ix3 +ay fi(x3) + b1g1 (x2), — axs + az fo(x4) + baga(x3))7 .

Then % is given as follows:

—uy+arfi(xr) 0 0 b1 (xa)
bagh(x1)  —Mo+asrf;(x2) 0 0
0 bigh(x2)  —m+aifi(xs) 0
0 0 bagh(x3)  —Ma+aaf;(xs)
By (25),
orl
L) = mies
with

myy = — (U1 + W) +arfi(x1) +axfs(x2),mia = my3 = myg =0,

mis = —big}(xs), mie =0;
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my1 = big)(x2), moy = =2 + a1 fi(x1) + a1 fi (x3),
Moz = moy = mys = 0, mag = —b1 g (x4);
m31 =0, m3y = byg)(x3), maz = — (1 + M) + ar fi (x1) +as fr(xa),
m34 = m3s = m3g = 0;
may =0, myy = bagh(x1), maz =0, mag = — (W1 + ) + ar f3 (x2) +ar fi (x3),
mys = m4e = 0;
msy = msy =0, ms3 = bagy(x1), msa = bagh(x3),
mss = =242+ a2 f3(x2) + a3 (xa), mss = 0;
me1 = mey = me3 = mes = 0, mes = by g’ (x2),

me = — (1 + U2) + a1 f{ (x3) + azf3 (x4).

The second compound system
=30 (x)Z, Z="(z1,..-,26), (28)
2= =+ po — arfi(x1 (1)) — aafs (x2(1)))z1 — b1g (xa(1))zs,

=b1g (x2(t)z1 — (21 — a1 f{(x1 (1)) — arfi (x3(1)))z2 — b1} (xa(t)) 26,
)22 — (M1 + o — a1 f{ (x1(t)) — az f5 (xa(1)))z3,
)22 = (1 + P2 — az f(x2 (1)) — ar fi (x3(1)) )24,
)23 + bagh (x3(1))za — (212 — ar f5(x2 (1)) — as fr(x4(2)))zs,
)25 — (U1 + Mo — a1 f1(x3(2)) — aa f (x4(1)))z6,

= bygh(x3(t

)
)

(x3(1)
24 = bagh(x1(7)
bagh(x1 (1)
26 = big) (xa(1)
where x(¢) = (x1(¢),x2(¢),x3(¢),x4(¢))T is a solution of system (26) with x(0) = xo €
R*. Set

W (1) = max{ou|z1], 00|22, 03|23, 024, 055]zs] |26 }-

Then direct calculation leads to the following inequalities:

dt o
el 21| < =1+ pa —arfi(x1 (1)) — ax fr(xa (1)) ot 21| + a—;|b18/1 (xa(2))]0ts|zs] s

+
i—tazlzzl < =2 — a1 fi(xi (1) — arfi(x3(1))) o2z

(2%}
+ a—1|b1g'1 (x2(t))]ou |z1| + 0 |b1g) (xa(t))]26],



Global Hopf Bifurcation Analysis of a Neuron Network Model with Time Delays 161

-+

d o
3 Bl < —(+ 2 —afi(n (1) — axfa(xa(t)))oslzs| + a—zlbzg/z(x3(f))|0¢2|22|7

+

d
3 laal < =+ - arfi(x3(1)) —aafs(xa(1))) o4 z4| + (%lbzg’z(xl (1) oalz],

+
asks| < (2 — a3 (r2(0)) — af3 (s 1)) sl

o (04
+ 2 |bagh (x1 (1)) 03 ]z3] + — |bagh (x3(1))|ouzal,
o3 Oy

dt 1
E'Zd < — (W1 + M2 —ar f1(x3(1)) — asfr (x4 (1)) |z6] + a—5|b1g'1 (x2(1))|ss|zs],

where % denotes the right-hand derivative. Therefore,

dt

3 WEW) s p)W(Z(r)),

with
() =m0+t a5 0) = 2302 0) + om0
— = a i)~ (0)) + o7 g ()] + albigh (e4(0)]
(it o= i1 1)) ~ @i xa (1)) + o Ibagh (3 (1)
= (-t = i (x3(0)) — axf x2) (1)) o Ibagh (1)
~ (4= xa(t)) ~ arfi(a(0) + o agh(n ()] + o bagh (15(0)]
(b = i (6a(0)) — aa x4 () + oo <x2<r>>|} .

Thus, under assumption (Hy), and by the boundedness of solution to (26), there
exists a 6 > 0 such that () < —6 < 0, and hence

W(Z(1)) <W(Z(s))e %), 1 >5>0.
This establishes the equi-uniform asymptotic stability of the second compound sys-

tem (28), and hence the conclusions of Proposition 4.2 follow from Proposition 4.1.
O

Now we are in the position to state the main result of this section.
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Theorem 4.3. Suppose that assumptions (H;) — (Hy) and the condition

|b1ba| > [(11 —a1) (M2 — a2)|
are satisfied. Let T; be defined in (8).

(1) If biby > O, then system (3) has at least j+ 1 nonconstant periodic solutions
fort>7;, j>0.

(i1) If b1by < 0, then system (3) has at least j nonconstant periodic solutions for
T>7, j> 1

Proof. We regard (7,p) as parameters and apply Theorem 3.3 in Wu [22]. By
(H;) we know that the origin is an equilibrium of system (3). Hence, (0,7, p) is
a stationary point of (3), and the corresponding characteristic function is

Awo,ep)(A) = A%+ [(m — @) + (o — a2)]A + (i — a1) (2 — az) — bybye .

Clearly, Ao ¢ (4 ) is continuous in (7, p,A) € Ry X Ry x C. To locate centers, we
consider

2mm 2mm

Aw,1,p) <12an> =- <7>2+i[(ﬂ1 —ar)+ (12 —ay)] e

_:2mm

(1 —ar) (U —az) —bibye 7

Using the conclusion (ii) in Lemma 2.2 we know that (0, 7, p) is a center if and only
ifm=1,7=7;and p = % In particular, (0, 7;, %) is a center, and all the centers
are isolated. In fact, the set of centers is countable and can be expressed as

_ 27 )
{(05.2) =012}

where @y and 7; are defined in (7) and (8), respectively.

Consider A(g 7 ) (4) with m = 1. By Lemmas 2.1 and 2.2, for fixed j, there exist
€,6 >0 and a smooth curve A : (7; — 6,7;+ 6) — C, such that Ag 7 ,,(A(7)) = 0,
[A(T) —img| < e forall T € (T, —0,7;+0), and

- . d
A(E) =i, TReA(D)]r—g; > 0.

Let
Q—{(v ):0<v<e } —£}<8}
€ yP) - y |P . .
Clearly, if |7 —7;| < 8 and (v, p) € dQ; such that q(v—f—i%”) =0, then 7=17;,v =0,

and p = 2%” This verifies the hypothesis (A4) for m = 1 in Theorem 3.3 of Wu [22].
Moreover, if we set
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27 2
= 2T A .2
H, (07TJ7 ) (v.p) = A0.7,45.p) (V+1m » ) ,

then, at m = 1, we have

_ 2T _ _ 27 _ 27
Yin (O,rj,@> = degy (Hm (O,rj,a> ,Q£> —degy (H,‘,,F (O,rj,@> ,Q£>

-1 (29)

If (3) has another equilibrium, say (x},x3}), then the characteristic equation associ-
ated with the linearization of (3) at (x],x3) is

A2+ (= ar f1(¥)) + (2 — a2 f3(x3)) )4
(= arf] () (2 — a2f3(x3)) — bibagh (¥3)gh (x)e T =0.  (30)

Suppose that equation (30) has a pair of purely imaginary roots i®* when 7 = 7*.
Denote

A(T) =a"(1)+io* (1)

be the root of (30) satisfying o*(7*) = 0 and ®*(7*) = @*. Similar to Lemma 2.1,
we have

da*(t
0 > 0.

T=1*

* 21

Similar to the discussion above, we know ((x},x3),7", 2%

(3), and the crossing number, at m = 1, is

* % * 2n
'}/m((xl,XZ),T ,E) :_1

) is an isolate center of

Let

Y =cl{(x,7,p) : xisa p-periodic solution of (3)}.

By Theorem 3.3 in [22], we conclude that the connected component C(0, 7}, %)

through (O,fj,%’) in ¥ is nonempty. Meanwhile, (29) and (30) imply that the
first crossing number of each center is always —1. Therefore, we conclude that
(0,1, %) is unbounded by Theorem 3.3 of [22].

Now, we prove that periodic solutions of (3) are uniformly bounded. Let

U=min{, p}, M>max{l, L(lay+bi|+|az+ba|)/u},

r(t) = /5t () +25(0).

and
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Differentiating r(¢) along a solution of (3) we have

B8 0+x)i(0)
= %[ (1 (1) + p2x3 (1)) + arxy (1) f1 (x1 () + brxy (1) g1 (xa (2 — 7))
+apxa(t) f2(x2(t)) + baxa(t)ga(x1(2))]

< F[—u(xl(t)ﬂLX%(t))JrL(lal+b1IIX1(t)|+ a2+ b2 |2 (1))

#(1)

~

~—

~ | =
~—
LS}

If there exists #p > O such that r(fy) = A > M, we have
1
i(tg) < [ LLA2+AL(|a1 +b1|+|az+ba|)] = —puA+L(lay + by |+ |laz +b2|) <0

It follows that if x(¢) = (x (¢),x2(¢))7 is a periodic solution of (3), then r(t) < M for
all t. This shows that the periodic solutions of (3) are uniformly bounded.

Next, we establish that system (3) has no 2t-periodic solutions. Suppose x(z) =
(x1(2),x2(1))7 is a 27-periodic solution of system (3). Let

X3(l‘) :xl(l‘—T), X4(l‘) ZXQ(Z‘— ‘L').

Then (x;(¢),x2(2),x3(¢),x4(¢))) is a nonconstant periodic solution to system (26).
This contradicts to the conclusion of Proposition 4.2 and implies that system (3) has
no 27-periodic solutions.

By the definition of 7; in (8), we have that 7; < 7;,1, j > 0, and

woTy = arcsin [ — (1 =) + (k2 — az) ]y € (m,2m),
biby
when b b, > 0. Hence, % < 27y. Thus, there exists an integer m such that ,ﬁ)l <

2 2% Since system (3) has no 27-periodic solutions, it has no —-perlodlc

solutions for any integer n. This 1mphes that the perlod p of a periodic solution on
the connected component C (0, Ty, 600) satisfies —= +1 <p < £ Therefore, the periods

of the periodic solutions of system (3) on C(0, T, (D()) are umformly bounded for
T €[0,7), where 7 is fixed.
The inequality (27) implies that

(1 — a1 fi(x)) + (2 — az f3(x))] < 0 for (x1,x) € R?,
and hence
0 b 0 b
a—xl[—ﬂlxl +ayfi(xr) + lgl(XZ)]‘i‘a—xz[—ﬂzxz-i-dzfz(xz)-F 282(x1)]

—[(1 = arfi(x1) + (U2 — a2 f3(x2))] < 0
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for all (x1,x2) € R2. This shows that system (3) with 7 = 0 has no nonconstant
periodic solutions, by the classical Bendixson’s criterion. Thus, the projection of
C(0, 7%, %) onto the T-space must be an interval [T, o) with 0 < T < Tj. This shows
that for any 7 > Ty, system (3) has at least one nonconstant periodic solution on
C(0, 7, %f).

Similarly, we can show that, for any 7 > 7;, j > 1, system (3) has at least one
nonconstant periodic solution on C(0, 7;, 2%”) Therefore, for any 7 > 7;, system (3)
has at least j + 1 nonconstant periodic solutions in the case of b{b, > 0. The proof
of (i) is complete.

The proof of (ii) is similar and is omitted. O

Example 4.4. Consider the neural network model

{ L'tl(t) = —[,Lul(l‘) +atanh(u1(t)) +b1tanh(u2(t — Tl)), 31)
llz(l‘) e —,LLMQ(Z‘) +atanh(u2(t)) +b2tanh(u1(t - Tz)).
For j =0,1,2,..., let
o1 Ww-a’-wj .1 .
T; = — |arccos—————+2jn|, j=0,1,2,...,
Ty { biby / /
and
1
@ = [—(u—a)* +[biba]]2.
We have the following result.
Corollary 4.5. Suppose that a > 0, b1by > (1 —a)?* and
u—a>max{|b1|/\/§, |b2|/\/§}. (32)

Then for any T > 7; j=0,1,2,..., system (31) has at least j+ 1 nonconstant
periodic solutions.

It is sufficient to verify that (Hy) is satisfied. Noting that f; = f, = g; = g» = tanh
and 0 < tanh’(x) < 1 and taking oy = o3 = g = 1, we have

1 1
—(2u — atanh’(x;) — atanh’(x;)) + o |bytanh’(x4)| < —2(u —a) + oc_5|bl|’

—(2u — atanh’(x;) — atanh’(x3)) + 0 |b tanh'(x2) | + 0 |b; tanh' (x4
< 2u—a)+ 2052|b1|,

1 1
—(2u — atanh’(x;) — atanh’(x3)) + % |bytanh’ (x3)| < —2(u —a) + a—2|b2|,



166 M.Y. Li and J. Wei

08} -

04f s ]

02} T i 1

D1 ==

-1 1 L L 1 1 1

0 01 0.2 03 04 05 0.6 0.7

Fig. 2 The curves byby = +(u —a)? and byby = £2(u — a)? divide the right half plane into five
regions, Dy, D,,D3, Dy, and Ds. D3 is an absolutely stable region, D; UD; is a conditionally stable
region, and D4 U Ds is an unstable region. Values of u — a are plotted on the horizontal axis and
by b plotted on the vertical axis. If (1 —a,b1by) € Dy (resp. D>) and (32) is satisfied, then system
(31) has at least one nonconstant periodic solution for T > T (resp. T > 7;)

1 1
—(2u — atanh’(x;) — atanh’(x3)) + P |bytanh’ (x1)| < —2(u —a) + a—|b2|,
2 2
—(2u — atanh’(x,) — atanh’(x4)) + 05 |by tanh' (x1 ) | + 05| tanh' (x5
< 2u—a)+ 2055|b2|,

1 1
—(2u — atanh’(x3) — atanh’(x4)) + P |by tanh’ (x2)| < —2(u —a) + a—|b1|.
5 5
Leton = o5 = % Then (32) implies that

1

—2(H—a)+a—|b1|<0, —2(u—a)+ olbi] <0,
5
1

—2([,L—a)+a—|b2|<0, —2(u—a)+os|by| <O0.
2

Therefore, (Hy) is satisfied. The conclusion of Corollary 4.5 is illustrated in Fig. 2.

To demonstrate the Hopf bifurcation results in Theorems 3.1 and 4.3, we
carry out numerical simulations on system (31). The simulations are done using
Mathematica with different values of u, a, b;, and 7; and different initial values
for u;. The simulations consistently show the bifurcating periodic solution being
asymptotically stable and global existence of periodic solution: existence of periodic
solutions for values T = 7| + 7 near 7y and far away from 7. In Fig. 3, we show one
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Fig. 3 Mathematical simulations of a periodic solution to system (31) with u =2,a =0.8, b} =
—1.2,by = 1.5, 11 = 2.8, and 17p = 2.2. The total delay T = 7 + 7, =5 is greater than the first Hopf
bifurcation value Ty = 3.6905

X Y

SAAAN . AN
AUUUUC A UUUuc

Fig. 4 Mathematical simulations show that an asymptotically stable periodic solution to system
(1), with g =2,a=0.8,by = —1.2,b, = 1.5, 11 =9, and 1, = 8, continues to exist when the
total delay T = 7; + 7p = 17 is between the two consecutive Hopf bifurcation values 7; = 14.1625
and T, = 24.6345

«

of the simulations using 4 =2, a =0.8,b; = —1,b, = 1.5 such that (32) is satisfied
and (U —a,b1by) € D;. In this case, it can be calculated that wy = 0.6 and for
k=0,1,2,..., T, =3.6905+10.472 x k. The delays are chosen as 7 = 2.8, 7, =2.2
so that T = 7 + 7o = 5 is larger than Ty = 3.6905. An asymptotically stable periodic
solution is shown to exist in Fig. 3. Similarly, in Fig. 4, the parameters (U, a, and b;
are chosen as above; the delays are chosenas 71 =9, T, =8sothatt =11+ 17, =17
is between the two Hopf bifurcation values 7; = 14.1625 and 7, = 24.6345. An
asymptotically stable periodic solution is shown in Fig. 4.
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Instability of Low Density Supersonic Waves
of a Viscous Isentropic Gas Flow Through
a Nozzle

Weishi Liu and Myunghyun Oh

This paper is dedicated to Professor George Sell on the
occasion of his 70th birthday

Abstract In this work, we examine the stability of stationary non-transonic waves
for viscous isentropic compressible flows through a nozzle with varying cross-
section areas. The main result in this paper is, for small viscous strength, stationary
supersonic waves with sufficiently low density are spectrally unstable; more pre-
cisely, we will establish the existence of positive eigenvalues for the linearization
along such waves. The result is achieved via a center manifold reduction of
the eigenvalue problem. The reduced eigenvalue problem is then studied in the
framework of the Sturm-Liouville Theory.
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1 Introduction

In this work, we examine the stability of some stationary solutions for the viscous
compressible gas flows through a nozzle. The model system is

(ap); + (apu)x = €(apx)x
(apu); + (apuz)x—i—a(P(p))x = e(a(pu)x)x, (D
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where p, u, P and a = a(x) are the density, velocity, pressure of the gas and the
area of the cross section at x of the rotationally symmetric tube of the nozzle. The
pressure P is assumed to be a given function of the density p. Our assumptions on
the pressure P is:

For p >0, P(p) > 0and P'(p) > 0;

. P/(p) ] 5 ' pSP///(p) ' ng(4)(p)
o o  Jim p°P(p) = lim =pr = = lim = o
/!
There exists M > 0 such that for p > 0, ’ p;(l()’;) ’ =M

For polytropic gas, P(p) = Ap? with some constant A > 0 and 1 < y < 5/3 clearly
satisfies the above assumption. Our assumption on a(x) is

xgrirrlwa(x) =ay >0 and XETOO“X(") = XETWGXX(X) =0. 3)
The inviscid (¢ = 0) system (1) is a well-known one-dimensional Euler equation
describing the motion of isentropic compressible fluid through a narrow nozzle with
variable cross-section area (see [1-3, 1014, 16—18] etc.). The specific form of the
viscous terms is not completely physical and should be regarded as an artificial one.
The study of the problem with the more physical viscosity is an ongoing project.
In [13], Liu studied global solutions of the initial value problem for general quasi-
linear strictly hyperbolic systems including the inviscid isentropic compressible
gas flow:

Wiy +f(W)x =g(x,w).

Roughly speaking, it was shown that, for an initial data wg(x), if all eigenvalues
Aj(w) of f, are nonzero and the L'-norm of g and g,, are small for w uniformly close
to wy, then a global solution exists and tends pointwise to a steady-state solution.
For polytropic gas flow, the main assumptions become the flow at t = 0 is not close
to transonic and that the total variation of the cross-section area a(x) is sufficiently
small.

Liu then focused on transonic waves of gas flow in a nozzle of varying area via
the inviscid € = 0 model (1) in [14]. Various types of solutions were shown to exist
that demonstrated significant qualitative differences between a contracting nozzle
(e.g., ax(x) <0for 0 <x < 1anday(x)=0forx¢ (0,1)) and an expanding nozzle
(e.g., ax(x) >0 for 0 < x < 1 and ax(x) =0 for x ¢ (0,1)). Asymptotic states along
a nozzle that contracts and then expands (ay(x) < 0 for —1 < x < 0, ay(x) > 0 for
0 <x < 1 and ay(x) =0 for x ¢ [—1,1]) are also examined to exhibit a number of
interesting phenomena including the choking phenomenon.

In [10], Hsu and Liu studied a singular Sturm-Liouville problem

€t = f (X, 1) — h(x)g(u) )
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and applied the result to the viscous steady-state problem of (1) with more physical
viscosity terms. Assuming the nozzle is uniform outside a bounded portion and
is either contracting or expanding otherwise, they reformulated the problem as a
boundary value problem and gave a detailed analysis on the existence, multiplicity
and uniqueness of solutions. Viewing solutions of the boundary value problem as
steady-states of the corresponding reaction-diffusion equation

u = Eutyy — f(x,u)x+h(x)g(u),

stability results were also obtained.

Recently, in [6,7], Hong, et al. studied the steady-state problem of system (1) with
different choices of the viscosity and for expanding-contracting (a, > 0 for x < 0 and
ay < 0 for x > 0) and contracting-expanding (a, < 0 for x < 0 and a, > 0 for x > 0)
nozzles. They applied the geometric singular perturbation theory to provide a rather
complete description of stationary waves for both the inviscid and viscous systems,
and found classes of new types of transonic waves. In particular, transonic waves
from subsonic to supersonic are constructed for contracting-expanding nozzle. In
[8], the maximal sub-to-super transonic wave is shown to be linearly stable.

In this paper, we will conduct a case study and examine the stability of
stationary non-transonic waves—simplest steady states [6, 7]. Our main result is
that supersonic waves with sufficiently low density are spectrally unstable as long
as ay(x) changes sign; more precisely, we will establish the existence of positive
eigenvalues for the linearization along such waves (see Theorem 5.1). Our result
is directly relevant to the stability result in [13] where Liu constructed global
solutions for quasilinear hyperbolic systems and studied their asymptotic behaviors.
In particular, under some conditions, he established the stability of supersonic and
subsonic waves. There seems to be a contradiction between T.P. Liu’s stability
result with our instability results. Our explanation lies in the following two reasons:
first of all, the conditions under which the stability result of T.P. Liu do not hold
for supersonic waves with sufficiently low density, secondly, T.P. Liu considered
hyperbolic systems and we have the viscosity terms. An interesting observation is
that, a certain form of viscosity might cause stable waves for inviscid flows to be
unstable.

Our instability result relies on a center manifold reduction of the eigenvalue
problem. The reduced eigenvalue problem turns out to be a quadratic eigenvalue
problem and it is then studied via the Sturm-Liouville theory. The method of center
manifold reduction in stability study has been applied by others (see, e.g., [15]).

The rest of the paper is organized as follows. We recall, in Sect. 2, the relevant
existence results on stationary waves from [6,7]. In Sect. 3, we set up the eigenvalue
problem and make a center manifold reduction of the eigenvalue problem. Section 4
focuses on the £ = 0 limiting reduced eigenvalue problem and provides a symmetric
structure of eigenvalues for symmetric nozzles. We then show that supersonic waves
with sufficiently low density are spectrally unstable in Sect. 5 to complete the paper.



172 W. Liu and M. Oh
2 Steady-State Problem

We recall the relevant existence result on stationary non-transonic waves from [6,7]
with a slight extension. To distinguish the variables from those of the linearization,
we use p, etc. for the stationary solutions. We introduce new variables

v = ea(pit),—a(pi’ +P(p)), V= eap;—api. (5)

The steady-state system of (1) becomes,

ep, = va~ ' + pi,

7, =0,

gy =a 'p~ ' (w—vii+aP(p)), ©
Wy = —axP(p).

Note that ¥ = v(€) is constant. We also introduce a variable n € (—1,1) vian,=1—
n?.Itis obvious that 1) (x) is increasing in x and 7 (d=e0) = £ 1. This well-known trick
allows one to replace the x-variable in a(x) with x(17) so that system (6) becomes an
autonomous system

ep. =va '+ pi,

gy =a 'p~ ' (w—vi+aP(p)),
Wy = —axP(p),

N = - 772-

(N

System (7) is the so-called slow system. In terms of the fast time & = x/¢, the
corresponding fast system is

pe =va~ '+ pi,
ig =a~'p~' (W —vi+aP(p)), ®
wg = —eaP(p),
ne =e(1-n?).
The limiting slow and fast systems are, respectively,
0=va"'+ pi,
1 = == -
0=a” ot (w— i+ aP(p)), ©)
= —a:P(p),
nx =1-n°

and
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(10)

For the linearization of system (10) along Z, the eigenvalues r; and r, in the
directions transversal to Z are those of

ri(p,a,w,n)=a—+/P'(p) and r(p,a,w,n)=i++/P(p).

NEell

(ﬁlz’(ﬁ)

that is,

Recall that y/P'(p) is the sound speed. Thus, (p,#) is called a supersonic (resp.
sonic or subsonic) state at x if ii(x) > /P'(p(x)) (resp. i(x) = \/P'(p(x)) or éi(x) <

VP (p(x))). Set

2y ={(p,a,w,n) € Zo: a>+/P'(p), p>0,n€[-1,1]},
Z5={(p,a,w,m) € Z9: a<\/P'(p), p>0,n¢€[-1,1]},

T={(p,a,w,n)€Zy: =P (p),p>0,ne[-11]}

Then Zy = Z5UT U Zj§. The portion Zj is (normally) saddle and consists of
subsonic states, Z is (normally) repelling and consists of supersonic states, and
T is the set of turning points and consists of sonic states.

For the dynamics of the limiting slow flow on Z, we differentiate

i=—va 'p and Ww=—a 'p ' —aP(p)
with respect to x and use system (9) to get
—aP' (p)ps+va 2ap  +7%a " p P = 0.
Thus, the limiting slow dynamics on Z; can be represented by the system

a3ap!

P(p)— a2 2

Py = ne=1-n° (11)
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It can be checked directly (see [6, 7]) that system (11) has an integral
__”
2a*(x(n))p?
By an inviscid non-transonic wave, we mean, for each fixed v < 0, a solution
(p(x),@(x),w(x),n(x)) of system (9) so that r; # 0 for j = 1,2. By a viscous

);
profile of (p(x),i(x),w(x),n(x)), we mean, for ¥(g) — ¥ as € — 0, a solution
(p(x;€),1(x;€),w(x;€),m(x)) of system (7) so that

I(p,n)=E(p)+ where E(ﬁ)—/pﬁmds. (12)

o)

(P (x;€),i(x;€),w(x;),1(x)) = (P (x), 1(x), w(x), 1 (x))

ase —0in L}O o
The following result can be readily obtained. For more complete results and

proofs, we refer the readers to the papers [6, 7].

Theorem 2.1. Fix v < 0. For any p_ and p., there is an inviscid non-transonic
wave (p(x),i(x)) for system (9) or (11) with a(x)p (x)i(x) + v =0 and p(x) — px
as x — %o if and only if

p— p/ =2 pr P =2
/ PO g5t M :/ P gt —
Jpg S 2a-pz po S 2a% py

and the level set L lies entirely in either Zjj or Z{ where
= {(13777) 1(13777) :I([j,,—l) :I(p+7l)}

Any such a non-transonic wave admits viscous profiles.

In the rest, we consider the stability of viscous profiles for system (1).

3 The Eigenvalue Problem and a Center Manifold Reduction

With the same new variables introduced in (5), we rewrite system (1) as

EPy = a’lv—l-pu,
Vx = (ap)lv
13
euy =a 'p~'(w—vu+aP(p)), (13)
wy = (apu); — axP(p).
Let (p(x;€),V(x;€),i(x; €),w(x; €)) be a stationary wave for € > 0. In the following,

we will drop the argument (x; €). It should be clear from the context when € = 0 and
when € > 0.
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The eigenvalue problem for the stationary wave is

epy=a v+ putip,

vy = Aap,

euy=—a 'p~2(w—vi+aP(p))p (14)
+a 'p~ Y (w—vu—av+aP'(p)p),

wy = Aapu+ Laip — a, P (p)p.

We will treat this problem as a singularly perturbed problem. In terms of the fast
scale & = x/¢, it becomes

pe =a v+ putip,

Ve = 8)Lap,

ug =—a 'p=2(w—vi+aP(p))p (15)
+a'p~! (w—vu—av+aP'(p)p).

wg = € (Aapu+ Aaip —aP'(p)p).

Next, we augment the eigenvalue problem (15) with the steady-state system (7) to
obtain an autonomous problem as the following:

pe =a v+ putip,
Ve :8)Lap,
ug =—a 'p=*(w—vi+aP(p))p
+a 'p N (w—vu—av+aP'(p)p),
we = €(Aapu+ Aaip —aP' (p)p),

T (16)
pg =va " +pu,

Vg =0,

iig =a 'p~(w—vii+aP(p)),

We = —eaP(p),

ne = (1 —n?).

The phase space of this system is R” with the variable (p,v,u,w,p,v,ia,w,m).
Viewing system (16) as a singularly perturbed autonomous system, the slow
manifold S is given by

So = {pﬁ+m*1 =0, w—vi+aP(p)=0,

a 4 pu+ip =0,w—vu—iav+aP'(p)p :0}
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7 v

S B SN AN
u=—a p v+va p p,w—apzp aﬁv aP(p)p}. (17)

Note that Sy contains equilibria of the limiting fast system (16) with € = 0 and
dimSy = 5.
The linearized matrix of system (16) with € = 0 at each point on Sy has the form

R * %
OR x
000
where
i a! p 0
0 0 0 0
R=1| __ _ o i . (18)
p IP’(p) —a lup 1, lvp L g 1p 1
0 0 0 0

The sets of eigenvalues are {0, r;,r, } where the zero eigenvalue with multiplicity
five corresponds to the dimension of the slow manifold Sy and where

rn=ia—/P(p), rn=i+\P(p) (19)

each with multiplicity two.

We will consider only non-transonic stationary wave (p,v,i,w), that is, for any
x, d(x) # \/P'(p(x)). In this case, both r; and r, are non-zero, and hence, Sy
is normally hyperbolic. The normally hyperbolic invariant manifold theory then
implies that, for € > 0 small, Sy persists and the perturbed slow manifold has the
form

=2
Se = {:z =—va 'pl+eG, w= _:_p —aP(p) + €F,

u=—a'p " v+va ' p2p+e(hv+hap),

P 2v n
w= a—pzp—Ev—aP'(p)p—i—e(Flv—i—sz)}, (20)

where the argument for the functions F, G, Fj’s and h;’s is (p, 7,1, €).

Remark 3.1. The normally hyperbolic invariant manifold theory ([4, 9]) requires
the invariant manifold to be bounded or compact. The slow manifold Sy is not.
We can certainly restrict the (p,v,,w,n)-component to a bounded neighborhood



Instability of Low Density Supersonic Waves of a Viscous Isentropic Gas Flow . . . 177

of the steady-states but the eigenvalue problem needs the whole linear (p,v,u,w)-
component. To get around this non-boundeness, one can view the first four linear
equations in system (16) as defined in the projective space of R* so that homo-
geneous (p,v,u, w)-component lies in the compact projective space. The normally
hyperbolic invariant manifold theory can be applied and, afterwards, one can return
back to the original setting. This also explains why the extra terms in # and w for S
take the special form.

The idea is then to reduce the eigenvalue problem (16) onto Sg. To do so, we
first substitute (20) into (7) and (14), and after some tedious algebra, we find, up to
O(¢), that

B a2ap! B — A+2va 2ap ' +20a1pIG

Tap(P(p)-Pap ) T ap(P(p)-Pap )

2A9p '+ 7%a 2ap 2 +Pa ' p G+ apP" (p)G +aP' (p)G
ap (P'(p) —v*a?p—2)

2n
hy =—

On the center manifold Se, up to O(g?), the first four equations in system (16) are
reduced to a system of two equations,

pe =va ' +p(—va 'p +va ' pp +e(hv+op))
+(—va"'p~ +eG)p

22
=& phyv+e(phy+G)p, (22)
V;; = 8/161[).
If we return to the x-variable, the latter system becomes
Px :f(ﬁ7‘7;8)v+g(pv‘7;8)pa Vx = laP (23)

where f = ph; 4+ O(€) and g = G+ phy + O(¢€). System (23) is referred to as the
reduced eigenvalue problem via the center manifold reduction.

4 The Limiting Eigenvalue Problem with € =0

In this section, we will consider the limiting eigenvalue problem of (23) with € = 0:

Px=f(p(x),7;0)v+g(p(x),70)p, vy=2Aap (24)

where p = p(x) is the p-component of the inviscid stationary wave.
System (24) can be cast as

Vi — (% —|—g) vy = Aafv. (25)
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Setting y = ve~ 2 I(%+8) we have

o () () e o

If we separate f and g into terms without A and with A as f = fj + A/, and g =
g1+ Aga, then (26) becomes

1 1
Yax — (Zqz - qu) y=Awiy+A%way, (27

where

a 1/a 1 1
g=—+g1, wi=afi+= (—x+g1)gz——g2x, wy=afs +—g3.
a 2\a 2 4

It follows from (21) that

ay ﬁzafzﬁS(P/+l3P//)+‘74a74ﬁ3
- (1 - (pzp/_ﬁzafzp ) ’ (28)

va ‘a,(aip+a?)p~'P'(p)
R T @

and

5P ()
= 0. 30
" e -va 0

For later use, we collect some estimates

Lemma4.1. Asp — 0%, p~'P/(p) — o, and
0+ g2l + gl + w2+ [wae = 0o(p ' P'(p)),
wi=a,p P (p)O(1), wi=0(p 'P(p)).
Proof. Tt follows from the displays (28), (29) and (30), and (11) that
g==+0(P +pP")p* +0(pY),
g = (ﬁ) +0(P/+[3P//+[32P///)[35
a/x

+O(P'+pP")p*P"+0(p?),
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e = (%)Xx FO(P 4+ pP" +p*P" + p3PH)5
+0(P'+pP"+p*P")p*P" + 0(p?),
wi=ap 'PO(1), wi,=0p 'P'+P"),
wa = O(p*P'), wy=O0(P +pP")p*.
The conclusion is then a direct consequence of the assumption (2). g

We end this section with two simple results.

Lemma4.2. If a, < 0 and a, # 0, then, for every subsonic wave (p,i), all
eigenvalues have negative real parts. If ay > 0 and ay # 0, then, for every supersonic
wave (P, i), all eigenvalues have negative real parts.

Proof. Let A be an eigenvalue and let y(x) be an eigenfunction associated to 4. We
multiply the conjugate y of y on (27) and integrate over (—eo,o0) to get

1 1 _
[P =g [@0P+5 [awr=2 [wbP+22 [wabP

An application of integration by parts for the third term on the left gives

1 1
—/ (yx+§qy> (y'x+ qu‘) =?L/W1|y|2+12/Wz|y|2-

Note that wy > 0 from (30). In view of (29), we have w; > 0 and w; # 0 if either
ay <0,a,#0and (p,i) is subsonic or a, > 0, a, # 0 and (P, i) is supersonic. The
conclusion then follows directly. a

Lemma 4.3. Assume a(x) is symmetric with respect to x = 0 and (p,i) is a
symmetric non-transonic steady-state. Then, eigenvalues occur in pairs A,—A.

Proof. Tt is easy to check that iqz — %qx is even, w» is even, but wy is odd. Suppose
y(x) is an eigenfunction associated to A. Let $(x) = y(—x). Then $yx(x) = yur(—x)

and
2(x (x 2(—x (—x
i) = (52 = 280 ) gy - (L2 - 202 )50
Aot (—9y(—x) + A2wa(—x)y(—)
(AW (D900) + (—A)Pwa(D5(x).

Thus, —A is also an eigenvalue. O
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5 Instability of Low Density Steady-States

We will consider now the case where a,(x) changes sign or simply the set {x :
ax(x) < 0} is not empty and show that supersonic waves with sufficiently low
density are unstable. Our main result is

Theorem 5.1. Assume the set {x: ax(x) < 0} is not empty. Then there is a constant
K > 0 so that, if (p,i1) is a stationary supersonic wave and |p| < x, then (P, i) is
spectrally unstable.

Theorem 5.1 is a direct consequence of Lemma 5.3 to be proved later. We first
recall a basic result from the Sturm-Liouville Theory.

Proposition 5.2 ((Theorem 5.2 in [5])). Ler r(¢) > 0 be continuous and of bounded
variation on [xy,x1]. If y(x) # 0 is a real-valued solution of

yxx+”(x)y =0

and N is the number of its zeros on (xg,x1], then

b [

Now, for any real A, let

H(A) =~ 367(0) + 3a(x) — Awr () — APwa ().

Then (27) becomes

Y +r(xA)y =0. (31)

(0,7 (o) () o

In view of the assumption in (3) and the displays (28)—(30), we have

It can be expressed as

L0 = Bp wm@ =0

and hence,

_ 12734 pl/(A
re(A) = lim r(xA) =—A% lim wy(x) = A“pLP () .
o o (P2P'(ps) — Paz?)
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Thus, if A is real and A # 0, then r4+ (A1) < 0, and hence,

(=rlaro)

has two real non-zero eigenvalues ++/|r+ (A )| with associated eigenvectors

S _ 1 r u _ 1 T
) = 1y (VIR ) = 1 (1 Vi)

The unit vector v (A1) (resp. v".(1)) is the stable (resp. unstable) eigenvector of
system (32) at x = —eo. The unit vector V%, (A1) (resp. V' (1)) is the stable (resp.
unstable) eigenvector of system (32) at x = oo.

Therefore, for any real A # 0, there exists a unique solution (y; (x),z; (x))” of
(32) such that

|(v2(0),22,(0)"| =1 and

In particular, y, (x) # 0 is a solution of (31) and y; (x) — 0 as x — —eo.

Let Ny = N, (v, (x)) be the number of zeros of y; (x) on (—eo, o). It follows from
the asymptotic hyperbolicity of (32) that N, is finite. Note that N, is essentially
twice the number of full clockwise rotations of the solution (y; (x),z3(x))" of
system (32) for x € (—oo,0).

Lemma 5.3. Assume the set {x : ay(x) < 0} is nonempty. For any A > 0 and any
positive integer n, there exists K > 0 such that, if p < K, then there are at least n
eigenvalues in (0, ).

Proof. From the assumption, there is 6 > 0 so that U (0) = {x: ay(x) < —0} is open
and non-empty. For fixed A > 0, let
1(6) ={x € U(d): r(x;A) > 0}.

Due to (29) and Lemma 4.1, for x € U(8), limj(,)_,0r(x; A) = oo and there exists
A

K > 0 such that e )]
r(x; A)

such that, if p < k, then, I(0) = U(8) and

1 1 |7 (2 A)|
— V(g A)dx—1— —/ ——dx>n.
T /1(5) r(xA) 4 Jis) r(xA) "

< K. Hence, for any positive integer n, there exists k¥ > 0
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Proposition 5.2 implies that

ey re(xA)|
NA|1( / xAdx—l——/(é)mdx>n.

Therefore, for p < x, we have Ny > NA|I(5) >n
Now, fix any p < k. If A = 0, one verifies that

) =exp{ =3 [atopas}

is a solutions of (27) so that N(y(x)) = 0. By continuous dependence of solutions
on parameter A and the asymptotic hyperbolicity of system (32), it follows that,
for any integer 1 < j < n, there exists A; € (0,A) and a solution y;(x) # 0 of (31)
with A = A; such that y;(x) — 0 as x — %eo and N(y;(x)) = j. Each A; is then an
eigenvalue with an eigenfunction y;(x). Since, for i # j, N(yi(x)) # N(y,( X)), we
have y;(x) and y;(x) are linearly independent, and hence, A; # A;. O
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Authors’ Note: After the paper was accepted, C.-H. Hsu and T.-S. Yang pointed out to us that
the expression for wy in display (29) is wrong and it should be w; = 0. We then found an error
in our calculation and, indeed, w; = 0. This error aspects the claimed main result (Theorem 5.1)
since the proof of Lemma 5.3 in the paper relies on the wrong expression (29) for the term wy. At
this moment, we could not prove Theorem 5.1 with w; = 0 and we do not know if the statement in
Theorem 5.1 is correct or not.

Also, the following corrections should be made due to this error:

. Relative parts on w1 in Lemma 4.1 should be changed with the statement w; = 0.
. Lemma 4.2 should be changed to:

Do =

Lemma 4.2. For every non-transonic wave (p, i), all eigenvalues are pure imaginary.

3. In the proofs of Lemmas 4.2 and 4.3, one uses w; = 0 at relevant places and the rest remains
the same.
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A Simple Proof of the Stability of Solitary
Waves in the Fermi-Pasta-Ulam Model Near
the KdV Limit

A. Hoffman and C. Eugene Wayne

Abstract By combining results of Mizumachi and Pego on the stability of solutions
for the Toda lattice with a simple rescaling and a careful control of the KdV limit
we give a simple proof that small amplitude, long-wavelength solitary waves in
the Fermi-Pasta-Ulam (FPU) model are linearly stable and hence by the results of
Friesecke and Pego that they are also nonlinearly, asymptotically stable.

Mathematics Subject Classification (2010): Primary 37K60; Secondary 37K10,
37K90

1 Introduction

In a series of four recent papers Friesecke and Pego [1-4] made a detailed study of
the existence and stability of solitary wave solutions of the Fermi-Pasta-Ulam (FPU)
system:

G§i=V'(qgir1—q))—V'(gj—qj-1) JEL (D

which models an infinite chain of anharmonic oscillators with nearest-neighbor
interaction potential V. If we make the change of variables r; = g1 —¢; and
pj = ¢, the state variable u = (r, p) satisfies a system of first order Hamiltonian
ODEs,

u = JH' (u) )
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where the Hamiltonian H is given by

1
H(rp) =3, 5P+ V() - 3)
keZ
. . 0 S-1 . .
The symplectic operator J is given by J = I—s-1 0 where S is the left shift

on bi-infinite sequences, i.e. (Sx), := x,11. The problem is well posed in each ¢”
space, but for concreteness and simplicity we work in £2, a natural choice since for
small solutions the conservation of the Hamiltonian gives a global in time bound on
the ¢> norm. Throughout the paper we shall assume that the interaction potential V
satisfies the following

vect, v(0)=V'(0)=0, V'0)>0;, V"(0)#0. “4)

In the first paper in the series, [1], Friesecke and Pego prove that the system (2)
has a family of solitary wave solutions which in the small amplitude, long-
wavelength limit have a profile close to that of the KdV soliton. More precisely
they show:

Theorem 1.1 (Theorem 1.1 (b) from [1], restated). Assume that V satisfies (4)
and that ¢ > \/V"(0) is sufficiently close to \/V"(0). Then there exists a solution to
the wave profile equation for FPU:

crl(x) = (S+S~ ' —2D)V'(r,) re(de0) =0

which in addition satisfies

<Ce*, S
HZ

1 .
?’c(g) —
. v (0

where ¢ (x) := VT((O)) (%sech(%x))z is the KdV soliton and € := 24 V+(O) —L
Remark 1.2. In fact, in [1] it is only proven that the traveling wave profile is close
to the (rescaled) KdV soliton in the H'! norm. The strengthening of the estimate to
hold in the H? norm was done in [5].

Remark 1.3. The first general results about the existence of traveling waves in these
general FPU type systems were obtained by Friesecke and Wattis [6] via variational
methods.

In the second paper in this series, [2], the authors use the method of modulation
equations to prove that if the solitary waves are linearly stable, they are nonlinearly
stable as well. More precisely, suppose that the following linear stability condition
is satisfied:
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Define
0 —1
o((r,p),(p,m)) =Y, ( D, PPt D Vk+j7fj> (6)
JEZ \k=—oc0 k=—co
and define
x]2:= Y e, (7)
kEZ

Hypothesis L: There are positive constants K and 8’ and co > /V"(0) such that

whenever \/V"(0) < ¢, < co, and w is a solution of the linear equation
ow =JH" (uc, (- — cut))w (8)
with ||w(to)||a < e° and such that
0(0ztte, (2)]:=—c., w(t0)) = O(9ette(2)e=c. = —c.,W(t0)) = 0 ©)
holds, then the estimate
e w(t)la < Ke P u(s) (10)

holds for allt > s > .

Theorem 1.4 (Theorem 1.1 from [2], restated). Assume that V satisfies (4) and
hypothesis L holds. Then the solitary wave u. is stable in the nonlinear system (2)
in the following sense: Let B € (0,B’). Then there are positive constants Cy and &
such that if for some 8 < & and Y. € R the initial data satisfy

o —ue, - =) < V& and ([T (o —uc.(-—.))| < 8
then there is an unique asymptotic wave speed c.. and phase .. such that
|coo - C*| + |')/oo - ')/*| < C()5

and

(") = the (- — Coot — 1) || S CoVE 10,

and in addition
||ea(-7cwt7ym) (u(t, ) _ Mcm(' — Codl — %0)) || < Coﬁeiﬁl.

The last two papers in the series, [3,4], are devoted to verifying that the linear
estimate (10) holds for the solitary waves constructed in [1].

In [3], Friesecke and Pego construct a type of Floquet theory to prove estimates
like (10). The reason that one needs such an approach is that because of the
discreteness introduced by the lattice, the linearized equation (8) is not autonomous
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in a frame of reference moving with the traveling waves, but only periodic (with a
spatial translation.) Finally, in paper [4], Friesecke and Pego verify that the solitary
waves constructed in [1] satisfy the hypotheses of their Floquet theory and hence,
by the results of [2] are asymptotically stable. This last step involves, among other
things, the fact that these solitary waves are well approximated by the KdV soliton
and the fact that the linearization of the KdV equation about its solitary wave is well
understood.

In this note, we give a simple alternative proof of the estimate (10) which avoids
the use of the Floquet theory and spectral analysis of [3,4].

Our proof combines three observations:

1. The linear stability of the soliton for the Toda lattice, established by Mizumachi
and Pego by the construction of an explicit Backlund transformation in [7].

2. A transformation of the original FPU equation (2) into a form in which we can
prove that its solitary wave solution is close to that of the Toda lattice.

3. A careful control of the way in which various quantities depend on the small
parameter €.

We note that the last two points were originally developed in our study of counter-
propagating 2-soliton solutions of the FPU model [5].

We now explain these three points in more detail. Recall first that the Toda lattice
is the special case of the FPU model with potential function

Vix)=(e "+x—1). (11)

(Throughout this paper, quantities with tildes will refer to the Toda model.) Note
that V satisfies the hypotheses of [1] so the results of that paper imply that the
Toda model has a family of solitary waves close to those of the KdV equation. Of
course in the case of the Toda model these solutions were explicitly constructed
by Toda in the 1960s and indeed the Toda model is one of the classic examples
of a completely integrable, infinite-dimensional Hamiltonian system. The stability
of the Toda soliton can also be analyzed in a very direct fashion. By constructing
a Bécklund transformation which conjugates the linearization of the Toda model
about its soliton to the linearization of the Toda lattice about zero, Mizumachi and
Pego proved that the linearized Toda equation satisfies hypothesis L and hence, by
the results of [2], that the Toda soliton is asymptotically stable.

Remark 1.5. In [7], Mizumachi and Pego prove that the constant 3’ in hypothesis
L is O(a?), for small values of a. In the KdV regime a = O(¢), and thus, we can
choose B’ = B&> for some constant 8 independent of &. In [5] we extended this
result by showing that the constant K in (10) can be chosen uniformly in € in the
KdV regime.

Remark 1.6. Although we will be most interested in these results in the long-
wavelength, small amplitude regime studied by Friesecke and Pego, in fact the
results of [7] apply to Toda lattice solutions of arbitrary size.
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In order to extend the estimate on the linear decay from the semigroup of the
linearized Toda equation to the linearization of the general FPU model satisfying
hypothesis (H1), we first make use of the following simple:

Lemma 1.7. Without loss of generality we may assume that the potential energy
function'V in (1), or equivalently (3), satisfies

V'(0)=1, V"(0)=—1.

Proof. To see this simply note that if ¢(j,) is a solution of (1) with a potential
energy function V that satisfies hypothesis (H1), then V can be written as V(x) =
%ax2 + ébx3 + O(x*) for some a > 0 and b # 0. If we now define §(j,¢) =
aq(j, Bt), then § solves the FPU equations with potential function V (x) = %aﬁxz +
éb(ﬁz/a)x3 +0O(x*), so choosing & = —b/aand B = \/1/a insures that 92V (0) =
1 and 93V (0) = —1, as desired. O

From now on we will assume that the potential function V satisfies this
normalization. Note that with this normalization the potential V in (1) differs from
the Toda potential only by terms of O(x*) or higher. With this observation the
existence results of [1] imply:

Proposition 1.8. Let u. be the profile of the solitary wave of the FPU model (1)
with speed c, and let ii. be the profile for the special case of the Toda potential.
Define & = d.uc(z) and & = d.u.(z) and let 51’2 be the corresponding quantities
for the Toda lattice. Then there exists &,C > 0 such that for 0 < € < &, one has the
estimates

e = itel| 2 < CET/? e =it = < Ce?, (12)
16— &illz < €& ||& = &ill= < C€°, (13)
16— &l < Ce* |16 — &ll= < CE7. (14)

Remark 1.9. The half-powers of € that occur in the estimates of the £2 norms are a
consequence of the scaling of the functions .

Proof. The inequality ||u. — iic||~ < Ce* follows immediately from (5) because to
leading (€?) order both u, and ii. agree with the KdV soliton. The estimate on
||uc — dic||2 then follows from this estimate because of the prior remark about the

scaling of the ¢2 norms. The estimates on & — E 1 then follow from these two since
theorem 1.1 shows that a derivative of the solitary wave profile with respect to the
spatial variable gains exactly one power of €. The estimates for & — &, follow in a
similar fashion. For more details see [5]. O

With these estimates in hand we consider the evolution semigroup generated by

o =JH"(uc)v=JH" (iic)v+J (H" (uc) — H" (i) v . (15)
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The idea is now to treat the term J (H” (u.) — H” (i) ) v as a perturbation of the Toda
semigroup. Recalling that H and H differ only at quartic order and that u. and i,
are both of order O(¢?) and differ only by terms of O(&*) we have

Il (H" (ue) = A" (1)) vll 2 < C (Ilute =l + (luclle= + laielle=)?) vl 2

< Cefvlle - (16)

The other fact we must deal with is that v € E* = {v | 0(§;,v) = 0(&,,v) = 0},
while our decay estimates on the Toda semigroup hold only if the semigroup acts
on vectors 7 € ES = {7 | 0(&;,7) = 0(&, %) = 0}. To cope with this difference we
define the projection operator

b — 0(&.&)o& ) + o0& SoE ) ) B (? ~) 17
¢ ( o0& 5 )gl PRSI
which maps 2 to E;. Using the estimates in proposition 1.8 , we have:

Proposition 1.10 (Lemma 4.4 in [5], simplified). There exists &,C > 0 such that
if 0 < € < g, then

1OVl <Clvllez -

Furthermore, if v € E°, then
11— Q)vllz < Ce¥2 ]|z -

Proof. The key factor in the proof of this proposition is that the estimates of
theorem 1.1 make it possible to evaluate the leading order in € behavior of the
symplectic products @(&;,&) and w(&;,&,). This was first used in [1] and was
utilized repeatedly in [5]. For instance, one has @(&;,&;) = 0, while @(&,,&) =
22672+ O(e7") and the cross term w(&1,&) = cipe + O(€?) with the constants
c12 and ¢p; both non-zero. Similarly, the leading order behavior in € of the norms of
&) and &, can be computed by relating them to the derivatives of the profile of the
KdV soliton using the estimates of theorem 1.1. The same estimates also hold for
the symplectic inner products of 5 1,2 and with these estimates the first bound in the
proposition follows immediately.
The second estimate follows by rewriting the projection operator as

(&, &) (- Q)
_ <w(§2,§1)w(§2,v)+
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_ <w(§2, El)w(gz — &)+ 0’(52, 52)60(517")

w(&,&) ) E—ow& -&vE&, (18)

where the last step used the fact that since v € E¥, ®(&;1,v) = @(&,v) = 0. But
now note that each term on the right hand side contains a factor of either §; — &; or
&, — &, and these are small due to the estimates in proposition 1.8 . With the aid of
these estimates the second estimate in the proposition follows in a straightforward
fashion. For more details see the proof of lemma 4.4 in [5]. O

Corollary 1.11. There exists &y > 0 such that if 0 < € < &y and v € E®, then
Vil <201Qvlle -
Now write v(z), the solution of (15) as
v(t) = $(1,0)(0) + /0 (0,500 (H" (ue) — 7" (i) v(s)ds . (19)
where S is the evolution semigroup generated by the linearized Toda system. Then
ov(t) = S(t,0)0v(0) + /0 '$(,9)0 ( (" (ue) — " (i) ) vis)ds ,  (20)

Taking the norm of both sides and using the estimates on the Toda semigroup (10)
obtained in [7] we find:

10v]l 2 < Ke™*[[v(0)]| 2
K /0’ e P00 (J (H" (ue) — B () ) v(s)|| pds @D
< Ke 7 v(0) | + Kot | e Py (5) s 22)
< Ke " v(0) ]+ Kot | e ) gu(s) | pds (23)
Here we have used (16) and proposition 1.10. Note that the constants K, K5, and

. . 3
K3 are all independent of &. Now setting ¢(7) = supy< -, e?€'7||Qv(1)]| 2 for some
0 < b’ < b and taking the supremum in the above equation we have

/ t /!
00) < KIWO) g + Koe'e O [l g5 @4
a .0

K:
< K[VO)ll + 5 =50 (0) (25)
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Note that b — b’ can be chosen uniformly in €. Thus, if € is sufficiently small, we
conclude that ¢(7) is uniformly bounded for all + and hence:

Proposition 1.12. There exists K', 3’ > 0, independent of €, and &y > 0 such that if
0<e<eg andv(t) € E* is a solution of (15) then

a3
Vil < K'e™" =" [[v(0)]l,2 -

This verifies that the linearized FPU semigroup satisfies hypothesis L and hence
by the results of [2] that the FPU solitary wave is asymptotically stable in the small
amplitude, long-wavelength regime.

Remark 1.13. We note that in the proof of proposition 1.12 it is important to
carefully control the dependence of the semigroup on the parameter €. It is
not surprising that a perturbation argument permits one to extend the results of
Mizumachi and Pego to solitary waves in small perturbations of the Toda model.
Indeed, this was already noted in [7] . What we do find noteworthy is that this simple
argument can cover all FPU solitary waves in the KdV regime, and this requires the
detailed study of the small € asymptotics contained in propositions 1.8 and 1.10.
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Potential

Xiong Li and Yingfei Yi

Dedicated to Professor George R. Sell on the occasion of his
70th birthday.

Abstract We consider a periodically forced singular oscillator in which the
potential has subquadratic growth at infinity and admits a singularity. Using Moser’s
twist theorem of invariant curves, we show the existence of quasiperiodic solutions.
This solves the Littlewood problem on the boundedness of all solutions for such a
system.
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1 Introduction

In this chapter, we will consider the Littlewood problem for the forced nonlinear
oscillator
F+V/(x) =e(t), (1)

where e(?) is a 1-periodic continuous function.
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In the early 1960s, Littlewood [6] suggested to study the boundedness of all
solutions of systems like (1) for the following two cases:

(1) Superlinear case: @ — +oo as x —» foo

V/
(2) Sublinear case: sign(x)V'(x) — 4o and ) —0 as x — Foo
x

The first result in the superlinear case is due to Morris [11], who proved the
boundedness of all solutions of (1) for V(x) = %x“. Later, Dieckerhoff and Zehnder
[2] considered the polynomial case

2n
Pt 4 Zpi(t)x’ =0,
i=0

where p;, i =0,1,...,2n, are 1-periodic C~ functions, and showed the boundedness
of all solutions. Subsequently, this result was extended to more general cases by
several authors (see [4,5,7,16, 17], and references therein).

Recently, the boundedness of all solutions was shown by Kiipper and You [3] for
the sublinear equation

i+ x| e =e(r), (2

where 0 < v < 1 and e is smooth. The general sublinear case was later considered
by Liu [8] under certain reasonable conditions.

The Littlewood problem for singular potentials is known to be challenging, and
there are only a very few results. A case of such oscillators with semilinearly
growing potential was recently considered by Capietto—Dambrosio—Liu [1] for
which the boundedness of all solutions was shown under some nonresonance
conditions (see also Liu [9] for an extension of the result to the isochronous case).

This chapter is devoted to the study of Littlewood problem for forced oscillators
with singular sublinearly growing potential. While our result and technique hold for
general potentials of the like, we will consider a model problem of (1) with

V(x)—x‘”l%—;—l—{xaﬂ’ =t )
* 1—x% -1, if—1<x<0,
where 1 < a < 1, x; = max{x,0}, x_ = max{—x,0}.

The main result in this chapter is the following.

Theorem 1.1. Consider the forced oscillator (1) with the singular potential (3) and
e(t) € C*(R/Z). Then any solution x(t) of the oscillator with the initial value x(0) >
—1 satisfies

infx(r) > —1, sup(|x(1)| + x(2)]) < +ee.
teR teR
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The power range % < a < 1 and the smoothness requirement of e(z) in the theorem
are due to the technique we employ. We do not know whether they are essential to
the validity of the theorem.

The proof of theorem concerns the formal reduction to normal form and esti-
mates. The formal reduction consists of the following sequence of transformations:

2
(x,x,t;H = % +V(x) +yE(t)) A, (6,1,6;H = Hy(I)+H,(0,1,1))

L (1, H,0:1 = Io(H) +1,(t,H,6)),

where E(t) = [{ e(s)ds, in which A is the standard action-angle reduction of
(x,%) into (6,I), and B is the change of time and energy into the new position
and momentum with the angle 0 playing the role of new time. For each step of
transformations, detailed estimates will be given. In particular, due to the existence
of singularity in the potential, special cares are needed on estimates with respect to
Hy(I), x(0,I), and y(0,I), for which we will employ some techniques developed in
[1,4,8]. An application of Moser’s twist theorem will then yield the theorem.

The rest of the chapter is organized as follows. In Sects. 2 and 3, we introduce
transformations A, B, respectively, along with some technical estimates. The
theorem will be proved in Sect.4. We will also give another result on the existence
of quasiperiodic solutions, Aubry—Mather sets, and unlinked periodic solutions in
this section. The Appendix is devoted to the estimates on Io(H ), x(6,1), and y(6,1).

For simplicity, throughout this chapter, we use symbols ¢, C to denote appropriate
universal constants which are in (0,1), (1,°), respectively.

2 Action-Angle Variables

Without loss of generality, we assume that the average value of e(r) vanishes, i.e.,
the function

is 1-periodic and of class C°. Indeed, if & = _fol e(t) # 0, then we can use

Xt —ex, ifx>0;
L1, if-1<x<0,

1—x
and é(r) = e(t) — e in place of V (x) and e(t), respectively in (1).
It is clear that the oscillator (1) is a Hamiltonian system of one-and-a-half degree
of freedom:

i=H,  y=—aH, @)
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where
1
Hx 1) = 53" + V(@) +E(1).
For each H > 0, we denote by Io(H) the area enclosed by the closed curve

1
Ty: Eyz—l—V(x) =H.

Let —1 < —ay < 0 < By be such that

V(—on)=V(Bu)=H,

oy = H ﬁfHﬁ
TNV HID "= '

Br
() =2 [ VAV (@)

i.e.,

It is easy to see that

and
B
Denote

Br
g =2 [ VETVEG, -2 JEH-VEE,

B ﬁHL - _ 0 L
=2 ey e ey

Then
L(H)=I(H)+Iy (H),  To(H)=T,(H)+T; (H).

Now, the action-angle variable (1,0), I >0, 6 € R (mod1), can be introduced as
usual:

I'=1Io(H(x,)) (5)

and

I ) dg : .
TO(H(X!y)) <. —ay 2 H X, —V ) ) lfy > O,
oo VAHy) V(@) o

A & i
1 zMwa)</¥m4vaaaxy)—v%én>’ e
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for (x,y) € (—1,4+e) x R\ {(0,0)}, where

H®w=%f+Wﬁ

Also, we let x(6,1), y(6,I) be inverse functions of (5) and (6).
With the action-angle variable (1, 0), system (4) becomes

I =—0yH, 0 =0d;H, (7

where
H=H(0,1,t) = Ho(I)+ H,(0,1,t), (8)

in which Hy(I) is the inverse function of Io(H) and
Hy(0,1,1) = y(6,DE(r).

We now give some estimates on the functions Hy(I), H,(0,1,1), x(6,I), and
¥(8,1).

Lemma 2.1. The following hold:
(1) V2H? T < If (H) < 2V2H? " e

@ VH} (#5)* < Iy (H) < 2v3H1 ()
) 1y (1) = W = (3 L5) B0 (1)

2
wdﬁ@=dmm=(l —%HZHW)

dH? (1+a)> 4

Proof. (1) (Resp. (2)) can be easily proved by comparing the area bounded by I'yy in
the right half plane (resp. the left half plane) with the area of the triangle or rectangle
with sides v/2H and By (resp. o).

Similar to the proof of [4, A3.2], we have

) = W2 Y (Lewie)) VAT viEa:
i S

1+«

with W(x) = “,/,((?). This proves (3).
(4) easily follows from (3). a

Lemma 2.2. Foralln=0,1,...,

"7y (H) L,2n—=11 V2 ( 1 )

H(2n+1)/2



198 X.Liand Y. Yi

as H — +o0. Consequently,

&'ty (H)
dH"

‘ < CH™"I; (H)

foralln>0asH > 1.

Proof. This lemma was proved in [1]. For the readers’ convenience, we include the
proof in the Appendix. a

Remark 2.3. (1). It follows from the Lemmas 2.1 and 2.2 that

. + _ 0o . — —
i T (H) = e, lim T (H) =0.

Thus the time period Ty(H) of the integral curve I'y is dominated by 7, (H)
when H is sufficiently large.
(2). It also follows from Lemmas 2.1 and 2.2 that

cH "Iy(H) < < CH "Iy(H) ©))

d"Io(H)
dH"
foralln =0,1,... as H is sufficiently large. In particular,

cH¥ Ta < [y(H) < CH?*Ta (10)

as H is sufficiently large.
(3). Note that Hy() is the inverse function of Iy(H). We have by (9) and (10) that

d"H (1)
drm

< H),
7% < Hy(I) < CI%%
foralln =0,1,... as I is sufficiently large.
Lemma 2.4. Asx > —1 and I sufficiently large,
97x(0,1) < CI™"x(6,1) + 1], |97'y(6,1)] <CI""|y(6,1)]

foralln=0,1,....
Proof. See Appendix. O
Lemma 2.5. As [ is sufficiently large,

Ik8,k8,1H1(6,I,t)‘ <C\Hy(), 0<k+I1<5.
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Proof. Tt follows from the definition of H;(0,1,t), Lemma 2.1 (2), and the fact that

v(68.1)] < \/2Ho(I). O

3 New Action-Angle Variables

Now we consider the forced Hamiltonian H(6,1,t) in (8). The identity
Id6 —H(6,1,t)dt = —(Hdt —1(t,H,6)d0)

implies that if one can solve I = I(¢,H, 6) in H from (8) with 6 and 7 as parameters,
then the Hamiltonian system (7) becomes

dr dH
55 = ul(t.H.8), 5 =—0(t.H.0) (11)

with Hamiltonian I(z, H, 0) and new action-angle variables H ¢, and time variable 6.
This point of view has already been adopted in [4].

As I is sufficient, because diH (0,1,t) # 0, one can indeed solve I(¢,H, 0) as the
inverse function of H(0,1,t) with ¢, 0 playing the role of parameters. Hence (11) is
well defined when H is sufficiently large. We define I, (¢, H, 0) as such that

1(t,H,0) =Io(H) + 1,(1,H,6).
Lemma 3.1. As H is sufficiently large,
hall (1,H,0)| < CH*iIy(H), 0<k+1<5.

Proof. There are three cases to consider. Below, for the sake of brevity, we suspend
the 8,¢-dependence in most terms.

Case 1. 1=0,k=0. From the definition of I(¢,H, 6), we have
Ho(I(H))+H,(I(H)) =H, (12)

or equivalently

I(H) = Hy ' (H — By(I(H))) = I (H — Hy (I(H))). (13)
Denote Hy = H, (I(H)). Then

1(H) = I(H) — Io(H) = Ip(H — Hy(1(H))) — Io(H) (14)

H)
z—mmm+/sww—m+gm (15)
0
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We will estimate I;(H) through that of H;(I(H)). By Lemmas 2.1 and 2.4 and
Remark 2.3, we have that I(H) — e as H — o and |H, (I)| < 1Hy (1) for all 0,1
as [ > 1. It follows that

[H ()| < 3 Ho(I(H) (16)

forall 7,0 as H > 1. Using (13), (16) and the monotonicity of Iy in H, we have

Iy <%H) <I(H) < Iy <%H) .

It follows from Remark 2.3 that

Iy <%H> > clo(H), Iy (%H) < Cly(H),

which implies that
cly(H) <I(H) < CIy(H).

Using Remark 2.3 and Lemma 2.4 again, we obtain
[y (I(H))| < C/Ho(I(H)) < C\/Ho(Clo(H)) < CVH.
This gives the desired estimate for the first term of (15) as
\Io(H)H: (1(H))| < CH™ 2 Io(H).
The second term of (15) is bounded by

H} sup IJ(H)<CH!H Iy(H) < CH 'Iy(H).
H—H <H<H

This completes Case 1.

Case 2. [ =0,k > 1. Differentiating (15) k times with respect to H yields

k . . H)
I (H) == Clid 1o(H)of ' Hy + 9f /0 sI§(H — Hy +s)ds,
i=0 b

where H; = H,(I(H)) and, for each i, Cy; is an integer which only depends on k
and i. Since

HHI(I(H) = Y CyojH\(I(H))oK I(H)---8,{ I(H)
ky+-+kj=k
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and

H,
8,’;/ sIj (H—Hy +s)ds
Jo

k . ) o
= CidfHidH1 9 o (H)
i,j=0

. H) .
+ z ij[aII{lHo"'aII{jHo/ s&é“lo(H—Hl +5)ds,
li+-+l=k 0

the proof of Case 2 is reduced to that of
’8§I(H)‘ <CHM(H), H>1,1<k<5. (17)

Differentiating (12) with respect to H yields

1) = 1(H — )1 — 11 ()] = — o =)

B\ — 18
15 (H )] (15)

As H is sufficiently large, the denominator of the above is close to one and we thus
have

I'(H) < 2I5(H —Hy) < C(H—H,) 'Io(H —H,) < CH 'I(H),

i.e., (17) holds when k = 1.
Using induction, we now assume that for some n < 5, (17) holds forall 1 <k <n.
Differentiating (18) n times with respect to H yields

n
o I(H) =Y, Cuidiylo(H — Hy)djy A,
i=0

where A = [1 +I)(H — Hy)H]|] . Hence the proof of (17) for k = n+ 1 is reduced
to the that of

|9 1o(H — Hy)| < CH™™I§(H — Hh), (19)
|Og Al <CH™ (20)
forallm <nmand H > 1.
Since
I H—H) = X Culd ™V (H— H)ay (H —Hy) - 3}y (H— Hy),

my+--+mj=m

Oh(H—Hy) = d4Ho(I(H)) = Y CudiHo(I(H))dp1(H)--- ol (H),
li4-+1=l

the proof of (19) easily follows from the induction hypothesis and Remark 2.3.
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Note that
OMA = ¥ Cpj[L + I)(H — Hy)H|) "'/
O [1+15(H — Hy)H{] - 0y’ [1 + I (H — Hy)H{],

where 0 < j < m,m; + --- 4+ m; = m. The proof of (20) follows from (19) and
Lemma 2.5.

Case 3. k> 0,1 > 1. Similar to the above, the proof of Case 3 is reduced to that of
okaol1(t,H,0)| <CH *I(t,H,0)

forall k > 0,/ > 1 and H > 1. In fact, according to (18), Remark 2.3, and Lemma
2.4, we conclude that the differentiation of d%1(t,H, 0) I times with respect to ¢ does
not increase the order of the upper bound. a

4 Proof of the Main Result

We rewrite (11) more explicitly as

dr dH

@:I(/)(H)‘FaHIl(taHae)v 7_8111(I7H76)7 (21)

a0
where, as shown in the previous two sections, the functions Io(H) and /; (t,H, 0) for
sufficiently large H satisfy the following estimates:

cHY T < Io(H) < CHY' Tz, (22)
d*Io(H) —k

a2 cH o(H), k=12, (23)
d*Io(H) _

| SCH *o(H),  0<k<s5, (24)
0kaln (t,H,0)| <CH * 2Io(H), 0<k+I<5. (25)

For Hy > 0, we consider the domain
Apy = {(t,H)|H > Hy,t €S' =R/Z}
and the diffeomorphism W: Ay, x S! — Ap, x S!:

A=IyH), t=t, 6=06.
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Then system (21) under the transformation ¥ becomes

daA dr
@:fl(a’uhe)u EZA—’—fZ(Autae)u (26)

where
f1(A,1,0) = —I§(H)d11(t,H,0), f2(A,1,0) =0dul(1,H,0),

with H = H(A) defined through the transformation V.
To estimate fi and f>, we note by (22)—(24) that

1

D=

<Iy(H)<CHTWa 1.

(S}

1
cHTra ™

It follows that
2(1+a) 2(1+a)

cA 7o <HA)<CA T-a .
Thus H > 1 if and only if A >> 1. Moreover, by (23), (24),as A > 1,

d“H(2)
Ak

\ <CAHH(L),

and consequently

3a—1

2%0K9] fi(A,,0)] < CH 2 2 Iy(H)? < CH 3% < CA~ 1@ <CA™©,

12%0K9] fo(A,1,0)| < CH™ " 2Iy(H) < CH & < CA 7@ <CA™°,

forall 0 < k+1 <4, where 6 =min{32-, 2%} =321 > 0.

Since f) and f> are sufficiently small as A > 1, all solutions of (26) exist for
0 < 6 < 1 when the initial values A (0) = A are sufficiently large. Hence the Poincaré
map ® associated to (26) is well defined on Ay as Ao >> 1. In fact, by integrating

(26) from 6 =0 to 6 = 1, we see that ® has the form
®: 1 =ty+A+Z1(o,ho), M=o+ E2(t0, L),
where E; and E, satisfy the same estimates as those of f] and f>, i.e.,

\a,'goatgs,- <CAC, i=1,2,0<k+I<4.

According to [2], the Poincaré map P associated to (21) admits the intersection
property on Ay, i.e., if I" is an embedded circle in Ay, homotopic to a circle H =
constant, then P(I") N T # 0. It follows that ® also admits the intersection property
on A, . Hence ® satisfies all the assumptions of Moser’s twist theorem [12, 14],
from which we conclude that for any @ > 1 satisfying
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‘wl’z@lql? Peq, 7)
q q

there is an invariant curve I'y, of @ which is conjugated to a pure rotation of the
circle with rotation number . Tracing back to the system (4), I'y, gives rise to an
invariant closed curve of the Poincaré map of (4) with rotation number % which
surrounds and is arbitrarily far away from the origin. Hence all solutions of (1) are
bounded. This completes the proof of the theorem. (]

In fact, also applying Aubry—Mather theory [10, 13] to the Poincaré map ®, one
can obtain more precise dynamics of (1) as follows.

Proposition Under conditions of the theorem, there is an & > 0 such that the
following hold:

(a) For any rational number £ € (0,&)), (1) admits an unlinked periodic solution
(of Birkhoff type) with period q.

(b)  For any irrational number o € (0,&), (1) admits weak quasiperiodic solu-
tions with frequency (1, ®) corresponding to an Aubry—Mather set.

(¢c) For any irrational number ® € (0,€&) with % satisfying the Diophantine
condition (27), (1) admits a quasiperiodic solution with frequency (1, ®).

We finally remark that the weak quasiperiodic solutions asserted by Aubry—Mather
theory form a special class of almost automorphic functions generating the almost
periodic ones [15].

Appendix

Al. Some Properties on the Potential V' (x)

Let
X 1 .
weo - Yo LT =0
X)) = = 1
V'(x) =1+, if ~1<x<0.
Then
g if x > 0;
Wi(x) =1 1
5(1—3x2), if —1<x<0,

" 0, if x > 0;
W (x) =
—3x, if—-1<x<0,
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0 if x > 0;
WO =37
-3, if—-1<x<0,

and
wW(x)=0, xeR\{0}.

Also, if n > 1, then

) (a+ 1o [(o+1) = (n—D]x(@tD= i x > 0;
VW (x) =
gn(x)(14x)7"1, if —1<x<0,

where g, (x) is defined recursively by the following formulas:
g1(x)  =2x(1-x)72,
gni1(x) = (14+x)g,(x) = (n+1)galx),  n=1.
It is clear that there exists a constant C = C, such that for all x € (—1,0),

VO (x)| <c(14x)7" 1

A2. Some Derivative Formulas

Here we list some derivative formulas which are very similar to those in [4]. Let
K(x,H) be a smooth function and define

S(H) = /OaH K(&,H) A V(E)dE. (A2.1)
x(6,1)
%(1,@):/%1 K(é,])ﬁ. (A2.2)

Then

VI _ [ rwem i viEuE,

)
52 (1,0) :K(x,l)/aHI L(é,])ﬁ

x(6,1) dé
+f,, LRED s
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where
A H) = = {H&HK(x,H) + 3K H)+ 0, (K(x,H)W(x))] ,

H' H [ , 1
L(X,I) —F—Fﬁ W—E 5

/

LK) (6,1) = % (ax (K(Lx)W (x)) — %K(x,l)) + K1),

When applying (A2.1) to Iy(H ), we will obtain its derivatives of any order.
When applying (A2.2) to x(I,0),y(I, 0), we particularly have

o) = VIVE [ S T (a23)
and
H ) x(6.,1) dé
av(6.1) = = 2(H—V(x))—V(x)/7(XH L(&,I)w, (A2.4)

where H = Hy(I).

A3. Proof of Lemma 2.2

We recall that
~(H) :2/7006 V2(H=V(E)dE.

By (A2.2), differentiating the equality n times with respect to H yields

"l (H )_2\/— A"(1)(E,H)\/H—V(E)dE.

dH" on

Using induction (see also [4, Lemma 6.2.1] and [1, Proposition 5.1]), we have that
foreveryn > 1

1

A W) H) = o

T Fn(%),

where P, (x) is recursively defined by
P(x)  =5+W),

Pn+1(x) =

e N
| =

- n> Py(x)+ (WP, (x), n>1.
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Then
d"I 2
_— \/_ E)WVH—-V(E)AE,
or
1d"y V(&)
H3 — / ERACYNTS
dH V2 H 5
Since oy — 1 as H — +oo, we have
nl d" Iy /
HETWH dH =2V2 [

Therefore the proof of Lemma 2.2 is reduced to the computation of the integral

0 0
/P,,(x)dx,whichhadbedonein[1].SinceW(O):W(—l):Oand/ Pi(x)dx =
-1 -1

—, we have that

/j Py(x)dx = <% —n> j Poi(x)dx

I

|
S
NSTOM

|

S
~_
7N
NSTOM

|
s

|

—_
S~—
"
7N
NSTOM

|

NS}
N~—
~_
| =

This proves Lemma 2.2.

A4. Proof of Lemma 2.4

We first consider the case n = 1.
When x > 0, we rewrite (A2.3) as

0 dé
x(6.,1) = \/H—V(x)/i JHED s

+/H—V(x / 51\/L IZI/W(x).

Since, for —1 <x <0, —1 < W'(x) < § and |H”| |H | are bounded by CI~! for
sufficiently large / (Remark 2.1), then |L| < CI7'. 1t follows from Lemma 2.2
that, for sufficiently large I, the absolute value of the first term on the right-hand

(A4.1)
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side of (A4.1) is bounded by CI"'VHT, (H) < CI"'. Since, for 0 < & < x,
0< H-V(x)

- VH=V(E)
of (A4.1) is bounded by CI~'x. Using Remark 2.1 and the fact that W (x) = o7 for
x > 0, the absolute value of the third term on the right-hand side of (A4.1) is also
bounded above by CI~'x. Thus the estimate of x(0,1) in Lemma 2.4 holds when
W(x)
14+x
|Hﬁ,| is bounded by CI~! for sufficiently large / (Remark 2.1). Hence the absolute
value of the second term on the right-hand side of (A2.3) is bounded by CI~! (1 +x).
To estimate the first term on the right-hand side of (A2.3), we let

< 1, the absolute value of the second term on the right-hand side

n=1and x> 0. When —1 < x < 0, we note that —1 <

= %x(l —x) <0and

X -1 X
A(x):/mH L(&,I)H(i—év(g), B(x)_lb(lo%‘j(x;.

We note that A(— o) = 0 and

™' (o +x) _ o Gim H-V(x) _ 0

B(—oay)= lim

(—ow) x=—on /H—V(x) ——on  V'(x)
Since V/(x) < 0 is monotonely increasing in (—1,0), the mean value Theorem
implies that there exists a 1 € [—oyy,x] such that

V(@) —H =V (x) = V(—om) = V() (x+ o).

Hence
V' (x) (0 +x)

<1
H—V(x) ’

from which it easily follows that for some sufficiently large constant C

} <L(x,))<cI! [1 _,_lvl(x)(OCH +x)

1V'(x) (o +x)
2 H-V(x) |’

—cr''|1+=
{+2 H—V{)

- —CB(x) <A'(x) < CB'(x)

for —ay < x < 0. Integrating the above inequalities from — oy to x yields that

<CI Yoy +x).

X dé
}x/H—V(x)/aH UE s

Thus the estimate of x(6,/) in Lemma 2.4 holds whenn =1 and —1 <x < 0.
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The estimate of x(6,I) in Lemma 2.4 for general n follows from similar
arguments and induction.
Similarly, we obtain the desired estimate on y(6,7).

Acknowledgements Xiong Li was supported in part by NSFC(11031002), the Fundamental
Research Funds for the Central Universities and SRF for ROCS, SEM Yingfei Yi was supported
in part by NSF grant DMS0708331, NSFC Grant 10428101, and a Changjiang Scholarship from
Jilin University.

Received 9/20/2009; Accepted 8/1/2010

References

[1] A. Capietto, W. Dambrosio, B. Liu, On the boundedness of solutions to a nonlinear singular
oscillator. Z. angew. Math. Phys. 60, 1007-1034 (2009)
[2] R. Dieckerhoff, E. Zehnder, Boundedness of solutions via the twist theorem. Ann. Scuola.
Norm. Sup. Pisa Cl. Sci. 14, 79-95 (1987)
[3] T. Kiipper, J. You, Existence of quasiperiodic solutions and Littlewood’s boundedness
problem of Duffing equations with subquadratic potentials. Nonlinear Anal. 35, 549-559
(1999)
M. Levi, Quasi-periodic motions in superquadratic time-periodic potentials. Comm. Math.
Phys. 143, 43-83(1991)
[5] X. Li, Boundedness of solutions for Duffings equations with semilinear potentials. J. Differ.
Equat. 176, 248-268 (2001)
[6] J. Littlewood, Some Problems in Real and Complex Analysis (Heath, Lexington, 1968)
[7] B. Liu, Boundedness for solutions of nonlinear Hill’s equations with periodic forcing terms
via Moser’s twist theorem. J. Differ. Equat. 79, 304-315 (1989)
[8] B. Liu, On Littlewood’s boundedness problem for sublinear Duffing equations. Trans. Amer.
Math. Soc 353, 1567-1585 (2000)
[9] B. Liu, Quasi-periodic solutions of forced isochronous oscillators at resonance. J. Differ.
Equat. 246, 3471-3495 (2009)
[10] J. Mather, Existence of quasi-periodic orbits for twist homeomorphisms of the annulus.
Topology 21, 457-467 (1982)
[11] G. Morris, A case of boundedness of Littlewood’s problem on oscillatory differential
equations. Bull. Austral. Math. Soc. 14, 71-93 (1976)
[12] J. Moser, On invariant curves of area-preserving mappings of annulus. Nachr. Akad. Wiss.
Gottingen Math. Phys. kl. II, 1-20 (1962)
[13] M. Pei, Aubry-Mather sets for finite-twist maps of a cylinder and semilinear Duffing
equations. J. Diff. Eqs. 113, 106-127 (1994)
[14] H. Riissman, On the existence of invariant curves of twist mappings of an annulus, Lecture
Notes in Mathematics, vol. 1007 (Springer, Berlin, 1981), pp. 677-718
[15] Y. Yi, On almost automorphic oscillations. Fields Inst. Commun. 42, 75-99 (2004)
[16] J. You, Boundedness for solutions of superlinear Duffing’s equations via twist curves
theorems. Scientia sinica 35, 399-412 (1992)
[17] X. Yuan, Invariant tori of Duffing-type equations. J. Differ. Equat. 142, 231-262 (1998)

[4

—_



Semiflows for Neutral Equations
with State-Dependent Delays

Hans-Otto Walther

Abstract We show that under mild hypotheses neutral functional differential
equations where delays may be state-dependent generate continuous semiflows,
a larger one on a thin set in a Banach space of C'-functions and a smaller one,
with better smoothness properties, on a closed subset in a Banach manifold of C2-
functions. The hypotheses are satisfied for a prototype equation of the form

X (1) = ax'(t +d(x(t))) + f(x(1))
with —h < d(x(t)) < 0, which for certain d and f models the interaction between

following a trend and negative feedback with respect to some equilibrium state.

Mathematics Subject Classification (2010): Primary 34K40, 37L05; Secondary
34KO05, 58B99

1 Introduction

This paper deals with retarded functional differential equations of neutral type where
delays may be state-dependent. Let us begin with a simple example, namely

X(t) = ax'(t +d(x(t))) + f(x(r)) (1

for given functionsd : R — (—h,0) and f : R — R, and a > 0. In case d is increasing
for £ < 0 and decreasing for & > 0, (0) =0 and & f(&) < 0 for & # 0, Eq. (1) has
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the following interpretation: The state tries to keep a fraction of its rate of change,
under the influence of immediate negative feedback with respect to the equilibrium
at £ = 0. The larger the deviation from equilibrium, the closer to the present the
(fraction of the) rate of change which is to be continued. In short this may be called
a strategy of cautiously following a trend.

Equation (1) is a modification of a (non-neutral) differential equation with
constant delay which was introduced as a model for a currency exchange rate by
Brunovsky and studied in [2, 24, 25]. A further version of Brunovsky’s model, non-
neutral and with state-dependent delay, is investigated by Stumpf [20].

Notice that in Eq. (1) the delay is never zero. Therefore a solution which is
known up to some ¢ = fy can be determined for ¢ > 7y not too large from a simpler
nonautonomous (ordinary, for Eq. (1)) differential equation. All results in this paper
are built on this observation. Related ideas were used in [19, 21].

Other simple-looking neutral equations with state-dependent delay arise, for
example, as modifications of the business cycle model studied by Preisenberger [18]
and from the soft landing model in [26].

We consider the equation

X (1) = g(9x,x;) )

for a functional
g:CxC'DW —R", W open.
Here C denotes the Banach space of continuous functions [—#,0] — R”, for some
h >0 and n € N, with the norm given by |¢| = max_j,<;<o|¢(¢)|. C' is the Banach
space of continuously differentiable functions [—#,0] — R”, with the norm given by
|¢|1 =|0d|+ |2 |, and d : C' — C is the continuous linear operator of differentiation.
The segment x; € C of a continuous function x : R D I — R” with [r — h,t] C 1 is
defined by x;(s) = x(t + ).
Equation (1) is the special case of Eq. (2) wheren =1, W =C xC I and

8(9,v) =a¢(d(y(0))) + f(w(0)).

A solution of Eq. (2) is a continuously differentiable function x : [tg — h,7,) —
R", with #y < f, < e and (dx;,x,) € W for 1y < t < t,, which satisfies Eq. (2) for
to <t < t,. Solutions on compact intervals and solutions of certain nonautonomous
equations are defined analogously.

For any solution x : [y — h,7,) — R" all segments belong to the open subset

Uy={yeC:(dy,y)eW}
of C', and Eq. (2) shows that for 7y <t < t, the segment x; satisfies
v'(0) =gy, y). 3)

It will be convenient to define
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X1 =X, = {y €U, : (3) holds}.

We are interested in existence, uniqueness and smoothness properties of solutions
x:[=h,t,) = R" to the initial value problem (IVP)

x/(t) = g(axtvxl)a Xo =V,

under mild conditions on g which are suitable for applications to equations with
state-dependent delay.
Results for non-neutral equations of the form

X/(l) = grm(xt) “4)

which cover state-dependent delays suggest that existence and uniqueness of
solutions to the IVP of Eq. (2) require a Lipschitz continuous argument (d x;,x,) of
g; in particular initial data xo = y should have a Lipschitz continuous derivative—
see for example [12, 16, 17,21-23]. Furthermore, a continuous semiflow might be
found on the set X, or on subsets of X, 1, but not on the open set U; C C'. This
is supported by a result of Krisztin and Wu [15] who obtained a semiflow for
neutral equations with constant delay on an analogue of X ,. Differentiability of
solutions with respect to initial data can be expected if the argument (d x;,x,) of g
is continuously differentiable, so for this initial data xy = y ought to be taken from
the space C? of two times continuously differentiable functions [—/,0] — R”, with
the norm given by |y|, = |y|+[d y];.

The results which we obtain are more complicated than in the non-neutral
case (4), and differentiability properties of solutions are weaker. Let us turn to
the hypotheses on g : W — R", W C C x C' open, which are used in the sequel.
In Sect. 3 below it is shown that all of them are satisfied for Eq. (1) if d and f are
differentiable with derivatives locally Lipschitz continuous.

We assume that

(g0) g is continuous.

The next hypothesis is an abstract version of the property that in the neutral term
in Eq. (1) the delay is never zero.

(gl) Forevery y € Uy C C! there exist A € (0,h) and a neighbourhood N C W of
(Qy, ) in C x C" such that for all (¢1,%), (¢, %) in N with

01(t) = ¢a(t) forallt € [—h,—A|

we have

g(01, %) = (92, %)
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Recall that the Lipschitz constant of a map a : B D M — By, B and B; Banach
spaces, is given by
Lip(a) = supM < oo,
x#£y |x - y|

For the basic result on existence and uniqueness in Sect.4 below we need, in
addition to (g0) and (g1), the following property.

(g2) For every w € Uy C C! there exist L > 0 and a neighbourhood N C W of
(Qy, ) in C x C" such that for all (¢1,y1),(¢2, ) in N we have

1g(02,v2) — (01, w1)| < L(|¢2 — ¢1] + (Lip(¢2) + 1) |y — w1 ]).

In the non-neutral case where g does not depend on its first argument, i. e.
for Eq. (4), property (g2) reduces to local estimates which were essential for the
construction of solutions in [22]; see also the property of being locally almost
Lipschitzian in [16] and Section 3.2 in [12]. Notice that on the right hand side of
these estimates the smaller norm | - | appears, and not | - |;—they are stronger than
local Lipschitz continuity.

In Sect. 4 below we use the hypotheses (g0)—(g2) in order to construct a semiflow
(t,x0) — x; of solutions to Eq. (2) on the set

X+ ={y €X;: Lip(d y) < o}

This semiflow is continuous with respect to the topologies given by |- |;. The
construction in Sect. 4 is done without recourse to earlier results from [22, 23], in
order to keep the present paper self-contained.

One can show that in case of Eq. (1) the set X; is a global graph

Y =L, where C'" = {y € C' : Lip(d y) <} =Y ®L, dimL = 1.

In order to obtain a semiflow with better smoothness properties we assume the
following.

(g3) The restriction g of g to the open subset Wy = W N (C' x C') of the space
C' x C' is continuously differentiable, every derivative Dgi(¢,y) : C' x C' —
R", (¢,w) € Wy, has a linear extension

Degi(y,¢) :CxC—R",
and the map
Wl xCxC> (q)vlljv%ap) HDegl(q)vW)(va) GRn

is continuous.
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Hypothesis (g3) generalizes a smoothness property which was crucial in [22,23]
and in [14], and which occurred earlier in [16] under the name of almost Frechet dif-
Serentiability. The existence and continuity of the extended derivatives D.g1 (¢, V)
in hypothesis (g3) yields in Sect. 5 that the set

X, =X, NC?,

if non-empty, is a continuously differentiable submanifold in C2, with codimen-
sion n. Its tangent spaces Ty X, C C?, ¥ € X,, are given by the equation

%' (0) =Dgi(dw,w)(dx,x)- )

We define extended tangent spaces T, y X, C C Uby

%'(0) =D.g1 (v, w)(d X, %) (©6)

In Sect. 6 it is shown that under the hypotheses (g0)—(g3) the solutions of Eq. (2)
define a semiflow on the closed subset

Xos = {IIIGXZ : (91// S Te,wXZ}
= {y € X, : d y satisfies (6)}

of the manifold X,. This semiflow G, : Qy — Xp,, £ C [0,00) X Xy, is continuous
with respect to the topologies given by | - |5.

The hypotheses (g0)—(g3) are also used in the first part of Sect. 7 where a linear
variational equation with right hand side given by D,g is discussed, in order to
prepare the proof of a differentiability property of the solution operators G,(t,-) :
X, D Q) ; — X5, in Sect. 8. Existence and uniqueness of solutions to this variational
equation are not immediate from the sections of the monographs [3,9] about linear
(homogeneous and inhomogeneous) nonautonomous retarded functional differential
equations. An appendix, Sect. 11, provides the little we need.

For the proof in Sect. 8 we require a further hypothesis.

(g4)  The restriction g| of g to the open subset Wi =W N (C' x C') of the space
C' x C" is continuously differentiable, and for every (¢, W) € Wy there exist
¢ > 0 and a neighbourhood N C Wy of (¢, wo) in C' x C' such that for all
(0,¥),(¢1,y1) in N and for all y € C' we have

|(Dg1(¢,w) —Dg1(¢1,w1))(x,0)| < cldx|lw— .

Under the hypotheses (g0)-(g4) we show in Sect.8 that compositions
jo Gay(t,)op of Ga(t,) with the inclusion map j : C*> — C! and continuously
differentiable maps p : Q — C2, Q an open subset of some Banach space B and
p(Q) C Q,,, are differentiable.
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The question arises whether the derivatives obtained in Sect. 8 are continuous.
In Sects. 9 (about the variational equation) and 10 we establish continuity at points
g € Q with Lip(dd p(q)) < e, provided (g0)—(g4) hold and the following final
hypothesis is satisfied.

(g5) The restriction g of g to the open subset Wy =W N (C1 X Cl) of the space
C' x C is continuously differentiable, every derivative Dg, (0,v): Cc'xcl—
R", (¢,w) € Wy, has a linear extension

D.gi(y,0):CxC—R",

and for every (¢o, o) € W, there exist ¢ > 0 and a neighbourhood N C W; of

(90, Wo) in C' x C' such that for all (¢,v),(¢1,y1) in N and for all (y,p) €
C x Cwith |(x,p)|lcxc = 1 we have

|(Deg1(9, W) — Deg1 (91, 1)) (0, p)| < [(0, W) — (61, ¥1)lc1 w1 ¢ - (Lip(x)
+Lip(do)+1).

For earlier results on IVPs for classes of neutral differential equations with state-
dependent delays see e.g. [1, 8,10, 11, 13], and Driver’s work about special cases
of the two-body problem of electrodynamics and related IVPs [4-7]. The general
equations of motion for two charged particles in space can be viewed as an implicit,
neutral system with unbounded state-dependent deviating arguments. This system
is beyond the scope of the present results.

2 Preliminaries

We begin with some notation. For a finite Cartesian product of sets the projection
onto the kth component is denoted by pry. The closure and boundary of a subset
M of a topological space are denoted by c/M and bd M, respectively. Norms on
Cartesian products X x Y of normed vectorspaces X, Y are always given by addition,
|(x,¥)| = |x| + [y|. For given Banach spaces E, F the Banach space of continuous
linear maps E — F is denoted by L.(E,F).

For derivatives of functions x : I — E, I C R, we have x'(t) = Dx(z)1.

The proofs of the first four propositions are omitted.

Proposition 2.1. For reals a < b < ¢ and functions a. : [a,b] - R, B : [b,c] = R
with o(b) = B(b) the concatenation off : [a,c] — R (given by o on [a,b] and by
on [b,c]) satisfies

Lip(aB) < Lip(o) + Lip(B).

Let h > 0,n € N. Recall the spaces C,C',C? from the introduction. The
evaluation map
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ev:[—h,0]xC>3 (s,¥) — y(s) eR"

is continuous, but not locally Lipschitz continuous. The linear maps ev(s,-) : C —
R", —h < s < 0, are continuous, as well as their restrictions ev;(s,-) to C! (with
respect to |- |). The map

[~h,0] 31+ evi(t,) € L.(C",R")
is continuous, due to the estimate
lev(s,¢) —ev(t,9)| = [¢(s) — ¢(1)] < [0 9|[s —1]

for —h <5<t <0and ¢ €C'. The restriction ev; of evto (0,/) x C is continuously
differentiable (with respect to the norm on R x C') , with

Devi(s,9)(1, ) =19¢(s) + x(s).

Proposition 2.2. Lerx: [tg—h,t,) = R", 1y <1, < oo, be continuously differentiable.
Then the maps [ty,t.) >t + x;, € C' and [to,t,) > t = dx, € C are continuous, and

X:lto,te) 2t —x€C

is continuously differentiable with ¥ (t) = dx; = (X'); fortog <t <t,.
Proposition 2.3. Let x: [t — h,s] = R", t < s, be continuously differentiable, with
x; € C2, and let r > 0. Then there is a twice continuously differentiable function
y:[t—h,s] = R" withy, = x; and

Iy (u) — X' (u)| < rforallu€ [t,s].

We need three prolongations of functions ¢ : [—h,0] — R” to functions on
[—h,o0): ¢¢ : [—h,e0) — R" is given by ¢°(t) = ¢(0) for t > 0. In case ¢ € C!
we define ¢¢ : [—h,o0) — R" by

0% (1) = ¢(0) +1¢(0) forz > 0,
and for ¢ € C? we define ¢9¢ : [—h, o) — R" by

0% (1) = ¢(0) +1¢'(0) +t2@ fort > 0.

Proposition 2.4. (i) For¢ € Candt >0, |(¢°)| < |¢].
(ii)  The map [0,00) x C' > (t,¢) — (¢9); € C" is continuous. For each ¢ € C',

(07) = (99)° and Lip((¢*)") < Lip(99),



218 H.-O. Walther

and for all t > 0,
(0l < (1+1)[9]1.
(iii)  The map [0,0) x C*> > (t,9) — (¢%), € C? is continuous. For each ¢ € C?,

(991 = (99)? and Lip((9“!)") < Lip(999),
and for all t > 0,

2
0yl < (14045 ) ok

Next we draw conclusions from the properties (g0)—(g5) stated in Sect. 1.

Proposition 2.5. Assume g:C xC' DW — R", W C C x C" open, satisfies (g0).
Then all segments Wy = x; of any solution x : [ty — h,t,) — R" of Eq. (2) belong to X.

Proof. Forty <t <t, this was observed in Sect. 1. The definition of solutions yields
Xz, € Uy . By continuity,

/ T / 1 _
X (t()) - tolltrgtox (t) - toggtog(axtaxl) - g(axlmxl())' O

Proposition 2.6. Assume g:C xC' DW — R", W C C x C" open, satisfies (g3).
Then the map D,g1 : Wi — L.(C x C,R") is locally bounded.

Proof. Let (¢o, Wo) € Wi be given. By continuity at (¢, ¥,0,0), there are a neigh-
bourhood N C W; of (¢, W) in C! x C! and r > 0 such that [D,g; (¢, v)(x,p)| <1
for (¢, y) € Ny and |(x,p)|cxc < r. Hence

1
|Deg1(9, W)|L(,(C><C,R”) < - for (¢, y) €N. a

We need versions of (g1),(g2),(g4),(g5) on compact sets.

Proposition 2.7. (i) Assume g:C xC' DW — R", W C C x C' open, satisfies (g1)
and K C W is compact. Then there exist A € (0,h), a neighbourhood N C W of
K in C x C', and r > 0 so that for all (¢, ), (¢1,y) in N with

1(9,¥) = (61, ¥)lcuer =19 — 01| <rand ¢(t) = ¢1(¢) in [=h, —A]

we have g(¢,w) = g(¢1, ).

(ii) Assume g:CxC' DW — R", W C C x C' open, satisfies (g4), and let K C W;
be a compact subset of C' x C'. Then there exist a neighbourhood Ny C Wy of
KinC' xC!, ¢ >0andr >0 so that for all (¢,y),(¢1,y1) in Ny with

|(¢7W) - (¢17W1)|C1><C1 <r
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and for all y € C" we have

|(Dg1(¢, ) —Dg1(d1,w1))(x,0)| < cld x|y — .

(iii) Assume g:CxC' DW —R", W C C x C' open, satisfies (g5), and let K C W;
be a compact subset of C' x C. Then there exist a neighbourhood Ni C Wy of
KinC' xC!, ¢ >0andr >0 so that for all (¢,w),(¢1,y1) in Ny with

|(¢7W) - (¢17W1)|C1><C1 <r

and for all (y,p) € Cx Cwith |(x,p)|cxc = 1 we have

|(Deg1(9, W) — Deg1(91,¥1)) (0 p) < (0, W) — (61, W1)lc1 o1 €+ (Lip(x)
+Lip(d¢)+1).

Proof. 1. Proof of (i). For every (¢, y) € K choose € = €(¢,y) >0and A(¢,y) €
(0,4) so that with

N=N(9,y)={(0.%) €CxC :|(®, )~ (6, ¥)lcucr < €}
the statement in (g1) holds. A finite number of smaller balls
! o 1 P €
N(9.w) = {@9) €CxC:1@F) = (9. Wlexer < 5

covers K, centered at, say, (@1, ¥1),-- -, (@n, Wn). Set

2. Proof of (ii). For every (¢,y) € K choose (¢, y) > 0 and c(¢, ) > 0 so that
the open ball

N((pa"//) = {($7W) € c'xc': |(67W)_ (¢aW)|Cl><C1 < 8(¢al//)}

is contained in W', and for all (¢, y») and (¢;, ;) in N(¢,y) and all y € C!
we have the estimate

((Dg1(92,¥2) = Dg1(91,¥1)) (%, 0)] < c(9,¥)|9 x[[y2 -y .

A finite number of smaller balls

N'(9,y) = {(E,Vf) eC' X C 1 |(6,%) — (6, W)t et < 8((1),1//)}

2
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covers K, centered at, say, (&1, ¥1),- .., (@, Wn). Set

Ny = U N (¢, vi), c= max c(@x,y), andr = min £(0k, i)
k=1,....m k=1,....m 2

For any (q)v W)v ($7W) in Ny with

|(¢7 W) - (_7w)|Cl><Cl <r

there exists k € {1,...,m} with (¢,y) € N'(¢, y). The choice of r yields
(0, W) € N(d, yi). For every y € C' we get the estimate

|(Dg1(¢,y) —Dg1(d1,w1))(x,0)| < c(dr, Wi)|d x|y — yi]
< cld x|y — vl

3. The proof of (iii) is analogous to the previous one. a
The next result is a consequence of Proposition 2.7 (i).

Corollary 2.8. Assume g:CxC' DW — R", W C C x C! open, satisfies (g1) and
(g3), and let K C Wy be a compact subset of C' x C'. Then there are A € (0,h), a
neighbourhood Ny C Wy of K in C' x C', and r > 0 so that for all (¢, ), (¢1, ) in
Ny with

|(¢7W) - (¢17W)|C1><C1 = |¢ _¢1|1 < randq)(t) = ¢1(t) in [_hv_A]

and for all (x,p),(x1,p) in C x C with
x(t) = x1(t) in [=h, —A]

we have

D.g1(0,w)(x,p) = Deg1(91,¥)(x1,p)-

Proof. 1. K is also a compact subset of C x C'. Choose A and a neighbourhood N
and r > 0 according to Proposition 2.7 (i). Then Ny = NN (C1 X Cl) CWisa
neighbourhood of K in C! x C'. Let (¢, y), (1, w) in N be given with

|(¢7W)_(¢15W)|CIXCI = |¢_¢1|1 <r

and ¢(r) = ¢ (¢) for—h <t < —A.

2. Consider y, x1 in C' with y(t) = yx1(¢) for —h <t < —A. For s € R sufficiently
small (¢ + sy, ) and (¢; + sy1,¥) belong to Ny C N, and Proposition 2.7 (i)
yields

g0 +sx,v) —g1(o1,y¥) = g1(d1 +5x1,¥) — g1(¢1, V).
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It follows that
Di1g1(9,¥)x = D1g1(01, ¥) x1-

Now consider p € C!. For s € R sufficiently small we infer from Proposition 2.7
(i) that

810,y +sp)—81(9,¥) = g1 (o1, ¥ +sp) = g1(91, ¥).
It follows that
D2g1(9,¥)p = Dagi (1, ¥)p.
Altogether,

Dg1(0,w)(x,p) = Dg1(d1,¥)(x1,P)-

3. Finally, let y,x; in C be given with y(r) = y(¢) for —h <t < —A. Choose
sequences (x™)g and (") in C! which convergein C to x and y, respectively,
and satisfy

x"(t) = x{"(z) forallm € Ny and ¢ € [—h, —A].

Let p € C be given. Choose a sequence (p,,)y in C ! which converges in C to p.
Using (g3) and the result of part 2 we infer

Deg1(¢,w)(x:p) = lim Degi(9,¥)(X™, pm)
= lim Dg1(¢,y)(x",Pm)
= lim Dgi(¢1, ¥)(x1"s pm)
= lim Degi (91, ¥)(x1", pm)

= D.g1(¢1,¥)(x1,p)-
O

Proposition 2.9. Assume g: CxC' DW — R", W C C x C' open, satisfies (g3).
Let ty < t, < eo. Suppose q : [to — h,t,) — R" and c : [ty — h,t,) — R" are continuously
differentiable, and (q;,¢;) € Wy for allt € [ty,t,). Then the function

8q.c : [to,te) = R" given by g4.(t) = g1(qs,¢1)
is continuously differentiable with
8q.c(t) = Degi1(qr,¢:)(d qr,0 ¢;) for all t € [to,1,).
Remark 2.10. As in general the maps [to,2,) 31+ q, € C' and [to,2,) S+ ¢; € C!

are not differentiable, one can not simply apply the chain rule in order to obtain the
previous result.
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Proof of Proposition 2.9. (1) Let € [to,1,). Choose a convex neighbourhood N C
Wi of (g,¢;) in C' x C'. By the continuity of [ty,7,) 3 s+ (g5,¢5) € C' x C',
there exists € > 0 with

(Gr+s,Crys) € N forall s € (—g, &) withry <t+s5<t,.

For such s # 0 we have
8q.c(t+5) = 84,c(t) — sDeg1(qr,ct) (9 Gr,d cr)

1
= /0 Dgi ((%;Ct) + Q(Cbﬂ —qt,Ctts — Ct))[(QtJrs —qt,Ct+s — c,)]d@

—sD,g1(qr,ct)(d g1, ¢r)
1 1 1
ZS'/O [Degl((%act)‘f'9(‘]t+s—%,ct+s—Cz)) (;(QZJrS_QZ)a;(ChLS_Ct))
_Degl(Qtuct)(aqmact)]de-

The continuity of the map [0,7,) 3 s — (gy,¢s) € C' x C! yields that for 0 # s — 0
the argument (g;,¢;) + 0(qr+s — g, ¢ s — ;) of D,gy tends to (g;,¢;) in C!' x C!
uniformly with respect to 6 € [0, 1]. Using uniform continuity of ¢’ and of ¢’ on
compact sets one easily obtains

1

1
;(qlﬂ—q,) —dg;inCas0#s— 0and ;(clﬂ—c,) —dc¢inCas0+#s—0.

Using the continuity of the map

Wl XCXC9 (¢aWaX7p) ’_)D€g1(¢aW)(X7p) ER”

at (q;,¢1,0 qr,0d ¢r), which is guaranteed by (g3), we infer that the last integral
tends to 0 € R" as 0 # s — 0. This shows that g, . is differentiable at ¢, with

80c(1) =Degi(qr,c:)(dq1,0 ).

(2) The continuity of g’q,c follows by means of (g3) from the preceding formula
since the maps [to,te) 3 5 — (¢s,c5) € C! x C! and [to,t,) > 5+ (d gs,d ¢5) €
C x C are continuous. a

Corollary 2.11. Assume g: CxC!' DW — R", W C C x C' open, satisfies (g0)
and (g3). Then all segments Yy = x; of any twice continuously differentiable solution
x:[to—h,t,) = R" of Eq. (2) belong 10 Xy,.

Proof. All segments x; belong to X» = X; NC?, due to Proposition 2.5. It remains to
show that for #o <t <, the function dx, € C! satisfies (6). As x : [t — h,t,) — R" is
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twice continuously differentiable we obtain from Proposition 2.9 that the function
given by the right hand side of Eq. (2), namely

gt [toste) 21— g((x),x) €R”,
is continuously differentiable with
g (t) = Deg1 (X1, x:)(d(X)r,0 %) for 0 < t < .
It follows that
X"(t) = Dog1 (X)), %) ( (X )1, 0 %) = Deg1(d x1,%: ) (00 x;,0 x1)

for such ¢. Finally, use (dx;)'(0) = x"(1). O

3 The Example

In this section we consider the spaces C and C' with 4 > 0 and n = 1. Let continuous
functionsd : R — (—h,0) and f : R — R be given, and leta > 0. Define g: C x C! —
R by

8(0,y) =a¢(d(y(0)))+f(w(0) = aev(d(y(0)),¢) + f(ev(0, y)),

or

g=aevo((doevi(0,-)o pry) x pri)+ foevi(0,-)o pry. (7)

Proposition 3.1. g has the properties (g0) and (gl1), and X, # 0. If d and f
are locally Lipschitz continuous then (g2) holds. If d and f are continuously
differentiable then (g3) and (g4) hold. If in addition d’ and f' are locally Lipschitz
continuous then also (g5) holds.

Proof. 1. From (7) we infer that g is continuous, which is property (g0).

2. Proof of (g1). Let y € C' be given. There exists A € (0,/4) with d(ev(0,y)) =
d(y(0)) < —A. By continuity there is a neighbourhood N of y in C! with
d(ev1(0,%x)) < —A for all ¥ € N. For all y € N and for all ¢,¢; in C with

¢ (1) = ¢1(¢) on [—h, —A] we get
8(9.x)=ad(d(x(0)))+ f(x(0)) =adi(d(x(0))) + f(x(0)) = g(¢1. %)

Now (gl) follows easily.
3. Proof of X, # 0. Choose £ € R. Let § = d (&) € (—h,0). There exist y € C> with

y(0) =& and y'(0) = ay/(8) + f(&). Such y belong to X;.
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4. Assume that d and f are locally Lipschitz continuous. Let y € C! be given.
Choose r > |y|; and L > Lip(d|[—r,r]) + Lip(f|[r,r]). For all y;,y; in C!
with |y |1 < r,|ya|i < rand for all ¢, ¢, in C we obtain
1892, w2) — 8(01, y1)| < a(|¢2(d(y2(0))) — $2(d(y1(0)))]

+102(d(y1(0))) =01 (d(y1(0))))+f (w2(0)) —f (w1 (0))]
< a(Lip(¢2) LIya — wi|+[¢2— ¢1]) + L2 — y].
This implies (g2).
5. Letd and f be continuously differentiable.

5.1 Proof of (g3). Using (7) and the chain rule one finds that g; = g|C1 x Clis
continuously differentiable, with

Dgi(¢,v)(x,p) = alev(d(ev(0,¥)), x) +ev(d(ev(0,y)),0 )
-d'(ev(0,¥))ev(0,p)) + f'(ev(0, y))ev(0, p)

forall ¢, v, x, p in C'. For (¢, y) € C! x C! we define D,g1(¢, ) :CxC—
R" by the right hand side of the preceding equation and observe that the map

C'xC'xCxC> (¢, y,x,p) — Deg1(¢,¥)(x,p) €R"

is continuous.

5.2 Proof of (g4). We just saw that g; : C' x C' — R is continuously differ-
entiable. For (¢, y), (¢1,y1) in C' x C! and y € C! the mean value theorem
yields the estimate

|(Dg1(¢,w) — Dgi1(¢1,v1))(x,0)]
= la(x(d(y(0))) — x(d(y1(0))))]

<aldy|  max |d'(&)|ly—wil
EI<Ivi+ vl

6. Proof of (g5), for d and f differentiable with locally Lipschitz continuous
derivatives. We saw already that g; : C' x C! — R is continuously differentiable
and that there are linear extensions D,g1(¢,y) : C x C — R, for every (¢,y) €
C' x C'. For r > 0 and for (¢, y), (¢, 1) in C! x C' with |¢1]; <r, |w]; <7,
|wi|1 <r, and for (),p) € Cx C with |(x,p)|cxc = 1 we have

|(Deg1 (9, W) —Degi(d1,v1))(x:P)]
<alx(d(w(0))) — x(d(y1(0))
+0 ¢(d(w(0)))d' (w(0))p(0) — 3 ¢1 (d(y1(0)))d' (w1 (0))p(0)]

)
( )
+H (w(0)p(0) = (w1 (0))p(0))]
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a[LiP(Z)LiP(d|[_Var])|‘I/_‘I/1|
+lpl(10 ¢(d(y(0))) — 9 ¢(d(w1(0)))l|d' (w(0))]
+19¢(d(y1(0))) — 2 ¢1(d(y1(0)))l|d" (w(0))]
+19 ¢1(d (w1 (0)))l1d" (w(0)) = d' (w1 ()] + p|Lip(f'l[=r.rD) v — w1l
< alLip(x)Lip(d|[—r,r])|y — v
+lp|(Lip(d ¢)Lip(d|[—r.r])|w — yi|d'(y(0))]
+19 ¢ = ¢illd"(w(0))|+[d g1 [Lip(d'|[-r, )]y — yi )]
+lplLip(f'[[=r )y — .
Using |p| < 1 and Lip(d|[—rr]) < max_,<g<,[d"(§)] = ¢, we see that the
preceding term is majorized by
a(Lip(x)erly =il +Lip(d 9)c; |y —yi| + /0 ¢ — 9 91|
+rLip(d'|[=r, )y — i) + Lip(f'|[=r.7]) W — v
<o —¢1li+|y—wil)
(aLip(y)er +aLip(d ¢)c2 +c,+rLip(d'|[—r,r]) + Lip(f'|[~r,7]))
< (19 =91l +lw—wl) - (ac, +ac; + e, + rLip(d'|[[-r,r]) + Lip(f'|[-1,1]))
((Lip(x) +Lip(d ¢) +1).

Now property (g5) is obvious. a

4 The Semiflow on a Subset of C!

In this section we assume that g : Cx C! DW — R", W C C x C! open, satisfies(g0)—
(g2). Recall that, due to Proposition 2.5, any solution of Eq. (2) has all its segments
in the set X; C C'. In the sequel we construct solutions to the TVP

X (1) = g(dx,x), X0 = W € X1t ®)
and obtain a semiflow on the set X;4+ C Xj.

Proposition 4.1 (Local existence). For every y € X\ there is a solution x :
[—h,t,) = R", 0 <t, < oo tothe IVP (8).

The idea of the subsequent proof is based on the fact that, with A € (0,4) and
a neighbourhood N of (d w, y) chosen according to (gl), any solution of the IVP
satisfies

g(dx,x,) = 8\(/‘1 Xt)
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as long as 0 <t < A and (dx,,%) and (9 y?, x,) remain in N. Using this and (8)

we find that for small 7 > 0 the function u given by x(¢ t) + yé(t) satisfies the
equation
u(t) = x(1) =y (1) = x(1) = (y(0) + ¥'(0)1) = x(t) — y(0) —18(I y, y)
= [ -s@w s = [ (@x5.5) - @ w)ds
= [ ) - g@v.wis

—/ (2D ve, v +us) — g(d v, y))ds

which can be solved by a contraction.

Proof of Proposition 4.1. 1. For T > 0 let C} denote the Banach space of
continuously differentiable functions u : [—h,T| — R" with uy = 0, with the
norm given by

= ma ! ma "(1)].
|ul1,7 —hgérlu( )|+7h§éT|M (t)

Let v € X, be given. Set A = Lip(d y). Choose a neighbourhood N C W of
(Qy,y)inCxC"and A € (0,h),L > 0 according to (g1) and (g2). Choose r > 0
and T € (0,A) so small that for all u € C} with |u|, 7 < r and for all € [0,T] we
have

@y w?+u) e Nand (d(w +u), ' +u) €N, )

and

DLT(A+1) <1, 2LT (A +1)r+ (T +1) max |g( @yl yh—g(dy,p) <

2. Observe that for any u € C} the map
[0.7] 51 g@ v,y +u) R

is continuous. Define a map A = Ay, 7 from C}. into the set Fr of all functions
[—h,T] = R" by
A(u)(t)=0for —h <t <0,

A(u) (1) / (2(0 v v +1us) — g(9 v, w))ds for0 < 1 < T.

For u € C}- the function A(u) is differentiable on [—4,0) U (0, T]. Atz = 0 the left
derivative exists and is zero, and the right derivative exists and equals

3‘!’6‘=W’1+u0 9‘!’7 )_
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It follows that A (u) is differentiable, with continuous derivative. Hence A (u) EC}.
3. (Lipschitz estimate) Let u,v in C} be given with |u|; 7 <7, |v[17 <r. Setw=
A(u),z=A(v). Letr € [0,T]. Then

w(t) —2(r)] < max [g(d e S (CA T ]

< tL(A+1) max |u; — vyl
0<s<t

(with (g2) and Lip(d w¢) < Lip((y?)') < Lip(d y) = 1)

<tL(A+1) max |u(s)—v(s)]

—h<s<t

and similarly

W () =20 = 180w, v +u) — gy, yf +v)

< L(A+1) _max |u(s) —v(s)].
Using the estimate

Ju(s) —v(s)| =

S
/(u’(c)—v’(c))dc <tlu—v)ir
0 ;
for 0 <s <t we obtain
W' (t) =2 (t)] < LA+ Dt|lu—vl|ir.
It follows that
|A(u) —AW) 17 <2LA+ )T |u—v|i 1,

and the restriction of A to the closed ball {u € C} : |u|;7 < r} is a strict
contraction.
4. (Bound) Foru € C} with |u|; 7 < r we have

|A(u)|1,r < |A(u) —A(0)]1,7 +|AO) 1,7
<2L<A+1>T|u|w+/ 122 v v — g(d v, p)lds
+ max [g(0 v yi) — (0w,

< 2L(/'L+1)Tr+(T+1) [max |g @yl ) —g@y,y)| <r.

5. The contraction mapping principle yields a fixed point u € C} of A with
luly7 < r. The function x : [~h,T] — R" given by x(t) = wo(t) + u(t) is
continuously differentiable with xo = v,
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(Dx,%) = (W +u), W +u,) €N CW (due to (9))

and

()= (y) (0)+u' (1) = ' (0) +8 (@ y', v +ur)—8(I v, w) = g(I vy’ +uur)

for0<¢t<T.For0<tr<Tandfor—h<s<—-Awehave —h<t+s<T—-A<0,
and consequently

AV () =y (t45)=(y) (1+5)+u (t45) = d W (s)+0 u; (s) = I (W +u, ) (s

Recall (9). Property (g1) now yields

g@‘l’f’;‘l’f"‘uz) l//d-i-uz llld—i—ut 8(dxr,x¢)

for 0 <t < T, and we see that x is a solution to Eq. (2). O

Proposition 4.1 is the only result on existence of solutions to Eq. (2) which we
need the sequel.

Proposition 4.2 (Smoothness, invariance). For any solution x : [ty — h,t,) — R”,

10 < to < oo, of Eq. (2) with x;, € X\ the derivative x' : [t) — h,t,) — R" is locally
Lipschitz continuous.

Proof. For ty) = 0. We have
0 #A={tel0,t,): x'|[-h,t] Lipschitz continuous}

since 0 € A. Assume s = sup A < t,. Choose a neighbourhood N of (0 xy, x5), Aand L
according to (g1) and (g2). By continuity there exists € € (0, %) so thats+¢€ <t, and
(0 x;,x) € Nfort >0in[s—eg,s+&]. Also, for some u > 0 in (s — &, s] the restriction
x'|[~h,u] is Lipschitz continuous. There exists a Lipschitz continuous continuation
y:i[—h,s+€&] = R" of X'|[—h,u] with max,<,<st¢ |y(r) —'(¢)] so small that (y,x) €
N foru <t <s+e&.Forsuchtand —h <w < —A we have —h <t +w < u, hence
yi(w) =y(t+w) =x'(t+w) = dx(w). Using (g1) we obtain that for ¢, 7 in [u,s+ €]
the following estimate holds:

I (1) =X (7)| = |g(9 %, %) — (9 xe,x0)| = (v, 1) — (e, xc)|

< L(|ye —ye| + (Lip(yi) + Dlxe —x<[)  (by (82))
< LLipO)l = 7|+ Lip(y) +1) max  1X'(v)]lr —1]).

We infer that x’|[—h, s+ €] is Lipschitz continuous, in contradiction to s = supA. O

Corollary 4.3 (Uniqueness). Ifx:[—h,t,) —R", 0<t, <o, andy:[—h,t,)— R"
are solutions of the IVP (8) with xo = yo € X1+ then x =y.
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Proof. Suppose the assertion is false. Then the set

A={te[0,te): x(u) =y(u)for —h<u<t}#0
is bounded and s = sup A < f,. By continuity, x(u) = y(u) for —h < u < 's. Choose
a neighbourhood N of (d x;,x;), A € (0,h) and L > 0 according to (gl) and (g2).
By continuity of [0,z,) 3¢+ x, € C' and [0,z,) > ¢+ y, € C' there exists ¢ €
(8,2) N (5,54 A) so that for s < u < o we have

(0xu,xy) €N, (dYu,yu) €N, and (dxy,y,) € N.

Observe that for such « and for —h <w < —A we have u+w < s, and consequently

dx(w) =X (u+w)=y(u+w) =9y, (w).

Lets <t < 0. Using (gl) we get
1 1
) =501 < [ W)=y @ldu= [ 180 05) ~ 8(0yuy)ldu
t
:/ |g(8xu,x”) _g(axuuyu)|du (with (gl))
t

< / L(Lip(¥|[~h, 6]) + 1) — yaldu  (with (22))

< L(t —s)(Lip(¥'|[=h,0]) + 1) max |x(u) —y(u)|.

s<u<t
Choose T € (s,0) so that
L(T —s)(Lip(x'|[~h,0]) + 1) < 1. (10)

Consider ¢ € [s,T] with |x(t) — y(¢)| = maxs<,<7 [x(u) — y(u)|. It follows that |x(¢) —
y(t)] = maxs<y<; |x(u) — y(u)|. The preceding estimate and (9) combined yield

0= |x(t) = y(1)] = max |x(u) —y(u)| (= max |x(u)—y(u))),

s<u<t s<u<T

hence x(u) = y(u) for all u € [—h,T], and thereby T < s, in contradiction
tos<T. a

Now maximal solutions of the IVP (8) are obtained in the usual way: For y €
X1+ let

ty = sup{t, > 0: There is a solution x : [—,7,) — R" of the IVP (4.1)} < oo
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and define the solution x¥' : [—h,1,,) — R” of the IVP (8) by the solutions on intervals
[—h,t.) with 7, < . It follows that

x! € Xy forallt € [0,1y).
Set
Q= U [0,0) x {w}

yeXiy

and define G| : Q; — X, by Gi(t,y) = x. Then {0} x X;, C Q; and for all
V€ X4, Gi(0,y) = y. For 0 <t <ty and 0 <5 < g, () one easily shows that

0§l‘+s<l‘w and GI(I+S,1[/) :Gl(S,Gl(l‘,l[/)).

We shall prove that Q; is open in [0,0) x X; and that G is continuous, both with
respect to the topologies given by the norms on R x C! and on C', respectively. This
requires some preparation.

Incidentally, notice that in the proof of Proposition 4.1 one does not immediately
get that the fixed point (the local solution) depends continuously on the initial value
with respect to the norm | - |; since the Lipschitz constant for A depends on Lip(d y);
contraction is not locally uniform with respect to the parameter y.

Proposition 4.4. Let y € X . There exist T =T (y) € (0,ty) and a neighbourhood
V=Vyofyin C with x) €V for 0 <t < T such that the following holds:

(i) Foreach x € X, either T <t; orxf ¢V for somet € [0,T]N[0,1y).

(ii) Foreachp € Xi+ with T <ty andx{ €V forallt € [0,T] there exists c(p) > 0
such that for every 1 € Xy and for every t € [0,T]N[0,ty) withx{ €V for all
s € [0,t] we have

lxy] —xP|1 <c(p)In —pliforallse[0,1].

Proof. 1. Choose a neighbourhood N C W of (9 y,y) in C x C' and A € (0,h),L >
0 according to (g1) and (g2). By continuity there are an open bounded neighbour-
hood V of y in C! and T € (0,A) N (0,ty) so that for all x,¢ in ¢!V and for all
t €[0,T] we have

(0x%,0) €N, (20,0) €N, andx) € V.

2. Proof of (i). 2.1. Let x € X;;.] Setx =x%. Assume x; € V fort € [0,7]N[0,1,).
We show that x'|[—/,T] N [—h,1,) is Lipschitz continuous. For 7 € [0,7]N[0,7,)
we have (9 x¢,x,) € N (because of y = xp € V and x, € V) and (dx;,x,) € N (by
x; € V). Forsuch r and for —h < s < —Awealsohave —h <t+s<T—-A<O0,
hence

I () = (") (t45) =x'(1+5) = I (s).
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For every #,uin [0,7]N[0,7,) we infer

' (£) = ' ()]
= (9, %) — §(xu )| = 18(9 2 x) — 8( g xu)| (by (21)
< L(19 35" = 9 2|+ (Lip(9 ") + 1)t — xu]) (by (22))

< L(Lip((x*))e —ul + (Lip((x*))+1)  sup  [¥(s)[[t—ul)
s€[=h,T|N[—hty)

< L(Lip(d x)|t —u| + (Lip(d x) +1)  sup  |xs|i]r —ul)
s€[0,T1N[0.1)

< LLip(@ )l ul+ (Lip(@ ) + 1) sup ol —ul).

2.2. Assume in addition, <T. The result in part 2.1 implies that x’ has a
Lipschitz continuous extension defined on [—A,1,]. It follows that there is
continuation of x to a differentiable map £ : [—h,t,] — R" with Lipschitz
continuous derivative. The segment ¢ = £, belongs to ¢/V, and ¢ € X;.

Using the solution x? and the algebraic semiflow properties we obtain a
continuation of x as a solution beyond ¢, which is in contradiction to the
definition of #,,.

3. Proof of (ii). Let p € X1y, T <tp,x=xP,x, € Vforallt € [0,T]. Let n € Xy,
y=x",1€0,T]N[0,ty), and y; € V for all s € [0,7]. For 0 < s <r we proceed
as in part 2.1 and get

W (s) = (s)]

= |g(axs7xs)_g(ays7ys)|

= [g(@p{'.x5) — g(@n.ys)| (by (g1)

< L(12p’ = In{|+ (Lip(9 pf) + 1)|xs = ys) (by (g2))

< L9 p —am|+ (Lip(@p) + Dilp —nl+ [ 1) =¥/ (w)ldu),

because of |x;(u) — ys(u)| < |p —n| for s+u <0 and |xs(u) — ys(u)| < |x(0) —
YO+ o W () =y ()ldv < |p = 1|+ Jg ¥ (v) =Y (v)|dv for 0 < s+ u. Using
Gronwall’s lemma we infer

' (s) =y (s)l < lp = nhei(p)

with
e1(p) = L(Lip(d p) + 1)e M Hr@P) 1),
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Integration yields
[x(s) =y ()| < [x(0) =¥(0)| + Tlp — nlici(p) for 0 <'s <1.

For —h <5 <t we get

[x(s) = y(s)] < (1+Ter(p))lp —nliand [¥'(s) =y ()] < (1 +-e1(p))lp — 11

Finally,
s —ysli < |lp—n124+ (T +1)ci(p)). 0

Corollary 4.5 (Uniform continuous dependence locally). Let v € X|;. Then
there exist T = T(y) € (0,ty) and a neighbourhood Vo, of W in C' with the
following properties.

(i) Forall y € X1 NVoy, T <ty.
(ii) For each p € X1 NVy,y there exists c(p) > 0 such that for all y € X1, NVp y
and for all t € [0,T] we have

it =i <c(p)lx —pli-

Proof. 1. Let w € X;1 be given. Set x = x¥. Choose T = T(y) and an open
neighbourhood V = V), according to Proposition 4.4. As x; € V for 0 <t < T
we also get a constant ¢ = ¢(y) according to part (ii) of Proposition 4.4. As
K =1{x:0<t<T}CYV is compact there exists € > 0 so that all ¢ € C' with
|¢ —x;|1 < & for some ¢ € [0,T] belong to V. Choose a positive

€

o<
1+c¢

and set
Vo=Voy={xeC :[x—yh <8}nV.
2. Proof of (i). Let x € X1+ NVp, y = x%.

2.1. Proofofy, €V forallz € [0,7]N[0,z).
Suppose y; ¢ V for some ¢ € [0,T]N[0,7;). As yo = x € Vo C V we obtain s €
[0,7]N[0,2,) with y; € V for 0 < < s and y, ¢ V. Part (ii) of Proposition 4.4
gives
e —x <cly—whi <cdfor0<r<s.

By continuity, |ys —xg|; < ¢d < €, which implies a contradiction to y; ¢ V.
2.2 Part (i) of Proposition 4.4 yields T < t,.

3. Proof of (ii). As T <t, for every y € X; NV, the same argument as in part 2.1
now shows that y* €V forall ¢ € [0, T]. Using this and part (ii) of Proposition 4.4
we infer that assertion (ii) of the corollary holds. O
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Standard arguments which involve the preceding corollary, the continuity of the
curves [0,1y) 1 — x/ € C', w € X1, and the algebraic semiflow properties now
yield the final result of this section.

Corollary 4.6. Q, is an open subset of [0,02) x X\ with respect to the topology
induced by R x C', and Gy : Q| — X1 is continuous with respect to the topology
on X1 induced by C'.

Proof. 1. Let y € X\ be given. Corollary 4.5 provides T € (0,t,) and a neighbour-
hood Vj of y in C! so that [0, 7] x (X1, NVy) C Q). We show that the restriction
of Gy to [0,T] x (X1, NVp) is continuous with respect to the norm on C'. Let
p €X;NVyandz € [0,T] be given. Choose ¢ = ¢(p) according to part (ii) of
Corollary 4.5. For all y € X;+ NV and all s € [0,T] we infer

|G1(s, %) = Gi(t,p)l1 <[Gi(s,x) —Gi(s,p)1 +|Gi(s,p) = Gi(t,p)1
<clx—pli+I1Gi(s,p) = Gi(t,p)l1,

and the continuity of G; at (¢,p) becomes obvious as [0,7,) > s > x§ =
Gi(s,p) € C! is continuous.

2. Part 1 shows that the set M = M,, of all t € (0,t,) for which there is a
neighbourhood V; of y in C! so that [0,7] x (X; NV;) C Q; and G1][0,7] x
(X, NV,) is continuous with respect to the norms on R x C! and C! is not empty.
Proof of

2.1 Suppose there exists 7 € (0,7y) \ M. For every t € M, (0,7] C M. It follows
that 0 < 3y = sup M <ty and (0,7y7) C M. Let p = Gy (ty, ¥) € X; . Part 1
shows that there are T = T, > 0 and an open neighbourhood Vp , of p in C !
so that [0,T] x (X NVp,p) C Q and G1][0,T] x (X1 NVp ) is continuous
with respect to the norms on R x C! and C', respectively. By continuity there
exist 1 > u > 0 in (fyy — T,1pr) with G (t,y) € X; . NVpp and Gi(u,y) €
X141 NVyp. Ast € M we also have an open neighbourhood V; of y in c!
so that [0,7] x (X;3NV;) C Q; and G1][0,7] x (X;+NV;) is continuous with
respect to the norms on R x C! and C'. We may assume that V; is so small
that

Gi(u,9) € Vo forall ¢ € V.

2.2 Proof of [u,u+T]x (X;+NV;) C Q and continuity of Gy |[u,u+T] x (X1+N
V;) with respect to the norms on R x C! and C': For (¢,%) € [u,u+T] x
(X1+ ﬂVt) we have t —u € [O,T], (I/t,x) € Qy, and Gl(u,x) € X1+ ﬁV(),p.
It follows that (r —u,Gy(u, %)) € [0,T] x (X143 NVo,p) C Qf, and thereby
(t,x) € Qrand Gy (t,x) = G (t —u,G1(u, x)). The last equation shows that
the restriction of Gy to [u,u+ T| X (X1+ NV;) is continuous with respect to
the norms on R x C! and on C!.



234 H.-O. Walther

2.3 Usingu <t we infer [0,u+T] x (X4 NV;) C Q; and continuity of G, |[0,u+
T] x (X1+NV;), which contradicts the fact that 7y < u+ T is an upper bound
for M.

3. Now let (r,y) € Q. Then 0 <t < ty,. Choose s € (t,ty). By part 2, s € My,
and there exists a neighbourhood V; of y in C! so that the neighbourhood [0, 5] x
(X714 NVy) of (t,y) (in the topology given by R x C' on [0,0) x X ;) is contained
in Qp, and the restriction of G to this neighbourhood is continuous with respect
to the norms on R x C! and on C'. This yields the assertions about 2| and Gj.

O

5 A Submanifold in C?

Proposition 5.1. Suppose g:CxC' DW — R", W C C x C' open, has properties
(gl) and (g3), and X, # 0. Then X, is a continuously differentiable submanifold of
codimension n in C?, with tangent space

TyXo={x €C*: x'(0) =Dg:1(d v, v)(d 2. %)}

aty € Xp.

Proof. 1. We have X, = A~!(0), for the continuously differentiable map
A:C O U2y (ev1(0,-)09)(y) — 819w, y) €R

defined on the open subset Uy = {y € C?: (d y,y) € W} of C2. For X, to be
a continuously differentiable submanifold of C? it is sufficient to show that all
derivatives DA(y), ¥ € X3, are surjective because then for each y € X, there is
a decomposition

C? = K@ Qwith K = (DA(y))~1(0) and dim Q = n,

and DA(y) defines an isomorphism Q — R"; the Implicit Function Theorem
yields a local graph representation of A~!(0) = X, given by a map from an open
subset of K into Q.

2. (Surjectivity of derivatives) Let y € X, = A~!(0) be given. Choose A € (0,4) and
a convex neighbourhood N of (9w, y) in C x C' according to (gl). Consider
x € C? with y(t) =0 for —h <t < —A. For s € R sufficiently small we have
(dy+sdy,y) €N and

g@y+sdy,w)=gdy,y)
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(by (g1),as dy(t) = (d y+sd x)(t) for —h <t < —A). It follows that

. 1
0= lim —(g1(Qy+sdy,y)—g1(dvw,y))=Dig1(dy,y)dx,

0#s—0 §
and thereby
DA(y)x = x'(0) —Dg1(d v, w)(d x, x)
=%'(0)—0-Dg1(Q v, ¥)x
= x'(0)—Dg1(d v, y)(0,%)
= x'(0) = Deg1 (2 v, y)(0, x). (11)

For i € {1,...,n} consider ¢; € R" with prie; = 1 and prye; = 0 for k # i
in {1,...,n}. There exists a sequence of functions y, € C>, m € N, such
that for every m € N we have y,,(0) = e;, xm(t) =0 for —h <1 < —A, and
limy,—e0 | m| = 0. Due to (g3) the map D,g;(d v, y) : C x C — R" is continuous
at (0,0). Using (11) we obtain

DA(W) xm = €i — Deg1(0W, W) (0, Xm) — ej as m — oo.

We conclude that the image DA(y)C? contains a basis of R”, and DA(y) is
surjective.

3. As mentioned above, the result of part 2 yields that X, = A~!(0) is a continuously
differentiable submanifold with codimension 7 in C2. Let y € X,. The definition
of tangent vectors, the chain rule, and the fact that A vanishes on X, combined
yield

TyXa C (DA(w)) ' (0) ={x €C*: x'(0) =Dg1(d v, v)(d x.x)}-

Both spaces are closed and have codimension 7, so they are equal. O

6 A Semiflow on a Subset of the Manifold X, C C?

In this section we assume that g : C x C' D W — R", W open, has the properties
(g0)—(g3). We show that Eq. (2) defines a continuous semiflow on the closed subset
X5, of the manifold X,. Recall from Corollary 2.11 that all segments of twice
continuously differentiable solutions belong to X5,, and X5, C X C X ;.

Proposition 6.1. For each y € Xy, the solution xV is twice continuously differen-
tiable, and for allt € [0,ty), x| € Xy,
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Proof. Let w € Xp, be given. Set x = x¥. It is sufficient to show that the
nonempty set

M = {1 €[0,ty) : x'|[—h,1] is continuously differentiable}

coincides with [—h,ty). Suppose this is false. Then 0 < s = supM < ty, and
X|[=h,s) is twice continuously differentiable. Choose a neighbourhood N C W
of (9xs,x;) in C x C! and A € (0,h) according to (g1). By continuity there exists
0 € (0,A) sothat s+ & <1y and (dx;,x;) € Nforallz > 0in (s — 8,5+ &). Choose
r > 0 so that (y,p) € N for all y € C with |y — dx,| < r and for all p € C' with
|p —xs5|1 < r.Choose € € (0,6) so thatforall u > 0in [s — &,s + €],

r

|y — x5]1 < 3
In case s = 0 we have s € M. Set t = 0 in this case. In case 0 < s choose t > 0
in (s —€,s). In both cases, t € M, hence x; € Cc2. Proposition 2.3 provides a twice
continuously differentiable function y : [r — h,s + €] — R" with y; = x; and |y (u) —
¥ (u)| < 4 fort <u < s+ e. Consequently,

ror
|0 yu — dxs| <9 yu — Ixu| + Xy — x5|1 < §+§ =rfort<u<s-+e.

It follows that (9 y,,x,) € N for such u. Fort <u <t+¢ and for —h <v < —A we
haver —h<u+v<r+A—A=t, hence

dyu(v) =y (u+v)=x(u+v)=9dx,(v).
Using (gl) we infer
X () = 8(9xusxu) = 8(9yu,xu) = g1((Y Jusxu) forr <u<r+e.

As y and x are continuously differentiable Proposition 2.9 and the preceding
equation combined yield that x’'|[t, + €) is continuously differentiable. In case 0 < s,
t <s<t+eg,weinferthat x'|[—h, 7+ €) is continuously differentiable, which implies
a contradiction to s = sup M. In case s = 0 and ¢t = O the relation y = xp € Xy,
and Proposition 2.9 combined show that the left and right derivatives of x’ at r =0
coincide. It follows that also in this case x'|[—h, 7+ €) is continuously differentiable,
and we have a contradiction as before. ad

We define
Q= {(t,y) €[0,%0) x X, 11 <1y}

and consider the map
Gy : Q> (1,y) '—)xtw € Xox.
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Proposition 6.1 and the fact that G is a semiflow combined yield that G, has
the algebraic properties of a semiflow. Q) is an open subset of [0,00) x X;
(in the topology given by R x C?) as it is the preimage of the open set Q; under
the inclusion map

[0,00) X Xpx — [0,00) X X1+

which is continuous with respect to the topologies given by R x C! on its range and
by R x C? on its domain. It also follows that the map

Q3> (1, y)— Gat,y) eC!

is continuous. In order to obtain continuity of G, with respect to the norms on R x C2
and of C2, respectively, we first establish a local result.

Proposition 6.2. Forevery y € X,, there exist T =T (y) > 0 and a neighbourhood
V =V () of W in Xa, (with respect to the topology given by C*) so that [0,T] x V C
Q) and

0,T]xV 3 (t,0) — x? € C?

is continuous (with respect to the norm of R x C?).

Proof. 1. Let y € X, . be given. Let x = x¥. There exist ¢ > 0 and an open
neighbourhood N; C W; of (9 y, ) in C! x C! so that IDeg(Xx:P)|L(cxcrny <
¢ for all (x,p) € N; (see Proposition 2.6), and such that the assertions of
Corollary 2.8 hold, with some A € (0,4) and for (¢,v), (¢, y1) in N; with
(1) = ¢1(¢) for —h <t < —A.

2. Recall Proposition 2.4 (iii) and the facts that ; is open in [0,e) X X;; (with
respect to the topology given by R x C') and that G; is continuous (with
respect to the norms on R x C! and on C'). An application of Proposition 2.2
to the continuously differentiable map " yields that [0,ty) >t — dx, € C' is
continuous. We conclude that there exist a neighbourhood V| = V;(y) C X5, of
v (with respect to the topology given by C?) and T = T(y) € (0,A) with the
following properties:

[O,T]le C Qq,
(9¢tdd,x,¢) € Ny forO0<t<Tand¢ €V,
(dx,x;) € Ny for0<t<T.

Observe that we also have [0,7] x V| C Q,. For ¢ € V;, t € [0,T], and s €
[—h,—A] we get —h <t+s<A—A=0, hence

I (s) = () (t+5) = ¢/ (t+5) = 9 ¢ (s) (12)
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and
29x%(s) = (x0)"(t +5) = 0" (t +5) = 99 ¢ (s). (13)
3. (Estimate) Let ¢, p in V; be given. Set y = x?,z = xP. For every ¢ € [0, T| with
(dyr,y:) € Ny and (dz1,2) € Ny

we obtain

Y'(1) = 2"(1)] = 1Deg1(9y1,3:)(9 1,0 y1) — Deg1(9 2, 2)(99 21,9 7|

(asyr € Xp.,7 € Xo4)

< |[Deg1(9ye,y1) — Deg1(9 z1,2)1(99 1,0y )|
+1Deg1(92,2)[(99 yi,dy1) = (99 2,9 2]

= |[Deg1(9 9/, 31) = Deg1(9 ', 21))(99 ¢, I )|
+1Deg1(9p",2)[(99 91,9 y1) = (99 pi, 9 z1)]|
(recall Corollary 2.8, the choice of Ny and A,
and (12), (13))

< |[Deg1(9 91, y1) = Deg1(9 pf,2)](99 9, 9 )|
+e(197 = p 2+ [y —zlr)

4. We show that there is a neighbourhood V3 = V3(y) C V; of v in X, (with respect
of the topology given by C?) so that for all ¢ € [0, T] and for all ¢ € V3,

(2x) x) e Ny

4.1 Due to continuity the set K = {x, € C?>: 0 <t < T} is a compact subset of C2.
Its image under 0 x id belongs to the open subset Nj of C! x C!. It follows
that there exists € > 0 with (9 ¢,¢) € N; for all ¢ € C* with dist(¢,K) < €.

4.2 The continuity of G| and Proposition 2.4 combined imply that there exists
an open neighbourhood V> C V| of v in X5, (with respect of the topology
given by C?) so that for all # € [0, 7] and for all ¢ € V» we have

€

and |¢Idd_ Wtdd|2 < 4(C+ 1)

(14)

|X§b —x,|1 <

£
4(c+1)

4.3 The map

[0,7]% V23 (1,0) = [Deg1 (9 6,57 ) = Deg1 (9w, x)) (99 6,0 x) € R”
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4.4

is continuous and vanishes on the compact set [0,7] x {y} (in R x C?).
It follows that there exists an open neighbourhood V3 C V; of y in X5, (with
respect to the topology given by C?) so that for all € [0,7] and all ¢ € V;
we have

3e
|¢—wlz<7

and
€
1Deg1 (99,4 ~ Deg1 (9 9, 2))(29 64,060 < =

Let ¢ € V3 be given and assume (axf’,xf’) ¢ N; for some t € [0,T]. As
(0¢,6) € Ny and N is open and [0,T] 3 u — x§ € C? is continuous there
exists s € (0,7] with (9x?,x%) € Ny for 0 <1 < s and (9x?,x?) ¢ N. For
0 < u < s the estimates of part 3 combined with (14) yield

AV _n f € € 3_8
&) ae) = ()] < 4+C<4(c+1)+4(c+1)> I
Using this and the first estimate in (14) we find

) — x|, <efor0<u<s.

It follows that [x? — xs)» < &, hence dist(x! ,K) < & which implies a
contradiction to (d xg),xf) ¢ Nj.

5. Let ¢ € V3 and € > 0. We show that there is a neighbourhood V,, C V3 of ¢ (with
respect to the topology given by C?) so that for 0 <t < T and for p € Vy we have

|xf —xf’|2 <& Lety=x?, and for p € V3, z = x. The results of parts 3 and 4
combined yield the estimate

(1) =" ()] < |[Deg1(9 P, z) — Deg1 (9 ¢, 3:)1(99 97,9 vy )|
+e(lpf — ¢+ |z — vil1)

for all 7 € [0,T]. The assertion follows from this estimate by arguments as in
part 4.

6. (Continuity of the map [0,7] x V3 3 (t,p) — x € C?). Lett € [0,T] and ¢ € V3
be given. For all s € [0, 7] and all p € V3 we have

0 —xl s < P —xllo+ k¢ — x|

IN

A

sup 38 — x|+ [x — x|,
0<u<T
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Use part 5 and the continuity of [0,7] > s +— x! € C? at s =1 in order to complete
the proof. O

Corollary 6.3. The map G, : Qp — X», is continuous (with respect to the norms on
R x C? and C?).

Proof. Let (t,y) € Q) be given. Choose #q € (t,t,). Define M to be the set of all
s € (0,1o] for which there exists a neighbourhood V' C X;, of v (with respect to the
topology given by C?) such that [0,s] x V C ©; and G |[0,s] x V is continuous (with
respect to the norms on R x C? and C?). Proposition 6.2 yields M # 0. Consider 1, =
sup M € (0,19]. In case t; =ty it follows that G, is continuous at (7, y) (with respect
to the norms on R x CZ and Cz). We exclude the case #; < fo: In this case we argue
as before and obtain 7 > 0 and a neighbourhood V| C Xa, of p = x,“ll (with respect to
the topology given by C?) so that [0,T] x Vi C Q, and G,|[0,T] x V; is continuous
(with respect to the norms on R x C? and C?). There exist s > 0 in (t1 — T,t;] with
x{ € Vi, and u € (s,1;]N M. We obtain a neighbourhood V,, C X, of y (with respect
to the topology given by C?) so that [0,u] x V,, C Q, and G»|[0,u] x V,, is continuous
(with respect to the norms on R x C? and C?). In addition we may assume that
Gy({s} xV,)CVi.Fors <w<s+T and y €V, we have 0 <w—s < T and
Ga(s,x) € Vi,hence w = (w—s) +5 <1y, (w,x) € Q and

Gr(w,x) = Ga(w—5,Ga(s, %))

This decomposition shows that the restriction Ga|[s,s + T| x V,, is continuous (with
respect to the norms on R x C? and C?). As s < u it follows that [0,s+T] x V,, C Q,
and that the restriction G,|[0,s + T| x V, is continuous (with respect to the norms
on R x C? and C?), in contradiction to the fact that #; < s+ T is an upper bound
of M. ad

7 A Variational Equation

This section prepares the proof of differentiability properties of the solution
operators G, (t,-) in the subsequent Sects. 8 and 9. We consider a map g : C x C! D
W — R", W C C x C' open, with the properties (g0)—(g3). For v € X, and
X € To.yXo C C! we study the IVP

V(1) =Deg1(dx! ") (dve,vr) (15)
vo=X. (16)

A solution is a continuously differentiable function v : [—h,z.) = R", 0 < 1, <1y,
which satisfies Eqs. (16) and (15) for 0 < ¢ < t.. We also consider solutions on
compact intervals [—A,t,] with 0 <, < ty,. For a solution Eq. (15) holds at = 0,
too, and we have v, € Te,Gz(,,w)Xz for all + > 0 in its domain.



Semiflows for Neutral Equations with State-Dependent Delays 241

Proposition 7.1. For every y € Xo . and for each x € T, yX> there is a solution
WX o [—h,ty) = R" of the IVP (15) and (16) so that any other solution is a
restriction thereof. The evolution operators

ToyXa D x = v/ * €T, 60 X2, 0<1 <1y,

are linear.

Proof. 1. (Local existence) Let y € Xo,, x =xV, y € T, yX,. For (Qy,y) e W;
choose A € (0,4) and a neighbourhood Ny C W; of (9 w, ) in C' x C! and r > 0
according to Corollary 2.8. Choose 7' € (0,A) N (0,1) so that for all r € [0, 7],
(dxt,x:) € Ny. The map

A0, X C3 (1,9) = Dogr (9x1,%)(2 1, 9) € R
satisfies
A(1,0) = L1, ) + f(r)
with L: [0,T] x C — R” given by
D.g1(9x:,%:)(0,9)

and f: [0,T] — R" given by

F(t) = Deg1(9x,%)(9 21, 0).
L and f are continuous and each L(¢,-) : C — R", 0 < < T, is linear. The [IVP
V() = A(t,v) = L(t,v) + f(t)
vo =X
has a continuous solution v : [—h,T] — R" (see Appendix, Proposition 11.4).

There is a right derivative v/(0+) of v at# = 0, and v/(0+) = A(0,%). Asvo = x
is continuously differentiable with left derivative

V(0—) = x'(0) = Deg1(d y,y)(d x, x) = A0, x) =V'(0+)

we see that v is continuously differentiable. For 0 <t <7 and —h <s < —A we
have —h <t + s <0, and thereby

92 (s) = X't +5) =V (1 +5) = Iui(s).
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Using Corollary 2.8 we infer
vl(t) :A(tvvl) = Degl(axtvxl)(axtduvt) = Degl(axtuxt)(avtavt)

for0<r<T.

. (Uniqueness) Suppose v : [—h,t,) — R" and w : [—h,t,) — R" are solutions of
the IVP (15) and (16), vo = y = wo and v(¢) # w(t) for some ¢ € (0,¢,). For
s=inf{r€[0,t.) :v(t) #w(t)} we get 0 <s <t and v(r) = w(r) for —h <t <s.
Proposition 2.6 and continuity combined yield ¢ > 0 and § > 0 so that for s <
t < s+ 6 we have

|Degl(axlvxl)|Lc(C><C,]R") <ec.

Choose A € (0,4) and a neighbourhood Ny C W; of (9 x;,x;) in C! x C' and r > 0
according to Corollary 2.8. Choose T > 0 with T < min{A, 8,7, — s} so that for
allt € (s,s+T), (dx;,x) € Ny. For such ¢ we infer

|V(l‘) - W(t)| = |V(S) —W(S) + At Degl(axuuxu)((a Vuavu) - (awuawu))dul

t
— 0+ / D1 (9 %) (9 Vies Vi) — (9 s i)l
JS
(due to Corollary 2.8; fors <u <tand —h<a < —A,

u+a<s, hence dv,(a) =V (u+a)=w(u+a)=9dw,(a))

t
< [ 1Deg1 (0505) (@vi 1) = (Vi)

< ¢ max |vy, —wyl|(t —s)
s<u<t

< ¢ max [v(u) —w(u)|(r—s)

(asv(u) =w(u) for —h<u<ys).

Fort <s+ 2—16 the preceding estimate implies a contradiction to the definition of s.
. (Maximal solutions) Let

tyy = sup{r € (0,ty) : There is a solution v : [—h,1) — R" of (15) and (16)}.

Then 0 < ty, < ty. Define VWX : [—h,ty ) — R" by vWX(s) = v(s), with a
solution v : [—h,1) — R", s < t, of the IVP (15) and (16). Then v¥% is a solution
such that any other solution of the IVP (15) and (16) which is defined on
an interval of the form [—h,1), 0 <t < ty, is a restriction of vWX, We show
tyy = ty. Set v=v¥Z and s = ty,, and suppose s < ty,. Choose A € (0,h)
and a neighbourhood N; C W; of (dx,,x) in C!' x C! and r > 0 according to
Corollary 2.8. We may assume that A > 0 and a further number 7' € (0,A) are
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sosmall that 0 <s—T,s—T+A <ty andfors—T <t <s—T + A we have
(dx;,x) €Ny. Let p = vs_7 € C! and consider the continuous map

A:[0,A] X C3 (1,0) = Deg1(dxs 111,%-74:)(@pL,0) € R".

As in part 1, Proposition 11.4 yields a (continuous) solution w : [—h,A] — R" of
the IVP

ForO0<t<Aand —h<u < -—Awehave —h <t+u <0, hence

Ip(u) = (p*) (t+u) = (v{_7)' (t +1u) = (vs-1)'(t + 1)
= (wo) (t+u) =w(t+u)=dw(u).

Using Corollary 2.8 we infer

W/(t) = A(tawt) = Degl(gxszthvxszth)(a pzdet)
= Deg1(0Xs—141,X5—741) (D Wi, w;) for 0 <1 <A

The map v : [—h,s — T + A] — R" given by %(¢) = v(t) for —h <t <s—T and
v(@t)=w(t—(s—T))fors—T <t <s—T+Ais continuously differentiable and
is a solution to the IVP (15) and (16), in contradiction to the fact that any solution
of this IVP is a restriction of v = v¥:X,
4. The assertion about linearity now follows by means of uniqueness of solutions to
the IVP and linearity of the maps D.g1(d x;,x;) : Cx C = R", 0 <t < ty.
O

Proposition 7.2 (A bound for evolution operators, locally uniform on Q;). Ler
v € Xp, and T € (0,ty) be given. There exist € > 0 and ¢ > 0 such that for all
¢ € Xo, with |¢ — y|y < € we have T <ty and

|v,¢’l|1 < clxliforally € T, X andt € [0,T].
Proof. 1. (An estimate for small ¢) Let v € X»,. Using that Q; is open, that G,
is continuous, and Proposition 2.6 and Corollary 2.8, we find #(y) > 0, € =

e(y) > 0 and ¢ = ¢(y) > 0 with the following properties: For every ¢ € X,
with | — y|> < € we have 7(y) < 14 and

Deg1 (95, x0) |1 ey < cfor0 <1 <1(y),
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and for all (p,f3),(n,B) in C x C with p(s) =1(s) for —h < s < —¢, and for all
t€[0,1(y)l;

egl(axt 1 X1 )(P B)= egl(axt 3 Xy )(ﬂ B)- (17)
We may assume #(y) < g(y). Then —h < t+u <0 for ¢ € [0,¢(y)] and for

—h <u < —¢. It follows that for ¢ € X5, with | — y|> <€, forall y € T, yX>,
and for such ¢ and u the function v = v®X satisfies

Ivi(u) =v'(t+u) = x'(t+u) = (x*)'(t+u) = 9 ' ().

Using this and Eq. (17) we infer

V(1)) = [Deg1 (9 ! )(@vi, )| = [Degr (937 27 ) (0 2 vo)|
< e(|0 5"+ vel) < el + Ivel)- (18)

Consequently,

t
Vo) = 2O+ [ V5)asl < [z +¢ [zl + s

< (1+CS)|}(|1+C/O Ivs|ds.

For —h < u < 0 we consider the cases t +u < 0 and 0 < t + u and obtain in either
one that

(e +u)| < (1+c8)|x|1+c/0t|vs|ds,
hence
ul < (1+cellghi+e [ nlds.
Gronwall’s lemma yields
el < (1+ce)lxhe”,

for0 <t <t(y), ¢ € Xo, with [ — y|, <€, and y € T, yX,. Using this and the
estimate (18) we obtain for 0 < ¢ <7(y) and for —h < u < 0 with 0 <7+ u that

W (t+u)| < c(lxl+ |veral) < C(|X|l +(1 +C8)|X|lec(t+u))

< [xh (e+ (14ce)e).



Semiflows for Neutral Equations with State-Dependent Delays 245

This holds also in case ¢t + u < 0. It follows that

el = |9 ve| + |vi]
<Ixh (C—I—(l—i-ce)ea—l—(l—i-ce)ea),

for0 <t <1(y), ¢ € Xp, with |9 — y|> <&, and y € T, yX>.
2. Consider the set A of all r € (0,1, such that there exist & > 0 and ¢; > 0 so that
& <ty and

W) < elxh

for all ¢ € X5, with [¢ — y|» < g, for all x € T, X, and for all s € [0,7]. Part
1 guarantees that A is not empty. In order to prove the assertion we show that
s = sup A > 0 equals t,. We argue by contradiction and assume s < t,,. Let x =x¥
and y* = x;.

2.1.

2.2.

According to part 1 there exist #* > 0, €* > 0 and ¢* > 0 so that for all
9" eEN ={neXp.:In-yh<e}
we have r* < 14+, and for all x* € T, y+X5 and ¢ € [0,17],
<l
The definition of s and continuity combined show that there exists s; €

(s—1*,5)NA with x5, € N*. Now we use s; € A and the continuity of G,
and find &;, > 0 and ¢, > 0 with the following properties: For each

pENI={n€eXo:[n—yh <&},

sp<lIy and GQ(S1,¢) S N*,
and for all y € T, X, and s € [0, s1],
VAL < e lxh-
In order to arrive at a contradiction we deduce in the sequel that s; +1* € A.
Let ¢ € Ny be given. Set ¢y = Ga(s1,9) € N*. For 51 <t < s +1y we get
(t — 51, ¢1) €. Using this and (t —S1,¢1) = (l —S1,G2(S1,(P)) we find

(1,9) € Qy andx? = x?lsl.

It follows that
s1+tT <5 + 19, < 1.
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Consider y € T, ¢ X>. Then
X1= vf{x S Te"ple C Cl.
Set v* = v?1:21. Using ¢; € N* and 1 € T, 4, X> we infer
|v;|1 < C*|X1|1 for0 <t <t*.
Consider the function v : [—h,s1 +1,) — R" given by
v(t) = v®X(t) for —h <t <s,
v(t) = vi(t—s1) fors) <t <si+ty,.
v is continuously differentiable because on each of the intervals [—h,s;],
[s1 —h,s1 41y, ) it coincides with a continuously differentiable function, due
to the equations
VX (1) = V0 X (s 1 —s51) =v0E(t—51) = 21 (t — 1) =V (t —51),

fors; —h <t <sy.Fors; <t <s|+1y and for —h <u <0 with7+u < s
the preceding equations yield

Vg () =Vt —s1+u)=v(t+u—s))= VOX(t+u) = v(t+u) = v (u).

For 51 <t <sy+1y, and for —h < u <0 with 51 <7+ u the definition of v
gives

Vg (W) =v(t —s1+u) =v(t+u—si1) =v(t+u)=v(u)
It follows that
v;‘,sl = fors) <t <sy+tp,.

For s; <t < sy +1y, the preceding equation and the result of part 2.2
combined yield

V() = () (t—s1) = (00 (1 —s51)
= Degi(9x P )V VE) = Deg (910 1) (O v ),

t—s1

and we see that v is a solution to the IVP (15) and (16). Moreover, for
0 <t <s; we have

el = v ¥ < ey il
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and for s1 <t <y 4+1% (< 51 419, <1y, see part 2.2),

el = iy, [ = PP

<l =¥ < ey 2

Altogether, we obtain s| +¢* € A, which contradicts the fact that s < s; +¢*
is an upper bound for A. a

8 A Differentiability Property of Solution Operators

In this section we assume that g : C x C! D W — R", W C C x C! open, satisfies
(g0)—(g4). For t > 0 we consider the set

Q={yeXy it <ty},

which is open in X, with respect to the topology given by C2, and the continu-
ous map

GZ,I : QZ,[ DY Gl(ta",/) EXZ*-

Observe that for 0 < s <t,
Qz,t C Qz"s.

In order to discuss differentiability of the solution operators G»; we have to look
at compositions with smooth maps into X,, C X, C C?. Recall the inclusion map
j:C* =l

Proposition 8.1. Let t > 0 and let a continuously differentiable map p : Q — C%, Q

an open subset of a Banach space B, be given, with p(Q) C Q. The map joGy0p
is differentiable, and for every g € Q and b € B,

D(jo Gayop)(q)b = v/,
Proof. 1. Notice that for eachg € Qand b € B,
Dp(q)b S Tp(q)Xz C Te’p(q)Xz.

Let g € Q be given. Set ¥ = p(g) and x = x¥. In the sequel we use the following
conventions: For ¥ € X,,, y = x¥, and for y € TyX> C c’n T yXo, v=1v¥1,
There exist a neighbourhood V' C X, of y (with respect to the topology on X»,
given by C?) so that [0,¢] x V C Q,, and constants ¢ > 0 and A € (0,4) N (0,7]

with the following five properties.
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(i) Forally € V,all s € [0,7], and all 8 € [0, 1],
(0 x5,%5) 4+ 0[(Dys,¥5) — (I x5, %5)] € Wy (19)

This can be achieved using the continuity of G, and compactness of [0,1].
(ii) Forally € V,all s € [0,7],and all 8 € [0, 1],

IDeg1((9xs,x5) + 0[(9ys,ys) — (axs,xs)]”Lc(CxC,R") <c (20)

The estimate (20) is obtained from Proposition 2.6 in combination with the
compactness of [0,7] and the continuity of G,.
(iii) Forally € V andforu <s <u-+Awiths <t,
Degl(aXSuxs)(a(ys_xs_vs)ays_xs_vs) (21)
= Deg1 (axmxs)((a(yu —Xu — Vu))gfuays —Xs — VS)'
The preceding property is due to an application of Corollary 2.8 to the
compact subset K = {(dx;,x;) €C' x C': 0 < s <t} C W, of C' x C!. With
A given by Corollary 2.8, we have
(0w = xu = vu))5-u(@) = (I (Yu—Xu=vu))*(s —u+a)
=d(yu—xyu—vy)(s—u+a)(sinces—u+a<0)
={y—x—v)(uts—u+a)=09(y;—x;—vs)(a)
for u <s <t with s <u+Aand for all a € [—h,—A]. Now Corollary 2.8 yields
Eq. (21).
(iv) Forally e V,for0 <s <t,andfor0 <0 <1,
|{Dg1 ((aXS7xs) + 6[(aySuys) - (a-xS7-xS)]) —Dg; (aXS7xs)} (22)
(9(ys —xs),0)]
< ] (ys — x5)|[ys — X5
This property is due to an application of Proposition 2.7 (ii) to the compact
subset K C W; of C' x C!, with V so small that for all s € [0,¢] and all 8 € [0, 1]

the pair
(9 x5,x5) + 0[(9 y5,¥5) — (9 x5,x5)]

belongs to the neighbourhood N of K which is given by Proposition 2.7 (ii),
and

|(3xs,xx) =+ 9[(3}&,){;) - (axsvxs)] - (st,xsﬂcl xC!

< 1(9y5:y5) = (%5, x5) 1wt <7
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with the number r > 0 given by Proposition 2.7 (ii).
Finally, in view of Proposition 7.2 we can achieve that
(v) Forall y € TyX; and for 0 <s <t¢,

[vsli <elxlr- (23)

2. Fory eV, y € TyXo CC*NT,yXz, and 0 < u < 5 <t with s < u+ A we obtain
the following estimate.

Y/ (5) = (5) =V (5)| = (35, y5) — 8(9 X5, x5) — Deg1 (9 x5,x5) (9 v, vs) |

1
= |/O {Dg1((9d x5, x5) + 0[(9 ys,¥5) — (9%5,%5)]) — Deg1(d x5, %) }
[(9%%)—(9xs,xs)]d9+Degl(axs,xs)(a(ys—xs—vs)ays—Xs—vs)|

(with (19) and continuous differentiability of g)

= |/01{Dg1((8xs,xs) +0[(dys,y5) — (0 x5,%5)]) — Dg1(9 x5, %) }

((9ys,y5) = (9 X5,%5))dO + Deg1 (0 x5, X5 ) (I (Yu = Xu — Vi) J5—1» Vs — X5 — Vs)|
(with (21))

1
= |/0 {Dg1((9 x5,x5) + 0[(9ys,y5) — (9 x5, X5)]) — Dg1(0 x5, x5) }

((9 (ys —xs),())de

+/01{Dg1((axﬁxs) + 9[(aysuys) - (aXS7xs)]) _Dgl(axhxs)}(oays _xs)de

+Deg1(axmxs)((a(yu — Xy — VL!))gfwys —Xs Vs)l
< c|8(9(ys _XS)H)’S _XS|

+| /Ol{Degl (9 x5,x5)+0[(9 y5,¥5) — (9 X5,%5)]) —Deeg1 (9 x5, X5) } (0, ys—x5—v5)d 6|

1
| [ 4D1(@005) + 0[(03130) = (90,%)]) = Dt (91,5 HO.v)d0)

Fe([(Q(Vu = Xu = V) )5y + |ys — X5 — vs])
(with (22) and (20))

<] (ys — x5)|[ys — xs] +2¢|ys — x5 — v

+0<S£g§9<1 |Dg1((3xs,x‘v)+9[(8yx,yx)—(ax‘v,xs)])—Dgl(8x‘v,xs)\LC<C1 xCl,R")‘V‘v‘l

+C(|a(yu — Xy — Vu)| + |.Vs — X5 — Vs|)
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(with (20))
< Claa()’s _xs)| |)’s — X5 — Vs| + Claa()’s _xs)| |VS| + 2C|ys —Xs — VSl

+0§xggé9§l |Dg1((0 x5,%5) + O[(d ys,¥5) — (9 %5,x5)]) *Dgl(axs>xS)|LC(C1xC1,]R")|Vs|l

+C(|a(yu — Xy _Vu)| + |ys —xs—vs|)

< (o mmx, 1D (@0,20) + 0[(230.30) = (0x0.30)]) =~ Dt (9.5, e

+C|aa(yx _xs)|) |VS|1 +C|a(yu — Xy — Vu)| + (C|88(ys _xs)| + 3C)|)7s — Xy — Vs|-
It is convenient to set

c1(Y) = max [99 (ys — x;)|

0<s<t

and

CZ(V_/) = max |Dg1 ((aXSaxs) + 9[(ay37ys) - (aXSaxs)])

T 0<s<t,0<0<1

_Dgl (axsvxs)|LC(C1 el R

Then the previous estimate becomes

Y (s) =2 (s) =V (5)| < (e2(W) +cec1(¥))vsh
+¢|0 (yu = xu = )| + (cc1 (W) +3¢)|ys — x5 — vy
< (e2(W) +ccr(w)elx
+¢|0 (yu = xu = )| + (cc1 (W) +3¢)|ys — x5 — vy
(with(23)), (24)
fory eV, x €TyXo CCPNT,yXr,and 0 <u < s <t withs <u+A.
3. We have ¢1(¥) — 0 as ¥ — y in C? since G, is uniformly continuous on the

compact set [0,7] x {y} C ©; in the sense that, given € > 0, there exists § > 0 so
that for all (r,¥) € Q, and for all (s, y) € [0,¢] x {y} with |r—¢t|+ |[¥— w2 < 6,

|G2(V7W) - GZ(sa W)|2 <E.

4. We also have c2(¥) — 0 as ¥ — y in C%. This follows from the uniform
continuity of G, on the compact set [0,¢] x {y} C Q; (see part 3) in combination
with the uniform continuity of Dg| on the compact subset {(d x,,x;) € C' x C! :
0<s<r}cC W!of C' x C! (in the same sense as in part 3).
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5. Next we use the estimate (24) in order to obtain an estimate of |ys; — x; — vs|1, for
$, W, x as in part 2. Notice that for a € [—h,0] with s+ a < u,

(= %= v5)(@)] = Iy(s + @) = x5+ @) = v(s+)| < [y =5 i)
while in case u < s +a,
s =xs =vs)(@)] = [y(s+a) —x(s +a) —v(s +a)]

= ) 2 v+ [ 60— (0) ()|

< b=l + [ Y0 =X ()~ (lar
It follows that

[vs — x5 — vs| < |y — Xy — vu| + ./MAY Y (r) —x'(r) =V (r)|dr. (25)

We insert this into the estimate (24). An application of Gronwall’s lemma yields

Y () =/ (s) =/ (5)| < {clcer(W)+ (W) |x
+(cc1 (W) +4¢) | yu — xu — va| Jel 0 (car@)H3c)

for u < s < min{t,u+ A}, and ¥, x as in part 2. It is convenient to introduce

e3(¥) = c(cer(W) + (W),
c4(Y) = cc1(W) +4c,

for ¥ € V. From the previous estimate we obtain
I (s) = () =V ()] < {es(@)xth + cal@) yu = — v} 4P (26)

for u <s < min{r,u+ A}, and Y, x as before. For the same u,s,V/,y and for
€ [—h,0] with s +a < u we have

Y (s+a) =2 (s+a) =V (s+a)| < |yu—xu—vali
while in case u < s+ a the estimate (26) yields

(s +a) =2 (s +a) = V(s +a)| < {e3(W) 2|1 + ca(W) e —xu— vl }e! 417
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Combining both cases we infer
1005 =% = v)| < {ea (@)t + (14 ca(@)) e —xu = v} 4P @7)

From (25) and (26) we get

S
lys — x5 —vs| < Iyu—xu—vu|+/ ' (r) =X'(r) = V'(r)|dr
u

< Y= xu—va| + (s —u) ({C3(V_/)|X|1 + (W) yu— Vu|1}etc4 )) .

Adding this and the estimate (27) we arrive at

[ys — x5 — vsl1 < |yu —Xu— il (28)
+(s—w)({e3(W)|x 1 + ca(W) yu —xu — vul 1 }e' V)
+{e3(W)1x 1 + (1+ ca(W)) [y — xu — vl 1 Je' V)

< (+ Des@e= @) [zl

+ (1 (1 sl + 168D b~ x, - vl

forweV,y €TyXo CC?NT,yXo,and 0 < u < s <1 withs <u+A.
6. We proceed to an estimate of [y, —x, —v;|;, forw €V, y € TyX>. Fory €V, set

A1) = 1+ 1)es()e' V)
and
Ar(W) = 1+ (1 + ca() +tea()) e 4V,
Then

A1(V) = 0and Ay (W) — 1+ (1 +4c+4tc)e™ as ¥ — yin C2. (29)

Choose an integer J > 0 so that 5 < A. Forevery k € {1,...,J} and forall 7 € V
and y € TyX> the estimate (28) yields

ks = xr = vie [t SALW) [l + A2 (W) |y1ys =X 1s = vzl
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Using induction we get

J—1
e —x—vili < A@)|xh Y, A2(W) + A2(W) [yo — x0 — ol
k=0

J—1
=A(Wxh Y AW + AW [v—v—xh
k=0

foryeV, y € TyXo.
7. There is a neighbourhood Q) C Q of ¢ in B with p(Q;) C V. For g € Q set

¥ =p(q)and y =Dp(q)(G—q) € TyXa.

It follows that for every g € Q| we have
|(joGas0p)(@) — (joGasop)(q)— vf(Q),DP(q)(qfq) R

<Ai(p ZAz ) 1Dp(9)(@—q)1+A2(p(@))’ |p(@)—p(a)—Dp(q)(G@—q)|

<Ai(p ZAz ) IDp(9)[|(G—a)+A2(p(@))’1p(@) — p(9) — Dp(a) (@ —q)|:-

Now it is obvious how to complete the proof using the differentiability of p at g
and the relations (29).
O

9 More on the Variational Equation

In this section we assume that g : C x C! D W — R", W C C x C! open, satisfies
(g0)—(g5). The results below will be used in Sect. 10 about points of continuity of
derivatives. We begin with a technical proposition.

Proposition 9.1. Let y € X5, be given, and 0 <T < ty, L > 0. There exist A €
(0,h) N (0,T] and ¢ > 0 such that for x € T,y X, with

lxhh <L

andfort <T and 0 <u < s <t <u+Athe functions x = xV and v = v¥"* have the
following properties:

(9 x5,%s), (a((xu)dd)sfuu)%)v and (8((x”)dd)t,u,x,)
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belong to Wy, and

Deg1(9 x5,%5) (9 vs,vs) = Deg1 (a((xu)dd)sfua)%)(a(("u)d)sfuaVS)v (30)

|[Deg1 (9((3) ™ s xs) = Deg1 (I((x) ™ )i—us x0)](A((vi) r—ues )|
< (@) ™ )5 xs) = (A(() ™ )—sxt) |1 e
(Lip(((vi))e—u) + Lip(99 (i)™ )s—u) + 1) (D)
Proof. 1. Lety € Xo,, x =xV,0 <T < ty. The set
K={(0x,%)€C' xC :0<t<T}yCwW

is a compact subset of C' x C!. Choose A € (0,4), a neighbourhood N; C W;
of Kin C' x C', r > 0, and ¢ > 0 so that the assertions of Proposition 2.7 (iii)
and of Corollary 2.8 hold. There exists | € (0,r) so that all (¢,n) € C! x C!
with |¢ — dx; |1 + | —x|1 < ri for some ¢ € [0,T] belong to N;. As the maps
[0,T] >+ x € C*and

[0,7] % [0,T] 3 (s,u) — ((x,)%), € C?

are uniformly continuous (see Proposition 2.4 (iii)) there exists A, € (0,A) so
that for all (u,s), (w,¢) in [0,T] x [0, T] with |u —w| + |s — | < A, we have

r r
bes =]z < - and | () ™)s = (o) il < 5

2. Let L > 0. Choose a constant c, > 0 according to Proposition 7.2, so that for all
X € T.yX> with |x|; < L and for all 7 € [0,T] we have

v/ * |1 < el

3. Let y € T, yX, with |y|; <L be given. Set v = v¥. Consider ¢ € [0,7] and
0<u<s<t<u+A, Then

|a((xu)dd)sfu —dxy|1 = |a((xu)dd)sfu - a((xu)dd)Oh <5
and |x; —x, |1 < %‘, hence
19((6)™ )5 = D1 + s = xuy <11,
and thereby (9 ((x,)%)s_.,x;) € N;. We deduce Eq. (30): Observe

|a((xu)dd)sfu —dxs|1 < |a((xu)dd)sfu —dxy|1 +[9x, — dxs|1 <71
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For —h <w<—-Awehave —h<s—u+w<A,—A<O0, hence

a((xu)dd)sfu(w) = ((xu)dd)/(s —u+w) = (x) (s—u+w)
=X(ut+s—u+w)=x(s+w)=0dx(w),
() )s—u(w) = () ) (s —ut+w) = () (s —u+w)
=V (u+s—u+w)=0dvg(w).

Now Corollary 2.8 yields Eq. (30).
4. Proof of the estimate (31). As in part 3,

(8((x”)dd)s,u,xs) € Ny and (8((xu)dd),,u,x,) €N;.
Moreover,
|(a((xu)dd)sfu7XS) - (a((xu)dd)tfuvxtﬂclxcl
= |a((xu)dd)s7u - a((xu)dd)tfull + |xs _xtll <rn<r

In case v; # 0 Proposition 2.7 (iii) yields

|[Deg1(8((xu) )s usXs) — Deg1(d ((xu)dd)t u,x;)](a((v”)d),,u,v,)|
|(d( Vu) )i—u>Ve)|exc

(
< el(((a)™)s-usxs) = (9 ((0) ™ )r—st) |1

i ! vy ; o \dd
(L” <|<a<<vu>d),u,v,)kxca(( ) >,u) + Lip(99((x) >H>+1).

Multiplication with

|(a((Vu)d)tﬂuvt)|CxC = |a((Vu)d)t7u| + e <[ vl + [vi| < 2¢iL
yields

|[Deg1 (9 ()™ )s-usXs) = Degi (A((xu) ), x)](O((vie) ) )|
< (i)™ )s-usxs) = (O((x) ™)) |1 e (Lip (I (Vi) )e-u)
+2¢,L(Lip(99((xu)™)s-u) + 1)),

from which the estimate (31) follows.

Proposition 9.2. Ler y € Xy, with Lip(d0 y) < o be given.

(i) Then Oy € T, yXa, and (x¥)" = (W-2V¥)' is locally Lipschitz continuous.
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(ii) For every T € (0,ty) and for every L > 0 there exists ¢ = c¢(y,T,L) > 0 such
that for each € T, yX> with

lx|i+Lip(dy) <L

we have
Lip((W"W*)'][0,T]) < c.

Proof. 1. Let y € X, be given and set x = x¥. The definition of X,, yields d v €
T, yX>, and from x; € X, for 0 <1 <1y, we getx' = W9V Assume in addition
Lip(dd y) < eo. Choose L, > 0 with

|0yl +Lip(dd y) < Ly < oo

Let L> L, and 0 < T < 1. Choose A € (0,h) N (0,T] and ¢ > 0 according to
Proposition 9.1. Choose J € N with § < A. The set

Mz{(u,s)e 0,7]  [0,7] :Ogugsgu—i—;}

is compact, and the map
A:M 3 (u,5) = (3((x)™)su,x5) €CT x C!
is continuous, due to Proposition 2.4 (iii) and to the continuity of G,. Proposi-

tion 9.1 shows that the compact set A(M) belongs to W;. Due to Proposition 2.6
there exists ¢, > 0 with

|Deg1 (8((xu)dd)x,u,xs)|LC(CXc)7Rn) < ¢, forall (u,s) € M.
Choose a constant ¢y > 0 according to Proposition 7.2, so that
v/ %1 <erlx|iforally € T, yX; and t € [0, T].
We may assume that in addition we have

max _|x'(w)|+ max _|x"(w)| <cr.
—h<w<T —h<w<T

2. Now consider y € T, yX> with ||| + Lip(d x) < L. Notice that the following
applies in particular to y = d y. Let v = v¥*Z. For

T T T
ke{l....J},u=(k—1), ands <rin [(k—l)j,kj} c 0,7
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we obtain
|V,(S) _V/(t)| = |Deg1(ax3axs)(aVS7Vs) —D.g1 (axtaxt)(a Vta"t)'

:‘Degl(a((xu)dd)sfuvxx)(a(("u)d)v us V. v) Degl(8((xu)dd)t,u,x,)(8((1/”)‘1),,”,vt)|
(see Eq. (30))

< 1Deg1 (9 ()™ )s—r25) (A () sy v5) = (O (V) D=y 1)
H[Deg1 () ) s xs) = Deg1(((xu) ™ Y1, )] (O ((vie) )i v1)|
§C2(|a((vu)d)sf I((v ) Ji—ul + |vs = vi])
+el (@) ™ )s-usxs) = (I () st 1
(Lip(A((vi))i—u) + Lip(9 ()™ )5-u) +1)
(with (31))

< c(Lip((v)*))ls— e[+ _max [Vw)ls—1])

—|—c(|8((x”)dd)s,u—8((xu)dd)t,u|1+|xs—xt|1)(Lip(a((vu)d),,u)—i—Lip(aaxu)—i—l)
(with Proposition 2.4 (iii))
< ce(Lip(dv,)+crL)|s —t]
+e(Lip(((a)™)")s = |+ Lip(((x))")|s — 1]
+_max |X' (w)||s — 1]+ 7}111%%VXST|x”(w)||s —1t])(Lip(dvu) + Lip(dd x,) + 1)

(with Proposition 2.4 (ii))
<|s—t|(c.Lip(dvy,)+cecrLc(crL+Lip(dad x,)+cr))(Lip(dv,)+Lip(dd x,)+1)
(with

Lip(((x)*)') < sup |((x)™)"(w)| < [09xu| < er

—h<w

and
Lip(((xu)dd)//) < Lip(ddxu).)
It follows that
e T T , ‘
Lip (V|| (k— 1)7,](7 < ¢.Lip(dv,) + cecrL+ c¢(2¢r + Lip(dd xy))

(Lip(dvy)+ Lip(09 x,) + 1).



258 H.-O. Walther

3. The previous estimate, the relations Lip(dd w) < L, < L and Lip(d y) < L, and
an induction argument combined yield both assertions (ii)and (i). a

Corollary 9.3. Let y € X,, with Lip(dd y) < e be given, and let 0 < T < ty,
L > 0. Then the closure of the set

My ={0@x) 5 dv* v yec xc xCcxC:
0<t<T,x€TyXa|xli+Lip(dx) <L}
in C' x C' x C x C is compact and contained in Wy x C x C.

Proof. Let y,T,L be given as in the corollary. Set x = x¥. Due to the continuity of
the map [0,T] 3¢+ x, € C? the set

Myr={(9x%,x)€C' xC:0<t<T}CW
is a compact subset of C! x C'. We have
My C My X MyX M
where
My={/*eC:0<t<T,x€eTyXo|xlh+Lip(dx) <L}
and
My ={ov/*eC:0<t<T,xy €T.yXo,|xh+Lip(dy) <L}

In order to complete the proof we show that both sets My and M| have compact
closure in C. Proposition 7.2 implies that M and M; are bounded subsets of C. The
boundedness of M| yields that M) is equicontinuous. Proposition 9.2 yields that also
M, is equicontinuous. The Theorem of Ascoli-Arzela then guarantees that M, and
M, have compact closures in C. O

10 Points of Continuity of Derivatives

This section deals with continuity of the derivative obtained in Proposition 8.1. For
amapg:CxC' DW — R", W C C x C' open, which satisfies (g0)—(g5) we have
the following result.

Proposition 10.1. Let ¢ > 0 and let a continuously differentiable map p : Q — C?,
Q an open subset of a Banach space B, be given, with p(Q) C ;. The map

D(joGyiop): Q—>LC(B,C1)

is continuous at all points g € Q with Lip(dd p(q)) < .
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Proof. 1. Lett,B,Q, p,q be given as in the proposition. Set v = p(g), x =x¥. In the
sequel we use the following abbreviations: For b € B with |b| < 1, y = Dp(q)b
and v =1v¥2, For g € Q, ¥ = p(q) and ¥ = x¥, and for b € B with |b| < 1,
% = Dp(g)b and v = v¥'Z. Then

[D(jo Garop)(@) —D(joGarop)(q)bli = [ —vili,

and we have to show that for every € > 0 there exists 6 > 0 so that for all b € B
with |b| < 1 and for all g € Q with [§— ¢| < § we have

v —vi)1 <e.
2. For every b € B with [b| < 1 we have |x|> < |Dp(q)|, (g c2), and consequently
2l +Lip(02) < lxli +199 %] = 122 < IDP(@)] 1, (5.c2)-
This estimate and Corollary 9.3 combined yield that the closure of the set
M = {(9x5,x5,0 vg,v5) EC X C' xCx C:0< s <t,vy=v¥% y =Dp(q)b,|b| <1}
in C!' x C' x C x C is compact and contained in W} x C x C. Let € > 0. As the
map

W] XCxC> ((ﬁ,'j/,f{,ﬁ) HDegl(éullA/)(vaﬁ) ER”

is uniformly continuous on ¢/ M there exists § > 0 so that for all (¢, , §,p) € M
and for all (¢*, y*, x*,p*) € Wi x C x C with

|(¢*7W*ax*7p*) - (évlijv Aaﬁ)|C1><C1><C><C < 6

we have
1Deg1 (97, W) (X":p") — Deg1 (9, W) (X, P)| < &

The continuity of G, and a compactness argument show that, given § > 0, there
exists 8, > 0 so that for all y* € X,, with |[y* — y/|> < 8, we have r < 1+ and

for all s € [0,7], with x* =x¥", (dx,x") € W; and
(9 x5, x5) — (9%5,%s) |1 o1 < 8.
For such y* and s and for all b € B with |b| < 1 we obtain
|[Deg1(9x5,%5) = Deg1 (9 x5, %) (9 vs, vs)| < &

Next, there exists O, > 0 such that for all g € Q with |g — g| < 6.« we have

W=yl <.
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For such g, for all s € [0,¢], and for all b € B with |b| < 1 we arrive at
|[Deg1(a)_cmxs) _Degl(aXS7xs)](a VS7VS)| <e.

3. The subset
K={(dx5,x5) €C' xC':0<s <1}
of W, is compact in C' x C'. Choose A € (0,4), a neighbourhood Ny C W, of
K in C' x C', and r > 0 according to Corollary 2.8. The continuity of G, and a
compactness argument show that there exists & > 0 so that for all y* € X5, with

|W* — s < & we have t < 1« and for all s € [0,7], with x* =x¥", (dx},x}) € Ny.
Using Corollary 2.8 we infer

Dg1(9 x5, x5)(p1,M) = Deg1 (9 x5,x5) (p2,M)

for all y* € Xp, with |y* — y|a < &, all s € [0,¢], and all p;,p,,7n in C with
p1(u) = pa(u) for —h <u < —A.

4. Choose &y > 0 so that for all § € B with [§ — g| < & we have g € Q and |p(q) —
p(q)]2 < &. In addition we may assume that there is ¢ > 1 so that

|Deg1 (axsﬂ_cs) |LC(C><C,]R”) <c

for all g € B with |§ — g| < & and all s € [0,7], because D,g; is locally bounded
(Proposition 2.6), and G, and p are continuous, and [0,7] is compact. For 0 <
6 < §y we set

as = sup |[Deg1(0%s,Xs) — Deg1(0 x5, %5)] (9 Vs, Vi) | < oo,
|b|<1,[g—q|<8,0<s<t

Part 2 yields
asg — 0as d \,0.

Choose an integer N > 0 with & < Aand set sy = v forv=0,1,...,N. In the
sequel we derive an estimate of |V, — vg, |1 by a linear combination of [y, | —
Vs, |1 and ag, for G € B with |§—q| < 6 < & and for b € B with [b| < 1.

4.1. We begin with estimates of |/ (s) —V/(s)| for such g and b, and for
sy_1—h<s<sywithve{l,... N}
Incases, | —h<s<s,_1 wehave

V() =V ()] <[9¥5,_, = s,y (32)
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In case s, < s <s, we have

|V/(S) - V,(S)| = |Deg1(a)?s,xs)(avhvs) - Degl(aXSuxs)(a VS7VS)|
< |Degl(3)_fs;xs)[(a ‘_}S;vs) - (3 stvs)” (33)
+|[Degl (&xﬁxs) —D.g1 (axmxs)] (a Vs, Vs)|-

For each u € [—h,—A],
S+u<sy_i,

hence s — sy_1 +u < 0, and thereby
Avs(u) =V (s+u) =V (sy_1 +s—sy_1+u) = (((Fs, ) )s—s,_,) (1)

The preceding equation holds in particular for v in place of v. Using both
equations and part 3 we infer that the term in (33) equals

D1 (9%, %) [(A(((s, 1 ))s=s11)575) = (@(((vsy 1) sy 1)sws)]]
+[[Deg1(9 %5, Xs) — Deg1 (9 x5, X5)] (I vs, v5) |

< c(|0((sy-)Ds—syor) = O(((Vsy_ ) D5y )+ [Bs = vs]) + a5
S C(|a‘_}sv—l - a va—l | =+ |VY - V3|) + as
(see Proposition 2.4). Consider the term [v; — vy|. For —h <u < 0and s+ u <
sy—1 we have
|(Vs —vs) ()] < s,y —vs, |

while in case s,_1 < s+ u,
(B =) @)] < [Fsv-1) = vlsv-1 |+/ () dw
§|(sv1—vsv1|+/ (w)ldw.
Considering both cases we infer
e LR L
We return to the estimate of [/ (s) —V/(s)| and obtain

[7(5) =/ ()] < (10T, =Dvs, | +1Ts,  =vsy [+ [7(w) = (w)ldw)+as

Sy—1

A
=l vl Fas e [ 700 =V (w)ldw.
Sy—1
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Now Gronwall’s lemma yields, for s,_; <s < sy,
[7(5) = V()] < (clFay = v,y 1+ ag)et v
< (el = vy [1 +ag)eF.
Using the preceding estimate and (32) and 1 < ¢ we arrive at
1075, = Avs,| < (clFyy , —viy 1 +a5)e . (34)

For —h < u <0 and sy_; < sy 4+ u the estimate (34) and integration
combined yield

_ _ r,_ I
|v5v (Lt) — Vsy (Lt)| S |v5v—1 - vsv—l | + ﬁ(clvsv—l - vsv—l |1 +a5)ecN .
This holds for s, + u < s,_1 as well. It follows that
_ _ r_ .
|v5v - v5v| S |v5v—1 - vsv—l | + ]T](Clvsv—l - vsv—l |1 +Cl5)€ v,

and addition of (34) yields

_ _ ct o c t o« <
Vs, = Vs, [1 < s,y — Vs, 1 (1 +5er +ceN) +ag (ﬁeN —|—eN) .
With
(1+ Lot + N) > 1
co = —e ce
0 N
we get
|st — Vsy |1 < CO|VXV,1 — Vs, |1 +coas (35)

forallve {1,...,N}, 6 € (0,8], g € B with [§—g| < 8, and b € B with
|b| < 1. For such &, g, and b it follows by iteration that

N
Ve = vl = [Py — vyt <0 [Vo—voli +as Y, cf
v=1
N N
= ¢y |[Dp(q) — Dp(q)}bl1 +as Y, c§
v=1

N
< 1Dp(@) = Dp(9)|r, 5.2 +as Y, €t

v=1
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and it becomes obvious that given € > 0 there exists 6 € (0, d] so that for
all g € B with [§— ¢g| < & we have

€ 2 Sup |V[_V[|1

bl<1
= \il\lpl [D(joGarop)(q) —D(joGarop)(q)lbli
<
=|D(joGaop)(q) —D(joGarop)(q)lr.schy- 0

11 Appendix on Inhomogeneous Linear Delay
Differential Equations

Let 7 > 0 and a continuous map L : [0, 7] x C — R" be given, with all maps L(z,-) :
Co¢—L(t,90) eR",0<t<T,linear. Let f : [0,7] — R" be continuous. A solution
to the IVP

V() = Lit,y) + £ (1), (36)
Yo =9 €C, (37)
is a continuous map y : [—h,T] — R" with yo = ¢ whose restriction to (0,7] is

differentiable and satisfies Eq. (36) for 0 < ¢ < T. We also consider solutions on
smaller intervals [—h,t] and [—h,t) with 0 < ¢ < T. It is easy to see that each
solution has a right derivative at r = 0, and that Eq. (36) holds at r = 0 with this
right derivative.

Notice that the assumptions on L are slightly weaker than those in the chapters of
the monographs [3,9] which deal with the IVP (36), (37). In the sequel we construct
solutions. Similar results for the homogeneous case are contained in [23].

Proposition 11.1. There exists ¢ > 0 with |L(t,9)| < c|¢| for 0 <t <T and ¢ € C.

Proof. Foreveryt € [0,T],L(t,0) =0, and continuity implies that there exists & > 0
with |L(z,¢)| <1 for all ¢ € C with |¢| < &. A compactness argument yields € > 0
with |L(t,¢)| < 1 forallt € [0,7] and for all ¢ € C with |¢| < &. Setc = 1 and use

‘L<t,ﬁ¢)‘§lfor07é¢ec. 0

Letto=min{4%,T}.

Proposition 11.2. For every ¢ € C there is a solution y : [—h,to] — R" of the IVP
(36), (37).

Proof. Let Cy denote the Banach space of continuous maps [—h,#y] — R", with the
norm given by |y|o = max_;<;<;, |y(¢)|. Let ¢ € C be given. The subset M = {y €
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Co:yo=0} #0is closed. For y € M, define a map A(y) : [—h,to] — R" by
A)@) = o¢(t) for —h <t <0

A (1) = ¢(0)+/()I(L(s,ys)+f(s))ds for0 <1< 1o,

As the map [0,79] > s — y; € C is continuous we get that A(y) is continuous, and
A(y) € M. For y,z in M and for all ¢ € [0,7] we have

AW -AQDO] < [ 1)~ Llszlds = [ 165,y —2)lds

< re ax v~ < 5 () —2w)| = 21y 1]
CInaX — — max u)— u)| = — —
0< s % 2 —h<u<t Y < 2 Y Zlo;

and we see that A defines a contraction M. The fixed point equation

1
50 =AR)0) = 9(0)+ [ (Ls.30)+ (5))ds for0 <1 1o
shows that its fixed point is differentiable and satisfies y/'(t) = L(t,y; ) for 0 < t <1,.

O

Proposition 11.3. Let ¢ € C be given. Any two solutions of the IVP (36), (37)
coincide on the intersection of their domains of definition.

Proof. 1. Supposey: [—h,t) - R",0<t<T,andz: [—h,t) — R" are solutions of
Eq. (36) with yp = ¢ = zo, and y(s) # z(s) for some s € (0,¢). For

ti =inf{u € (0,1) : y(u) # z(u)}

we have 0 < ; < s. By continuity, y(u) = z(u) for —h <u <. Fort; <u <
min {t,- + %,s} we deduce

L(v,y, —zy)dv

I

(u) = z(u)| =

< (u—t;)c max |y, —z| < (u—t;)c max [y(v)—z(v)]
t;<v<u h

—h<v<u

(u—ti)e max [y(v) - ()I_ztlglgguly(V) zW)l,

which yields y(u) — z(u) = 0 for #; < u < min{t;+ 5-,s}. This implies a
contradiction to the definition of ¢;.

2. The proof in case the intersection of the domains of y and z is a compact interval
is the same. O
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For ¢ € C we set
15 = sup{t € (0,T] : There is a solution y’ : [—h,t] — R" of the IVP (36) and (37)}

and define y?* : [—h,ty) — R" by y?*(s) = y'(s) with 5 <t < ty. Then y%* is a
solution of the IVP (36) and (37) so that any other solution of the same IVP is a
restriction of y?*.

Proposition 11.4. For every ¢ € C there is a unique solution y : [—h,T] — R" of
the IVP (36) and (37). In case f(t) =0 for 0 <t < T we have

v <[0le” for all € [0,T).

Proof. Letm = maxo<<7 | f(t)|- Let ¢ € C be given and set y = y*. For 0 <1 <1
integration of Eq. (36) yields

! !
)< 60)]+ [ 12ls.30)+ £(5)lds < [0(0) ¢ [ Inlds+mT.
Using this and the estimate |y(¢ +u)| < |¢| for —h <+ u < 0 we infer

t
|y,|§|¢|+mT—|—c/O Iyslds for 0 <1 < 14,

and Gronwall’s lemma yields
] < (|@]+mT)e” for0 <t <ty.

Using Eq. (36) we deduce
Y ()] < c(|¢]+mT)e +mfor0 <t <t,.

This implies Lipschitz continuity of y|[0,z4). It follows that y has a continuation
y? to [—h,ty] which is Lipschitz continuous. The continuity of L and f and Eq.
(36) combined then show that also y’ has a limit at = #4. It follows that v is
differentiable for 0 <t <1y and satisfies Eq. (36) for these ¢. Proof of 75 = T
Suppose ty < T. Consider Ly : [0,7 —ty] x C — R" given by L (¢, %) = L(ty +1, %)
and f; : [0,T —t4] — R" given by fi(¢) = f(ts +1). There is a solution z : [—h, €] —
R", & > 0, of the IVP

2(6) =Li(t,2) + ft), 20 =Y
Then the equation y*(r) = z(r — 1) for 1y <t <ty + € defines a continuation y* :

[—h,ty+ €] — R" of y = y%*, which contradicts the fact that any solution of the IVP
(36), (37) is a restriction of y?*.
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Finally, in case m = 0 continuity implies that the desired estimate is valid for all
t€0,9] =1[0,T]. O
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Threshold Dynamics of Scalar Linear Periodic
Delay-Differential Equations

Yuming Chen and Jianhong Wu

This paper is dedicated to Professor George Sell on the
occasion of his 70th birthday.

Abstract We consider the scalar linear periodic delay-differential equation x(7) =
—x(t) +ag(t)x(t — 1), where g : [0,00) — (0,0) is continuous and periodic with the
minimal period @ > 0. We show that there exists a positive a™ such that the zero
solution is stable if a € (0,a™) and unstable if @ > a™. Examples and preliminary
analysis suggest the challenge in obtaining analogous results when a < 0.
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1 Introduction

In [1], Chen et al. studied the issue of desynchronization in large-scale delayed
neural networks by considering a ring network of identical neurons described by the
system of delay-differential equations
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Xi(t) = —pxi(t) — %[f(xifl(t — 1))+ f(xip1(t—=r))], (1)

where i (modn) for a given positive integer n, i, and r are positive real constants
and the activation function f : R — R is bounded and C'-smooth with f(0) =0
and f'(x) > 0 for all x € R. A solution x = (x1,...,x,)7 : [-r,00) — R" of (1) is
said to be synchronous if x;(t) = --- = x,(t) for all t € [—r,e) and asynchronous
if otherwise. A necessary and sufficient condition for the stability of a synchronous
periodic solution p* = (p,...,p)T : R — R" of (1) is that the zero solution of each
scalar linear periodic delay-differential equation

(1) = —pau(e) + byl u(t — 7) @)
is stable, where by(t) = —f'(p(t — r))cosy‘T” and k =0, 1, ..., n—1 (see

[1, Lemma 1]). It was shown that the zero solution of (2) is unstable when k =
|5] and n is large enough. Therefore, the large-scale and the delayed inhibition
combined lead to desynchronization in the considered network of neurons. It
is natural to ask the critical size of the size/scale of the network for such a
desynchronization to occur. This leads to the issue of the stability of the following

linear scalar periodic delay-differential equation:
x(t) = —x(t) +ag(t)x(r—1), 3)

where g : [0,00) — (0, o) is continuous and periodic with the minimal period @ > 0.
Without loss of generality, we assume @ > 1.
The issue becomes trivial if the delay is absent. Namely, for the periodic ordinary
differential equation
x(t) = —x(t) + ag(t)x(1), ©)
the general solution to (4) is
x(t) — x(o)efﬂrafég(s) ds'

It follows that the zero solution of (4) is asymptotically stable if and only if —® +
afyg(s)ds<0,o0ra< T g% o

Here we are considering if a similar result holds for the periodic delay-differential
equation (3). The remaining part of this chapter is organized as follows. In Sect. 2,
we introduce the monodromy operator for (3) and the discrete Lyapunov functionals.
It is shown that the monodromy operator is continuous in a with respect to the
operator norm. Then, we show that, for the case where a > 0, (3) has the threshold
dynamics. Namely, there exists an a™ > 0 such that the zero solution of (3) is stable
if a € (0,a™) and unstable if a > a™. This result is an analog of that for (4). As for
the case where a < 0, our analysis and example in Sect. 4 indicate that an analogous
result as that for (4) may not hold. In contract, we expect the threshold dynamics
as follows: there exists an a~ < 0 such that the zero solution of (4) is stable if
a € (a—,0) and unstable ifa < a™.

We refer the readers to [3,8-10] for related studies on the existence and stability
of periodic solutions to scalar delay-differential equations.
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2 Preliminaries

First, we introduce the monodromy operator.
Let C = C([—1,0],R). Define ||¢|| = max |¢( )|- Then, (C,|| -||) is a Banach

space, which is taken as the phase space for (3) Obviously, for each ¢ € C, there
exists a unique continuous mapping x? : [—1,e) — R such that Xy “ = ¢ and x9¢
satisfies (3) for r > 0, where x;p’“ € Cfort > 0 is defined by x{“(0) = x9(t +0)
for 6 € [—1,0]. In fact, for any ¢ € C and a € R, it follows from the variation-of-
constant formula that

) =e'9(0)+a / t e g(s)x9(s—1)ds  fors > 0. (5)
0

The period map M, : C > ¢ — xﬁ;a € C is called the monodromy operator. It
is well known that M, is linear, continuous, and compact. Let 6, be the spectrum
set of M,. Note that the spectrum of M, is the spectrum of its complexification.
That is, M, has been complexified to Cc = C([—1,0],C) by M,(¢) = M,(Re(¢)) +
M,(Im(9)) for ¢ € Cc. For the sake of simplification, we use the same notation
for this complexification. Note that || - || is naturally extended to C¢ and (5) still
holds for ¢ € C¢. Every point A € o, \ {0} is an eigenvalue of finite multiplicity
and is isolated in o,. These eigenvalues in o, \ {0} are called Floquet multipliers.
We know that the zero solution of (3) is stable if 6, C {{ € C: |{| < 1} and is
unstable if o,N{{ € C:|{| > 1} #0.

Let M, = max g(¢t) and my = min g(¢).

€[0,0) t€(0,0]
Lemma 2.1. M, is continuous in a with respect to the operator norm.

Proof. For givena € R, it follows from (5) that there exists an M > 1 such that
x*4(t)| <M  fort€[-1,0],a€[a—1,a+1]and ¢ € By,

where B; = {¢ € Cc : ||¢|| = 1}. Thus, for 7 € [0,w] and ¢ € By and a, b € [a—
1,a+ 1], we obtain from (5) that

() —x** (1)

1
a/ e =) g(5)x? ds—b/ =g (5)x?b(s—1)ds
0

< (a—b)/ote*(’*s)g(s)xd”“(s—1)ds

Hbl [ € 0 Ig(9)a (s = 1) (s - D] s

't
< |a—b|MMg+5*Mg/ [0 — x
Jo
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where @* = max{|a — 1|,|a+ 1|}. That is,
!
| = x| < |a— b|MM, +a*M, /0 x4 —x¢P||ds  fort € [0, ).
Applying Gronwall’s inequality, we obtain
x> = x| < Ja— b|MME™™s"  fort € [0,0] and ¢ € By. 6)

a*Mgo

Now, for any € > 0, let § € (O,min{l7 “;VIMg }) Then, for a € R such that |a —
al < 8, it follows from (6) that

1Ma(9) — Ma(9)]| = [lx6" — 5"

<€ for ¢ € By.

This implies the continuity of M, at @ with respect to the operator norm. By the
arbitrariness of @, M, is continuous in a with respect to the operator norm. This
completes the proof.

In the proof of our main results, we need the discrete Lyapunov functional V*
introduced by Mallet-Paret and Sell [7]. Let K = {¢ € C: ¢(6) >0 for 6 € [-1,0]}.
For ¢ € C\ {0}, define sc(¢), the number of sign change of ¢, as follows. If ¢ &
KU(—K), then

sc() =sup k>0 there exist 8/ € [—1,0] for 0 < i < k with _
— P = U 6i—1<6i and ¢(9171)¢(61)<0f0r1§l§k 5
if ¢ € KU(—K), then sc(¢) = 0. Then, we define V* : C\ {0} — {0,2,4,---} by

v+ (9) = { sc(¢) %f sc(¢) %s even or infinity
sc(¢)+ 1 if sc(¢) is odd

and define V=~ : C\ {0} — {1,3,5,--- } by

Vo (6) = { sc(0) if sc(¢) is odd or infinity,
0)= sc(9) + 1 if sc(¢) is even.

When a >0, V* (x;p “!) is nonincreasing in ¢, and hence V* is called a discrete
Lyapunov functional for (3) when a > 0. Similarly, V™ is called a discrete Lyapunov
functional for (3) when a < 0. We refer to Mallet-Paret and Sell [7] for more
properties of V*,
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3 Threshold Dynamics in the Case Where a > 0

First, we show that the zero solution of (3) is stable for small a and unstable for
a > 0 large enough.

Define i : [0,00) — R by h(t) =
oo as t — oo, Moreover,

e—(o+l+tet(o+l

He— Then, h(0) =e'~® < 1and h(t) —

10+1 _ q=0F1) 1 el @1 1 12 el 0F1
pi = &= )(Lt; TEOCT 0 forr>0.

It follows that there exists a unique #o € (0, o) such that
<1 ifre(0,1),
h(t)s =1 ift=r, (7)
>1  ifr> 1.

— lo
Define ag = M
Lemma 3.1. The zero solution of (3) is stable for a € (—agp,ap).

Proof. For given ¢ € Cc and a € (—ag,ao), it follows from (5) that
t

40 < e 9]+ lalM [ [ llds fore >0,
0

Thus,

t
th’“l\Se*’“|\¢|\+lalMg/0 lx¢<llds  forr>0.

Using Gronwall’s inequality, we get

1
1 < &0l + lalt [ =41 g s

el—t + |a|Mge\a\Mgz+1

- 1+ |a|M, o1l

In particular,

& < A(lalMe)[19]-

Note that |a|M, < 1. It follows from (7) that h(|a|M,) < 1. By definition, 6, C
{{ eC:|{| <1} for a € (—ag,ap), namely, the zero solution of (3) is stable for
a € (—agp,ap). This completes the proof.

Lemma 3.2. Suppose that a > %. Then, the zero solution of (3) is unstable.
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Proof. Let ¢ = 1 € C. Itis easy to see that if a > 0, then x?%%(¢) > 0 by (5). It also
follows from (5) that

1
x%04 (@) > e’“’—i—amg/ e (@) ds
0

=e @ tamgle @ —e ]

=e “[1+amg(e—1)].

Ifa > %, then x%() > 1. Note that x| > x%(w). By definition, there
8
exists a 0 € o, such that || > 1. This implies that the zero solution of (3) is

unstable if a > %, and hence the proof is complete.
8

Now, we are ready to prove the main result of this section.

Theorem 3.3. There exists ana™ € (0,0) such that the zero solution of (3) is stable
(respectively, unstable) if a € (0,a™) (respectively, a € (a™,0)).

Proof. We divide the proof into several steps.

Step 1. There exist A, >0 and ¢, k= {p€C:¢(0)>0for 6 € [—1,0]} such that
M0, = A9, (see Proposition VII.1 (i) of Krisztin, Walther, and Wu [6]).
Obviously, A, € 0.

Step 2. If A € o,, then |A| < A,. By way of contradiction, assume that there exists
a A* € o, such that [A*| > A,. We distinct two cases to get contradictions.
First, we assume that 1* is real. Let ¢* be a real eigenvector associated with
A*. Then, ¢* and ¢, are linearly independent since A* # A,. By Theorem
3.1 of Mallet-Paret and Sell [7], V' (¢*) < VT (¢,). Note that V' (¢,) = 0.
Thus, V*(¢*) = 0. Then, the realized generalized eigenspace associated
with {4,,A%} is at least two-dimensional, a contradiction to Theorem 3.1
(b) of Mallet-Paret and Sell [7]. Second, we assume that A* is complex.
Let u*™ + iv* be an eigenvector associated with A*, where both u* and v* are
real. Then, u* and v* are linearly independent. Again, we have V' (u*) =
V*+(v*) =0, which gives us a contradiction as in the first case. In conclusion,
in any case, we have got a contradiction, and hence || < A,.

Step 3. A, is strictly increasing in a. The proof given here is similar to that of
Lemma 1 in Huang [5]. Let O < a; < a;. Then, x‘ﬁ,l el = Aa, 9a, . Using (5),
we compare x%1° and x%1+92 consecutively on [0,1], [1,2], ..., to obtain

x%a1:92 (1) > x9a1:91 (1) fort € [0,00).

In particular,

‘Pal a2 (Ptzl ]
Xe > Xg = Aa, Gay
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which implies that there exists a A € o, such that 4| > A, . This, combined
with the result of STEP 2, implies that A,, < A4,. That is, A, is strictly
increasing in a.

Step 4. Let

S={o € (0,00) : the zero solution of (3) is stable for a € (0,0)}.

Then, by Lemmas 3.1 and 3.2, ap € Sand S C (0, %} Let
8

a” =supa.

aes
Obviously, a™ € (0,00). Moreover, A,+ = 1 by the definition of a™ and
Lemma 2.1. Then, the theorem follows directly from the result in STEP 3.
This completes the proof.

(0]

It follows from the proof of Theorem 3.3 that at <

mz (;11) . The following result
gives a lower bound of a ™.

ps 1
Proposition 3.4. a* > e

Proof. Let S be defined as in the proof of Theorem 3.3. It suffices to show that
A%g € S. To achieve this, we first show that the zero solution of

x(t) = —x(t)+bx(r—1) (8)

is asymptotically stable for b € (——“‘;”2, 1). In fact, the zero solution of (8) is

asymptotically stable if and only if all the roots of (A + 1)e* — b = 0 have negative

real parts, and this is true by Theorem A.5 of Hale [4]. For the sake of completeness,

we give the detail here. We know that the characteristic of (8) is (A + 1)e* —b =0,
all of whose roots having negative real parts if and only if

1-b>0, ©))

—b < psinp —cosp, (10)

where p € (0, 7) satisfies p = —tanp. Since b < 1, inequality (9) is obviously true.
Note that p € (5, 7) and

psinp —cosp = —tanpsinp —cosp = _colsp = \/l—i—taan = \/l—i—pz.

It follows that psinp —cosp € (—V?”z,\/l +7r2>. Since b > —~ 4;”2, the

inequality (10) also holds. Therefore, for b € (——Mjﬂz, 1), the zero solution of
(8) is asymptotically stable.
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Now, for any f3 € (0,1), by the variation-of-constant formula, for any ¢ € C, the
unique solution x? : [—1,00) — R of (8) satisfies

X (1) :e*’¢(0)+ﬁ/0te*(f*s)x¢(s—1)ds. (11)

Thus, fora € (O, Mﬂg} , comparing x% and x% consecutively on [0, 1], [1,2], ..., we
know from (5) and (11) that

x%00(1) <x?(1) forre[—1,00).
In particular,
0 < x%%(nw) = A"¢,(0) < x%(nw)  forneN. 12)

Note that tlirn x%(t) = 0. This, combined with (12), implies that A, < 1. Therefore,
—3oo
fora e (0, ]%} , the zero solution of (3) is stable by the result of STEP 3 in the proof

of Theorem 3.3. Since 8 € (0, 1) is arbitrary, we know that for a € (0, A%g) the zero
solution of (3) is stable. This completes the proof.

4 Discussion for the Case Where a < 0

In Sect. 3, we obtained the threshold dynamics of (3) in the case where a > 0 (see
Theorem 3.3). It is natural to ask whether a similar result holds for the case where
a < 0. We do not have a definite answer here, although results below suggest that
threshold dynamics holds for the case where a < 0.

The first result indicates that the case where a < 0 is more stable than the case
where a > 0.

Proposition 4.1. Let a > 0. Then, max{|A|: A € 0_,} < A,

Proof. We shall use the following simple coupling technique (first used in the work
of Chen, Krisztin, and Wu [2] and then used in Chen, Huang, and Wu [1]): (X,Y) :
R — C? is a solution of the decoupled system

if and only if (U,V) : R — C? given by

U(t)=Xt)+Y() and V(t)=-X(t)+Y(r)
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is a solution of the coupled system

{Q(t) = —U(r)+ag(t)V(r—1), (13)
V() = =V(1)+ag(t)U(t—1).

Let F, : C([-1,0],C?) — C(]~1,0],C?) be the monodromy operator of (13).
Namely,

Fu(y)(0)=(UY(w+06),V¥(0+80)), 0 € [-1,0], y € C([-1,0],C?),

where (UY,VVY) is the solution of (13) with (UY,VY)|_; g = y. Let %, denote the
spectrum of F,. Then,
2, =0,U0, fora>0

(for a proof see [2, Proposition 4.2]). Moreover, max{|A| : L € 0_,} < |A,| (the
argument is similar to that in Sect. 4 of [2]), and this completes the proof.

In the first section, we mentioned that the zero solution of the periodic ordinary
differential equation (4) is always stable for a < 0. The following result shows that
this is no longer the case for the periodic delay-differential equation (3).

(1+e)(14+7%)

PI'OpOSitiOIl 4.2. Let g(l‘) = 2—|—COS(7L'l‘). If a < T et 322

solution of (3) is unstable.

Proof. Take ¢g =1 € C. Then,

then the zero

1

A1) = e~ 9o (0) +a /0 e~ g(s)x® (s — 1) ds.

In particular,

1
x%a(1) = e ! —|—a/ e~ 179)(2 4 cos(ns)) ds
0

_|2m*e+e—3-2n2
(
1+m?

= efl—l—a

(1+e)(1+x?)

Tere 3 o) Ve have x%4(1) < —1. It follows that

Since a < —

38| = ) > ()] > 1.

This implies that there exists a ¢ € o, such that |G| > 1, and hence the zero solution
of (3) is unstable.
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Abstract The Multiplicative Ergodic Theorem by Oseledets on Lyapunov
spectrum and Oseledets subspaces is extended to linear random differential
equations with random delay, using a recent result by Lian and Lu. Random
differential equations with bounded delay are discussed as an example.
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1 Introduction

Delays in difference and in differential equations are used for mathematical
modeling in many applications for the description of evolutions which incorporate
influences of events from the past, e.g. in biological models when traditional point-
wise modeling assumptions are replaced by more realistic distributed assumptions.

In contrast to ordinary differential equations the state space of a differential
equation with random delay is an infinite dimensional space. As a consequence
established tools for the analysis of ordinary differential equations do not directly
apply to delay equations. Based on recent work of Lian and Lu [5] the first step
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towards a general theory of difference equations incorporating random delays which
are not assumed to be bounded is established in Crauel, Doan and Siegmund [2]. In
this paper, we extend this work to differential equations with random delays:

(1) = A(6,0)x(t) + B(6,0)x(t — r(6,0)), (1)

where (6, );cr is an ergodic flow on a probability space (£2,F,P) and A(-),B(-) and
r(+) are random coefficients and delay, respectively.

The paper is organized as follows: in Sect. 2 we introduce a class of exponentially
weighted state spaces for (1). After that existence and uniqueness of solutions
of initial value problems is proved. We end up this section with the definition
of random dynamical systems generated by differential equations with random
delay. Section 3 is devoted to show the multiplicative ergodic theorem for random
dynamical systems with random delay. The Lyapunov exponents are shown to
be independent of the weight factor chosen for the state space. A special case,
differential equations with random bounded delay, is investigated in Sect. 4.

To fix notation, for a < b we denote by C([a, ], R?) the Banach space of all con-
tinuous functions f : [a,b] — R? together with sup norm, i.e. ||| = Sup; (a5 [£(1)]-
For a probability space (Q, F,P) denote by £'(Q,F,P) the set of all measurable
functions f : Q — R satisfying the integrability condition [, |f(®)| dP(®) < .
Let £!(P) denote the space of all measurable maps A : Q — RY*¢ such that
JA()] € £}(Q, F.P).

2 Differential Equations with Random Delay

Let (Q,F,P) be a probability space, (6;)cr : Q — Q an ergodic flow which
preserves the probability measure P and which has a measurable inverse, and let
r:Q — RT be a measurable map. We consider the random linear differential
equation with random delay

X(t) =A(6,0)x(t) + B(6:0)x(t — r(6,)) fort >0, (2)
where A, B € L£!(IP). In order to introduce a random dynamical system generated by
(2) we first need to construct an appropriate state space. Since the delay map r is in

general unbounded, an initial value for (2) is a continuous function x : (—oo,0] — R,
A corresponding integrated version of (2) for ¢ > 0 is given by

o(t,w)x =x(0) + /(:A(Gsa))(p(s, 0)x+B(6;0)p(s —r(6;m),0)xds, (3)

with the convention that (s, ®)x = x(s) for all s < 0. If (3) holds, we say that
1= @(t,0)x =: Qy(t,x) is a solution of equation (2) starting at 0 in X.
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Since in the unbounded delay case the initial data is always part of the solution,
some kind of regularity must be imposed from the beginning (see, e.g. Hale and
Kato [3] and Hino et al. [4]). This leads us to work with a canonical phase space

X, = {x € C((—0,0,R?) : lim e”x(t) exists},

t—>—o0

Ix[ly :== sup e™[x(t)].
te(—o0,0]

Throughout this paper we assume y > 0 and consider (2) on the state space
(Xy, - |ly)- Itis easy to see that (X, || - ||y) is a Banach space. The following lemma
ensures the separability of the space (Xy, || - ||y).

Lemma 2.1. For y > 0 the space (Xy, || - ||y) is separable.

Proof. The set Q7 of all vectors in R whose components are rational is dense in
RY. For each N € N we consider the Banach space C([—N, 0], RY) together with the
sup norm || - ||, i.e.

Iflle=sup [f(t)]  forall f € C(|~N,0],RY).
te[—=N,0|

It is well known that C([—N,0],RY) is a separable Banach space, see e.g. Willard
[7]. Consequently, there exists a countable set

A= {0, AN e (=N 0L RY),

which is dense in (C([—N,0],R?), |- ||-). For each function fk(N) veEQlandpe QT
we defined the extended function f,f]\vli, i (—o0,0] — R? by

), re[-N,0],
(1) = (% + 1) FN(N) = Mt Nty e [N - p,—N), ()
e v t € (—eo,—N —p).

Obviously, for all k € N,v € Q¢ and p € Q" the function f,flr)p is continuous and

; FN) () —
[EIPDO ewfk’\@p (t) =V

which implies that fl;(l\v/)p € Xy. Define

Avi= U {AN AN} foraiven.
(v.p)€QIxQT
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To prove the separability of the Banach space (Xy, || - [|), it is sufficient to show that

U Ay is dense in (X, || - [|y)- 5)
NeN

For a given x € Xy, set u := lim;, .. e”x(r). Hence, for an arbitrary € > 0 there
exists N € N such that

le”x(t) —u| < forallt < —N. (6)

ool m

Since Q7 is dense in RY, it follows that there exists v € Q7 such that [v—u| < £. On
the other hand, due to the denseness of Ay in the space C([—N,0],RY) there exists
k € N such that

€
sup |7 () —x()] < . )
t€[—N,0]

Direct estimates yield that

tim sup | ) —x(0)| = e Y (M) x| < e
P01 [-N—p —N]

and

lim sup e ‘fk(N) (=N) — e(NJr”)Vv‘
P01 [-N—p —N]

= ‘efYka(N)(—N) —v’

€ 3¢
< enyg + e ™x(=N) —u|+|u—v| < <

As a consequence, there exists p € Q1 such that for all t € [-N — p, —N] we have

[N x| < & e m e < S )

N M

We now estimate ||]A‘,§1\V/)IJ —X||y. By (4) and (7)

" 70,0 =x(0)| ="M ) = x(0)] < 1Y (0 = x(0)| <

ool M

holds for all 7 € [-N,0]. For all t € (—eo,—N — p], by (4) we have

)

e 0, () = x(1)| = e¥le ™y = x(0)] < Ju = v] + Ju—ex(1)| <

IS
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where we use (6) to obtain the last inequality. On the other hand, for all 7 € [-N —
—N] by (4) we have

e |0y =] = | (%5 ) 2w e

p

< e [V (=N) = x(0)| + &7 [V (=) — V)

e+£
-3

where we use (8) to obtain the last inequality. Therefore, we have

17, =Xy = sup e"|F) (1) —x(r)| <e,
t€(—e0,0]
which proves that A is dense in Xy and the proof is complete.

In the following theorem, we give a sufficient condition for the existence and
uniqueness of solutions of initial value problems of (2) on the state space X,.

Theorem 2.2 (Existence and Uniqueness of Solutions). Suppose that A(-),
B(-)e") € LY(P). Then there exists a measurable set Q of full measure such
that for every @ € Q the following pathwise random delay differential equation

x(t) = A(6,0)x(t) + B(6,0)x(t — r(6,m)), )

with the initial condition x(t) = X(t) for all t € (—eo,0] for some x € X, has a unique
solution on R, denoted by @ (-,X). Furthermore, for a fixed x € X, and T > 0 the

map Q—RY, defined by
© — Qu(T,X),

is measurable.

Proof. For convenience, we divide the proof into several steps.

Step 1. We define
Q:={0eQ:t— ||A(6,0)]+|B(6;0)|e"% is locally integrable}.
It is easy to see that Q is a O-invariant measurable set and P(Q ) =1 (seee.g. [1,

Lemma 2.2.5]). We finish this step by showing that for all 0 < a < b and measurable
functions f : Q — R? the following function

b
o — / A(6;0)f(w) ds is measurable for all > 0. (10)
a
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Since

b b
/|A(6Sa))v| ds§|v|/ IA(6,0)] ds < e forall v € RY,
a a

it follows that the map

b
> / A(6,0)v ds is measurable for all v € R?.
a

By approximating f by a sequence of simple functions, (10) is proved.

Step 2. For a fixed o € Qand T € R* we show that (9) has a unique solution on
[0, 7] with the initial value x € X,. Define

Cul[0,7],RY) = {£ € C(0,T],RY) : £(0) =x(0)}.
Obviously, Cx([0,T],R¢) is a closed subset of C([0,T],R?). Corresponding to each

f € Cx([0,T],R?) we define the continuous function f : (—o, T] — R? by

~ (1), ifr>0,
{ (t), ift an

fe) = x(r), iftr<0.

By the definition of X, we have

f'(s—r(@sa)))’ < max{oiu£T|f( )]s HxHerr(eSw } forall s € [0,7T].
<<

Hence, by the definition of Q we obtain

/ IA(6,0)f(s)|ds <o and / IB(6,0)E(s— r(6,0))| ds <o forall 1€ [0,T].

To solve (9) we define the operator T, : Cx([0,T],RY) — Cx([0,T],R?) by

Tof(r / A(6,0)f(s) ds+ / B(6,0)f(s — r(6;0)) ds forallz € [0,T].
(12)

Clearly, Tf is a continuous function and T, f(0) = f(0) = x(0). Hence, T, is well-
defined. Let f,g € Cx([0,T],R?). We show that

1|/ "
T2~ The(0] < | [ 1460 + B0 & I1-gl  (3)
- /0

forall t € [0,T],n € N. Indeed, due to (12) we obtain
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|wa(t) - ng(t)|

N /otA(Gsw)(f(S) —g(s)) ds+ /(:B(esw)(?(s —r(650)) —g(s — r(650))) ds.

Using the fact that f(¢) = g(r) for all # < 0 we have

Tof(t) - Tug(r)| < /Ol 1A(6s0)[| + [[B(6s)]| ds - [|f - g,

which proves inequality (13) for n = 1. Now assume that (13) is proven for some
n € N. For n+ 1, using the proof for n = 1, we have

IT% (1) — T4, g (1)

= [ 1400) o) - The(o)] ds+ [ 1800 TH(s) ~ Thgls)| ds

< ./(:l(s)-% (/Osl(u) du)n ds-||f—gl,

where [(s) := ||A(6;®)]| + | B(6;0)||. Together with the equality

./(:’(SV%(/Osl(u)duyds_m%l)!(Azl(s)ds)nﬂ

this implies (13) for n+ 1. Due to Step 1 we know that fOT |A(Bs0)| +
|IB(6;0)|| ds < o. Therefore, there exists N € N such that

N

Ky : <1,

1 T
=11 1460+ B0 ds

which together with (13) implies that T is a contractive map from Cx ([0, 7], R¢)
into itself. As an application of the Banach fixed point theorem, there exists a unique
fixed point of Ty, in Cx([0,7],RY) denoted by f,. Since T can be chosen arbitrary,
f,, can be extended to achieve a unique continuous function f, : [0,0) — R? such
that f,,(0) = x(0) and

£ (1) ::fw(0)+/otA(6sa))fw(s) ds+/()tB(6sw)fw(s—r(6sw))ds forall € R,

In other words, (9) has a unique solution for each @ € Q.
Step 3. It remains to show the measurability of the map Q — R defined by

o — @u(T,x),
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where x € X, and T > 0 are fixed and @q(-,X) is the solution of (9) with the
initial value x. Choose and fix f € Cx([0,7],R?). Define a sequence of functions
g0 :[0,T] x Q— R by

gu(t, @) =T0f()  forall (1,0) € [0,T] x Q.

By (12), we have

t t
g1 (1, @) = £(0) +/O A(6,0)2n(s, ®) ds+/0 B(6,0)3n(s — r(6,0), ) ds. (14)
On the other hand, as is proved in Step 2, we have

0o (T,x) = lim T (T )_lgngn(T,w) for all € Q.
n—eo

n—oo

Therefore, it is sufficient to show the measurability of the mappings g, (z, -) Q—RY
forallt € [0,T],n € N. We will prove this fact by induction. Clearly, the statement
holds for n = 0. Suppose that for some n € N and arbitrary 7 € [0, 7] the function
gn(t,) : Q — RY is measurable. Define g : [0,7) x Q — R by

k=1 :
i ~
400:0)= 3, 1 v O (Fr0)  forall (,0) € 0.0 x 2
Using the fact that g(-, @) : [0,] — R is a continuous function we derive that

lim A(G o)gk (s, ds—/A (6s0)g(s, ) ds for all € Q.

k—yoo

As a consequence, by using Step 1, the mapping
t
o — / A(6;0)gn(s, ) ds
0

is 7, B(R?)-measurable for all # € [0, T]. On the other hand, due to the measurability
of the mapping (s, ®) — r(6;®) there is a sequence of simple functions from [0, 7] x
Q to R converging pointwise to r. Using similar arguments as above, we also obtain
the measurability of the map

a)»—>/otB(9sa))§(s—r(6sa)),a)) ds.

Hence, the mapping g, (¢, -) is measurable for allz € [0, 7| and n € N. This completes
the proof.
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Remark 2.3. Since we can choose a O-invariant set Q with full measure, we can
assume from now on w.l.0.g. that the statements in Theorem 2.2 hold on Q.

Now we are in a position to define the random dynamical system on X, which is
generated by (2).

Definition 2.4. LetA,B € £'(P) and r: Q — R* be a random delay satisfying that
B(-)e") € £!(P). Consider a random differential equation with random delay

(1) =A(6,0)x(t) + B(6,0)x(t — r(6,)) fors > 0. (15)

The random dynamical system @ : R* x Q — £(X) defined by

x(r+s), ifr4+s5<0,
D(t,w)x(s) == {

O (t+5,x), ift+5>0,
for all s € R™, where @4 (-,x) is the unique solution of (15) with the initial value x,
is called the random dynamical system generated by (15).

Remark 2.5. From the unique existence of solutions of (15) we derive that ®(z, )
is injective for all # € R*. For ® € Q,r € R* and x € im(®(z,0_,0)Xy) due to
the injectivity of ®(z,60_,m) there is a unique y € X, which is also denoted by
®(—1, w)x, such that

D(t,0_,0)y = x.

Lemma 2.6 (Strong Measurability of ®). Ler ®@ be the random dynamical system
generated by (15). Then the mapping ®(1,-) : Q@ — L(X,) is strongly measurable,
Le, ®(1,-)x: Q — X, is measurable for each x € Xy.

Proof. Tt is sufficient to show that the set
A= {weQ: |o(l,0)x—yl,<e)

is measurable for all y € X, and € > 0. By Definition 2.4 we can rewrite the set A
as follows

A:={weQ:e¥”|py(s+1,x)—y(s)| < eforalls e [-1,0],
e”|x(s+1)—y(s)| < eforalls € (—oo,—1)}.

Clearly, if the estimate

e’Ix(s+1)—y(s)|<e forall s € (—eo,—1) (16)
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does not hold then A = @ and hence A is measurable. Therefore, it remains to deal
with the case that (16) holds. Using continuity of y and @ (+,X), we obtain

A= ) {0eQ:e|po(s+1,x)—y(s) <e).
s€QN[—1,0]

According to Theorem 2.2, the set {® € Q : e¥|@y(s+ 1,x) —y(s)| < €} is
measurable for each s € R*. Consequently, A is measurable and the proof is
completed.

3 MET for Differential Equation with Random Delay

So far we have proved the existence of the random dynamical system @ generated
by random differential equations with random delay

X=A(6,0)x(t)+ B(6,0)x(t — r(6,m)), (17)

where A(-),B(-)e”) € £'(P). Recall that ® is said to satisfy the integrability
condition provided that

sup log+||(l)(t,-)|\y and  sup 10g+|\d)(1—t,@,-)||y€£1(§2,}',]P’),
0<r<1 0<r<1

(see Lian and Lu [5]).

3.1 Integrability

The aim of this subsection is to show the integrability condition of the random
dynamical system @ generated by a differential equation (17) with random delay.

Lemma 3.1 (Sufficient Integrability Condition). LetA € L' (P) andr: Q — R
be a random map such that B(-)e"") € L!(P). Denote by ® : R x Q — L(X,)
the random dynamical system generated by (17). Then @ satisfies the integrability
condition, i.e.

sup log" ||®(r,-)|ly and sup log™ || ®(1—1,6)||, € L' (Q,F,P).
0<r<1 0<r<1

Proof. For each o € Q let @y (-,x) be the solution of (17) starting at f = 0 with the
initial value x € X,,. By Definition 2.4, we obtain
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@1, @)x[|y = max{  sup  e”x(t+5)[, sup e”|u(r+s5,X)|
SE(—o0,—1] se€(—1,0]

= maX{e "Ixlly, sup e |@o(s, X)I}

s€(0,1]

Therefore, the following inequalities

sup log® || ®(r,0)||y < sup log" [|@u(t,-)|| (18)
0<r<1 0<r<1
and
sup log® |®(1 —1,6,0)y < sup  log* [[@ge(s,-)| (19)
0<r<1 0<r<1,0<s<1—1

hold for all @ € Q. In what follows, we estimate | (¢,x)| for all 0 <7 < 1. To
simplify the notation, define

Mg, = {s ER, 15> r(Bxa))}
and the operator Ty, : Cx([0, 1],R?) — Cx([0,1],R?) by

Tof(r) = x(0) + Josn B(0;0)f(s — r(6;w)) ds

+/ A(6;0)E(s) ds+ B(6,0)x(s — r(6,0)) ds.
J[0,1]NM,

By (3) we have that @ (+,x) is the unique fixed point of T,. Moreover, due to the
contractiveness of T for some N € N we obtain

Qo (,x) = lim Tf(r)  forall f € Cx([0,1],R%),z € [0, 1]. (20)

n—se0

From the definition of T, it is easy to see that

Tof()] < KO+ [ IBO0)]f—r(0,0))]ds

+ [ 1o+ [ IB(@) e ds

Consequently, the following inequality

Tof()] < @)Xl [ (@)~ r(6,0)] s

+ [ 1400 o5
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where k(@) := 1+ [ ||B(6,0)||e?"(%®)=5) ds, holds for all 0 <7 < 1. A direct
computation yields that the non-empty closed set

By = {fG Cx([O, 1],Rd) (1) < k(a))HXHyefé [A(6s@)[[+[1B(6s@) | ds for all O <t < 1}
is invariant under T,,. Therefore, together with (20) we get
@ (t,)|| < k() IAG@I+IBE®Id  gora0<p <1,

which gives
1
sup Tog* [[go(t. )| < logk(w) + [ JA(B0)[+BO)|ds @)
0<r<1 0
and

1
sup 10g+|\¢e,w(sa-)|\Sosugllogk(ﬂsz/O 1A(6s0)] + [|B(6s@)]| ds.
<<

0<1<1,0<s<1—1

(22)
Using the inequality log(1+x) < 1 +1log" x for x € R, we have
2
sup logk(6,0) < 1+log" / | B(6s)[|e” (%) ds. (23)
0<t<1 Jo

By the Fubini theorem, we get

2 2
// 1B(6,)[e7(®) dsdP:/ /HB(GSa))HeVr(GS“’) dP ds.
QJo 0 JQ

On the other hand, for all s € [0, 2]

[ 1B(6.0) ) aB(o) = [ [B(@)]e"®) a(o) <

Hence,

/ I1B(6,) " (®) ds € £ (Q, F,P),

which together with (23) proves that supy, logk(6;-) € L (Q,F,P). Therefore,
by (18), (19) and (21), (22) we obtain

sup log™ ||z, ~)||y,os<u<pllog+ |@(1—1,6,) ||, € £'(Q, F,P).
<t<

0<r<1

This completes the proof.
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3.2 Kuratowski Measure

Recall that for a subset A C Xy, the Kuratowski measure of noncompactness of A is
defined by

o(A) :=inf{d : A has a finite cover by sets of diameter d}.
For a bounded linear map L : X, — X, we define
IL]lee = t(L(B1(0)))-

Let @ be the linear cocycle defined as in Definition 2.4. We introduce the following
quantity

.1
la(®) = lim - 1og | B(1,0)

and note that it is constant P-a.s. due to the ergodicity of 6 and the Kingman
subadditive ergodic theorem (see e.g. Arnold [1, pp. 122], Ruelle [6, Appendix A]).
To compute [, of the random dynamical system ®, we first prove the following
preparatory Lemma.

Lemma 3.2. (i) LetT >0anda:|[0,T] — R be an integrable function. Then for
any € > 0 there exists a partition 0 =ty <t} < --- <tx =T such that

it
/+ la(s)|ds<e  foralli=0,....K—1.

fi

(ii) Let T >0, o € Q and suppose that the function t — ||A(6,0)| +
| B(6;)||e"%®) is locally integrable. Define

A= {@n(-,x) : [0,T] = R x € B{(0)}.

Then o (A) = 0, where A is considered as a subset of C([0,T],R).

Proof. (i) The proof is straightforward by using the fact that the function

tb—>/ol|a(s)|ds

is continuous.
(i) By the same arguments as in the proof of Lemma 3.1, the inequality

19 (1,%)] < (1+ / " B8 7 0@ ds) oI 14(0:0) [+B(0.0)] ds
0
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holds for all x € B;(0) and 7 € [0, T]. Then there exists M > 0 such that
low(t,x)| <M  forallz €[0,T],x € B1(0). (24)

For any ¢,s € [0,T] with 7 > s and x € B;(0), by using (3) we have

(pw(l‘,X) - (pw(S,X)

- .[lA(euw)(pw(u’X) + B(60.,0) 9o (u — r(6,0),x) du

r
:/A(Gua))(pw(u,x) dut [ B(6.0)golu—r(00),%) du
s s,t|NMgy

+ B(6,0)x(u—r(6,0)) du,
[s.1]NME,

where My, := {s € Ry : 5 > r(6;0)}. Together with (24) this implies that
t 1
190(1:X)=90(5. ) <M [ [A(8,0)|+B(6,0)]| du+ | |B(8,0)]lrme” )
N s

holds for all @y (-,x) € A. Applying (i) to the right hand side of the estimate, we
get for an arbitrary € > 0 a partition 0 =79 < #; < --- <tg =T such that

€
|f(t)—f(s)|§§ forall fe Aty <t,s <t11,k=0,...,K—1. (25)
In the following, we first give a proof in the scalar case, i.e. d = 1. Choose and

fix N € N such that AN/I < £. For each index (iy,...,ig) € {-N,-N+1,...,N —
1,N}X, by writing each t € [0, 7] uniquely as t = oty + Bt | fork € {0,..., K —

1} and o, € [0,1] with ot + 3 = 1, we define a continuous function fi, ;. €
C([0,T],R) by
WM M
Sit i (@t + Btry 1) = ot B N
Now we show that
AC U Bs(filw-,lk)' (26)

By the definition of A and inequality (24) we have
—“M<f(tr) <M forall feAk=0,...,K—1.

which implies together with the inequality ZN"I < £ that for any f € A there exists
an index (iy,...,ig) € {—N,—N+1,...,N —1,N}X such that

M| M

‘f(tk)—— < forallk=0,...,K—1.
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Equivalently,

|£(te) = fiy i (t0)] < forallk=0,...,K—1.

W] m

For any a, 3 € [0,1] with c + 8 = 1 we get

|f (ot + Btry1) — ouf (k) — Bf (try1)]

<alf(oti+ Btey1) — f(t)| + Blf (1) — fotr + Bty 1) < ;

where we use (25) to obtain the last estimate. This implies with (27) that

|f (ot + Btir1) = fiy..ix (0t + Btii 1)

2
< 5+ 00 (0) = fois 0+ BU i) = fioi ()| < 5

293

27)

forallk=0,....K—1 and o,f € [0,1] with ot + 3 = 1. This proves (26) and
since € can be chosen arbitrarily small, it follows that /4 (A) = 0 in the case
d = 1. Since each continuous function f € C([0,T],RY) can be written as f =
(fi,---sfa), where fi,..., f; are scalar continuous functions, the case d > 2 can
be easily reduced to the scalar case and therefore we also obtain the conclusion

in the general case. This completes the proof.

Lemma 3.3. Let @ : R x Q x Xy — X, be the random dynamical system generated

by (17). Then

1
lo = lim —log||®(7, ®)[|l« = ~7.

Proof. For convenience, throughout the proof we only deal with the max norm
on RY, i.e. |x| = maxj<;<g|x;| for all x = (xi,...,x;)T € RY. We first obtain the

inequality /,, > —7v by showing that
a(®(T,®)B;(0)) > e "D forall T > 0.
Thereto, define the sequence {x, },en C B1(0) as follows
0, ifr € (—n+1,0],
X, (t) = e (—n+1—0)(1,..., )T, ifr € (—n,—n+1],
e’ =11, )T, if t € (—oo, —n.

Obviously, the function x,, : (—eo,0] — R4 is continuous, and the relations

lim e”x,(t)=0, sup e”|x,(r)] <1,
fmrmee 1€(—o0,0]

(28)
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proves that x, € B;(0) for all n € N. A straightforward computation yields that for
all m > n the following equality holds

O(T,0)xm(—n—T) —O(T,0)xy(—n—T) = Xp(—n) — Xp(—n)
= —e’ D, T

Thus,
[O(T, @)X — (T, @)Xy|y > e 7T,

which proves (28). Hence,

la(®) = Jim + log |1, 0)]4 > .

t—hoo t

Therefore, it remains to show that

lo(®) < —y+e forall0<e <. 29)
Choose and fix T > %. By definition of ®(T, ®) (see Definition 2.4), we have

x(t+T), forall# € (—eo,—T),

O(T,w)x(t) = {
0 (t+T,x), forallr € [-T,0],

for all x € B (0). Therefore,
O(T,w)x(") = @p(-+T,x) on[-T,0] (30)

According to Lemma 3.2 (ii), there exist fi,. .., f, € C([0,T],R) such that

(00(-%):(0.7] > B x € Bi(0)} € L) Byyser (7).
k=1

which implies with (30) that
n
{®(T, 0)x|_1.0,x € B1(0)} C |J B, yrenr (i), (31
k=1

where f; : [~T,0] — R is defined by f; (1) = fi(t+T). Define f; : (—oo,0] — R? by

~ fi(t), ifre[-T,0],
Jit) 1—{ _
Si(=T), ift € (oo, —T).
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We show that

(T, 0)B; (0 UBe< yeerr (fo)- (32)
k=1

To prove this statement let x € B (0). Using (31), there exists k € {1,...,n} such that
|D(T, 0)x(t) — fi(1)| <=7 forallt € [-T,0).
In particular, fi(—7T) < 1+e(~7"€)7_ On the other hand, for all 1 € (—eo, —T] we get
" D(T, )x(1) — fult)| = e [x(t+T) = fi(=T))|
<e” ( D) g 4 e(rHeT )

< 3¢ 1T

3

log3

which together with 7 > proves (32). Consequently, we have

|O(T, )| o < e 77 forall T > %

which implies that
1
1a(®) = lim - log |0(1, @) o < ~7+,

proving (29) and the proof is completed.

3.3 Multiplicative Ergodic Theorem

We have proved so far that the random dynamical system generated by a differential
equation with random delay fulfills all assumptions of the multiplicative ergodic
theorem on Banach spaces (see Lian and Lu [5]). Therefore, we are now in a position
to state the multiplicative ergodic theorem for differential equations with random
delay.

Theorem 3.4 (Multiplicative Ergodic Theorem for Differential Equations with
Random Delay). Let (Q,F P, (6,),cr) be an ergodic metric dynamical system and
A,B:Q — R and r: Q — R, be measurable functions satisfying that

A(),B(-)e"V) e L (P).

Denote by @ : R™ x Xy — X, the random dynamical system generated by the
differential equation with random delay

=A(6,0)x(t) + B(6,0)x(t — r(6,)).
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Then, there exists a 0-invariant subset QcQ of full measure such that for each
o € Q exactly one of the following statements holds

(D) x(®)=-—y
(II) There exists k € N, Lyapunov exponents A; > --- > A, > —v and a splitting
into measurable Oseledets spaces

Xy=E(0)® - DE(0)DF ()

with finite dimensional linear subspaces E j(®) and an infinite dimensional linear
subspace F(®) such that the following properties hold:

(i) Invariance: ®(t,0)E;(w) = E;(6;®) and ®(t,0)F (w) C F(6,m).
(ii) Lyapunov exponents:

1
tgljlzl ;long)(t,a))XHy:lj forallx € Ej(w)\Oand j=1,... k.

(iii) Exponential Decay Rate on F(®):

) 1
limsup - log [|®(1, @) [ (@) ly < —7-

t—>+oo

Moreover, for x € F(o)\ 0 such that ®(t,0_,®) " 'x := ®(—t, w)x exists for
allt € RY we get

1
iminf — — > 7.
liminf —log | (1, w)x[ly > v

(Il) There exist infinitely many finite dimensional measurable subspaces E;(m),
infinitely many infinite dimensional subspaces Fj(®w) and infinitely many Lya-
punov exponents

M>Ap>-->—y with lim A;=—y
jrteo

such that the following properties hold:

(i) Invariance: ®(t,0)E;(w) = E;(6;®) and ®(t,w)F;(w) C F;(6,m).
(ii) Invariant Splitting

Xy = E(0) @ GE(0) 0 F(0) and  Fi(o) = Eji(0)® Fp(o).

(iii) Lyapunov exponents:

1
IEIE ;long)(t,w)xHy:Aj forallx e Ej(w)\Oand j=1,...,k.
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(iv) Exponential Decay Rate on Fj(w):
. 1
limsup —log||®(z, ®)|r;(w)lly = Aj+1-
t—too [

Moreover; for x € Fj(®)\ 0 such that ®(t,0_,0)~'x := ®(—t, )x exists for
allt e RT we get

|
ltlgligf;logﬂd)(—t,w)xﬂy > —Aji1.

The following theorem shows that the Lyapunov exponents which exist by the
Multiplicative Ergodic Theorem 3.4 are independent of the exponential weight
factor y > 0.

Theorem 3.5 (Lyapunov Exponents are Independent of Exponential Weight
Factor). Let y > 0 and consider (15) on the state space (Xy, || - ||y). Assume that
A > —yis a Lyapunov exponent of (15), i.e. for P-a.e. ® € Q there exists X(@) € X,
such that

. 1
tgxfw;logH‘D(l,w)X(wmy =1.

Then for every { > v satisfying that ¢")B(-) € L (P) we have x(0) € X and the

number A is also a Lyapunov exponent of (15) on the state space (X¢, |- ||¢). In
particular,
o1
tim Hlog [0(r. 0)x(0) ;=7 (33)

Proof. Lety € X,. From the definition of X, we obtain that lim, .. e~ "y (—t) exists.
For § > yit is easy to see that
ime %'v(—f) = lime” e My(—_t) =
lime™>"y(—7) = lime"">"e""y(—1) =0,

which implies that y € X. Furthermore, for any y € X, we have

I¥lly = sup e “ly(=1)[ < sup e "ly(=1)[ < [lyy

t€(0, o) €0, o)

As a consequence, we get

1 1
limsup — 10g||(I)(t,a))x(a))||C < lim — log ||®(r, w)x(w)||y, (34)
f—voo I t—yoo f
and
1 1
e S m L
liminf —~ log |0z, @)x(w)[|¢ = 1im — log||®(t, @)x(e)]ly. (35)

In view of Theorem 3.4 we divide the proof into several cases.
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Case 1: The linear cocycle ® on the state space (X¢,|| - |¢) has finitely many
Lyapunov exponents . Let —§ < A < A1 < --+ < A; be the Lyapunov exponents
of the linear cocycle @ on the state space (X¢, || - [|¢) and

XC =E(0)® - ®E(0)®F (o)
the corresponding Oseledets splitting of ®. We write x(®) in the following form
x(w) =x;+X+ -+ X+ Xp,

where x; € Ej(®) and xp € F(w). For convenience, we divide the proof into
several steps.

Step 4. We first show that xF = 0 by contradiction, i.e. we assume that xp # 0. In
view of Theorem 3.4, we have

hmsup—long)(t o)xrll¢ < —C,
f——oo

and foralli € {1,...,k} with x; # 0

1
Jlim_—log |[D(t, @)l = A

Therefore, for any € € (0, A"I ) there exists 7' (¢) € R such that

% log||®(t, 0)xF|; < —C+e forallt < —T(g),
and foralli e {1,...,k} with x; # 0
Ai —§< ! log[|®(t, 0)xills < 4 +— forallt < —T(e).
Hence, for all t < —T(€) we have

[ocox@) = [e0.ox+ T eom|,
ie{1,...k},x#0

> oroxdc-|| Y oox
ie{l,...k},x;j#0 ¢

(—=C+e) _ 2 et(/l
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Consequently,

1 1
;10g|q)(t,a))x(a))|§§;log< (=6+e) _ zefm ) forallr < —T(e),
which implies that

1
limsup ~log|®(r, 0)x(w)[|¢ < ~C +e,

t——oo0

where we use the fact that lim;_, .. +log (e'“ —e'®) = a provided that a < b, to
obtain the last inequality. Since € can be chosen arbitrarily small it follows together
with (35) that

1
Jim_— log [ (1, 0)x(®)], < ~C, (36)
which contradicts the fact that

1
—{<—y<A ZIEIP»«? log || (7, 0)x(®)]| -

Step 2. Define

Imin := Mini Imax .= Maxi.
X,';é() ’ x,-;éO

By the same argument as in Step 1, we obtain that

lim - log [ (1, 0)x(0) ¢ >

'min

. 1
Jlim_— log |[@(1,0)x(@)]|; < A

Imax ?

> A

Imin = ““max

which implies together with (34), (35), and the fact that A; that

1
lim — log||®(r, 0)x(w)lly = 4

t—>too

proving (33) and the proof in this case is completed.

Case 2: The linear cocycle ® on the state space (X¢, | - [|¢) has infinitely many
Lyapunov exponents . Let —§ < -+ < A < Ay with limy_,.. A4 = —& be the
Lyapunov exponents of the linear cocycle ® on the state space (X¢, || -[|¢) and

X =E(0)©- S E(0)D (o)



300 S. Siegmund and T.S. Doan

the corresponding invariant splitting. We prove the fact that L € {4;,4,,...} by
contradiction, i.e. we assume that A; # A for all k € N. Since limy_,.. 4 = — it
follows that there exists k € N such that 4; < A. Set &* := min{k: 44y < A }. By using
(35) and in view of Theorem 3.4, we obtain that k* > 1. Hence, A+ < A < Ag+_1.
We write x(®) in the following form

X(0) =x;+xX0+ - +Xp 1 +Xp,

where x; € Ej(®),i =1,...,k* — 1 and xp € Fp~_|(®). Using a similar proof as in
the Step 1 of Case 1, we also have xy = 0 and

1
iminf — > A
liminf — log||®(r, @)x(@)ll¢ = Ak-—1,

which together with (34) contradicts the fact that A < A+ and the proof is
completed.

4 Differential Equations with Bounded Delay

The aim of this section is to investigate differential equations with bounded delay. If
the delay is bounded we do not need all information for ¢ € (—e,0] in order to know
the value of solutions in the future. As a consequence, there are several options to
define a dynamical system generated by such an equation. Naturally, we can ask the
question whether there are any relations between the Lyapunov exponents of these
dynamical systems. Throughout this section we consider the following system

#(t) = A(60)x(t) + B(6,0)x(t — r(6,0)). (37)
Assume that the random delay map r is bounded, i.e. there exists M > 0 such that
rw) <M forall w € Q

andA,Be ! (P). Due to the boundedness of the delay the initial values of (37) can
be either in Xy or in C([—M,0],R?). Using the same procedure to introduce and
investigate the random dynamical system in X, generated by (37), we also obtain a
random dynamical system in C([—M,0],R?) generated by (37) as follows:

Random Dynamical System on C([—M,0],R?): For each @ € Q and an initial
value x € C([—M,0],R¢), equation (37) has a unique solution denoted by yy(-,x),
i.e. the equality
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t t
l[/w(t,x):/oA(Qsa))l[/a,(s,x)—i-/o B(6,0) o (s — H(6,®),x) ds
holds for all r € R, where

x(s —r(6,0)), if s <r(6sw),
&w(s—r(esa)),x)_{ (s —r(6sw)) (6;0)

Vo(s — r(6;0),x), otherwise.

Based on the existence and uniqueness of solution of (37) we can define a random
dynamical system ¥ : R, x Q — L£(C([-T,0],R%)), where L£(C([-T,0],R%))
denotes the space of all bounded linear operators from C([—T,0],R¢) into itself,
by

Yo(t+s,x), ift+5>0,

Y(r,0)x(s) =

x(t+s), otherwise,

forall s € [-M,0].
Properties of '¥: Along the lines of the proof of Theorem 2.2, Lemma 3.1 and

Lemma 3.3 one can show that
e WY is strongly measurable.
* ¥ satisfies the integrability condition, i.e.

sup log" |¥(z,-)|| and sup log" ||¥(1—1,6,)| € LY(Q,F,P).

0<<1 0<r<1
o Ig(W) = —co.

The following theorem compares the Lyapunov exponents of @ and ‘¥ and shows
equality for those which are larger than the exponential weight factor —7.

Theorem 4.1. Let oy > 0 > ... be the Lyapunov exponents of ® and By > 3, > ...
be the Lyapunov exponent of \¥. Then

{oi} ={Bi: Bi> v}

Proof. (=) Suppose that A is a Lyapunov exponent of ®@. Fix @ € Q and let x € X,
be a vector corresponding to this Lyapunov exponent, i.e.

.1
}Llllo;log|\d>(t,w)x|\y— A.

Define x € C([—M,0],R?) by

x(s) =x(s) forall s € [-M,0].
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A direct computation yields that
0o (t,X) = Yy (t,x) forallz > 0,
which leads
D(r, w)x(s) ="P(1, 0)x(s) forall s € [-M,0],t > M.

Consequently, for all # > M we have
1 1 M
T log[®(r, )x||y = ~log(e™|[¥(r, )x]),
proving that
1
limsup — log || (¢, 0)x|| < A.
f—eo 1

To prove A is a Lyapunov exponent of ¥, by virtue of Theorem 3.4 it is sufficient to
show that

1
limsup " log ||¥(¢,0)x|| = A.

t—boo

Thereto, we assume the opposite, i.e. there exists € € (0,4 4+ ¥) and T > 0 such that
[W(r,0)x]| <e?*~®"  foralls>T.

Therefore,
0o (1,%)] = Yo (7,x)| < e*€) forallz > T.

As a consequence, for all # > T we have

||<I)(t,a))x||y:max{ sup e’ |®(r,®)x(s)|, sup eys|d>(t,w)x(s)|}

—ools<—t —1<s<0

max fe 7l sup o450

—1<s<0

IN

max {e’”|x|y,e7’ sup e75|q)a,(s,x)|,e(l£)’} :
0<s<T
This implies together with —y < A — ¢ that
. 1
limsup —log || ®(r,w)x[|, <A — €.
t—oo I

This is a contradiction and we get the desired conclusion.

(<) Assume that B > —7 is a Lyapunov exponent of ¥ and let x € C([—M,0],R%)
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be a vector corresponding to f3, i.e.
lim -+ log |[¥(1,0)x]| = B
lim —log (r,0)x| = B.
Define x : (—o0,0] — R by

x(s) = x(s), ifse[-M,0],

x(—M), otherwise.

Using similar arguments as in the first part of the proof, we also have
lim + log (1, 0)x], = B
lim —log ,O)X|[y = .

Therefore, 8 is a Lyapunov exponent of ® and the proof is completed.
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Beyond Diffusion: Conditional Dispersal in
Ecological Models

Chris Cosner

Abstract Reaction-diffusion models have been widely used to describe the dy-
namics of dispersing populations. However, many organisms disperse in ways that
depend on environmental conditions or the densities of other populations. Those can
include advection along environmental gradients and nonlinear diffusion, among
other possibilities. In this paper I will give a survey of some models involving con-
ditional dispersal and discuss its effects and evolution. The presence of conditional
dispersal can strongly influence the equilibria of population models, for example
by causing the population to concentrate at local maxima of resource density. The
analysis of the evolutionary aspects of dispersal is typically based on a study of
models for two competing populations that are ecologically identical except for their
dispersal strategies. The models consist of Lotka-Volterra competition systems with
some spatially varying coefficients and with diffusion, nonlinear diffusion, and/or
advection terms that reflect the dispersal strategies of the competing populations.
The evolutionary stability of dispersal strategies can be determined by analyzing
the stability of single-species equilibria in such models. In the case of simple
diffusion in spatially varying environments it has been known for some time
that the slower diffuser will exclude the faster diffuser, but conditional dispersal
can change that. In some cases a population whose dispersal strategy involves
advection along environmental gradients has the advantage or can coexist with a
population that simply diffuses. As is often the case in reaction-diffusion theory,
many of the results depend on the analysis of eigenvalue problems for linearized
models.
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1 Introduction

Traditionally, spatially explicit models for population dynamics describe dispersal
in terms of diffusion. Let u(x, ) represent a population density at location x at time ¢,
where (x,7) € Q x (0,00), Q C R", where Q is a bounded domain. A typical model
for a single population dispersing through a closed environment would take the form

U = UAu+ f(x,u)u  in Q x (0,00),

%:0 on dQ x (0,e0). (1)
Diffusive movement is random and has no relation to the growth rate f(x,u). In
that sense it is “unconditional.” Possible alternative or additional types of dispersal
include a) taxis (directed movement upward along environmental gradients) and b)
kinesis or area-restricted search (change in diffusion rate because of environmental
conditions). These sorts of dispersal can be “conditional” in that they may depend
on environmental conditions, including perhaps the local population density. (This
terminology is taken from McPeek and Holt [15] .) A model including taxis and
kinesis in a closed environment could be given as

uy = V- [u(x,u)Vu — auVe(x,u)] + f(x,u)u

in Q x (0,0),
du de
u%—au%—o on dQ x (0,e0). )

We will give a survey of some recent work on conditional dispersal based on taxis
and kinesis in population models. We will always assume that the coefficients,
nonlinearities, and the underlying domain in (2) and other models are smooth, the
domain Q is bounded, and the diffusion coefficient u is positive. We will focus
our attention on cases where the local population growth rate is logistic and the
model can be rescaled into a form where f(x,u) = m(x) — u, and we will consider
dispersal processes where e(x,u) is constructed from m(x) and perhaps u. The
mathematical analysis is motivated by the question “Which forms of dispersal
confer an advantage relative to other forms?” To decide whether a strategy is
advantageous, the usual approach has been to use the idea of evolutionarily stable
strategies. A strategy is said to be evolutionarily stable if a population using that
strategy cannot be invaded by a small population of mutants using another strategy.
Mathematically, this typically means that in some type of spatial population model
the equilibrium where all of the population is using a given strategy is locally
stable in the usual sense of dynamical systems. This approach naturally requires
formulating the spatial model as a dynamical or semidynamical system. In the
case of reaction-diffusion models and their generalizations, the theory of infinite
dimensional dynamical systems as developed by Sell and others is an essential part
of the necessary mathematical background for such a formulation.
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Some modeling approaches, specifically that introduced by Hastings [14], use
a single equation for the density of an invading mutant as the basic model. Others
use a system of two equations for competing species that are ecologically identical
but use different dispersal strategies, that is, where the reaction terms in the two
equations are the same but the dispersal terms differ. That approach was used in
numerical studies of discrete time two-patch models by McPeek and Holt [15] and
in a rigorous mathematical treatment of reaction diffusion models by Dockery et
al. [13]. The mathematical analysis of competition models usually requires a good
understanding of single species equilibria. Thus, we will first look at single species
models and then turn to models for two competitors.

2 Single-Species Models

2.1 General Background

For single species models such as (2) the instability of u = O typically implies the
persistence of the population; see for example [4]. Stability means that extinction is
possible. Instability or stability are typically determined by the sign of the principal
eigenvalue for the problem

V- [u(x,0)Vy — ayVe(x,0)] + f(x,0))y = oy
in Q,

P de(x,0
/.L(x,O)a—l’i/—ocy/ eg; )_0 onoq 3)

An interesting special case occurs if e(x,u) equals m(x) or m(x) — u, since in those
cases the advection term describes movement in the direction of the gradient of
the local growth rate, perhaps modified to allow for the effects of crowding. In that
case (3) becomes

V- u(x,0)Vy — ayVm(x)| + m(x)y = oy

in Q,
oy om
uw—aw%—o on dQ. 4)

In this situation it might be expected that increasing the factor o on the advective
term would tend to promote persistence, since the advection would tend to move
individuals to regions where the growth rate is higher. That is sometimes true,
specifically when o is large or Q is convex, but somewhat surprisingly it is not
true in general.
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Theorem 2.1 ([3]). If m(x) > 0 on some open set and o (the rate of movement up
the gradient of the growth rate) is sufficiently large in (4) , then u = 0 is unstable .

Theorem 2.2 ([12]). For convex domains, increasing o from o« =0 in (4) can make
u = 0 unstable if it is stable but cannot make it stable if it is unstable, so increasing
o from O favors persistence. This is not always true in general domains.

Some mathematical notes:

« The substitution ¢ = e (@/#)"Wy converts (4) into a variational form with
Neumann boundary conditions which can be studied via classical methods.

e The principal eigenvalue in (4) can be seen to depend differentiably on o by the
Implicit Function Theorem.

2.2 Evolution of Dispersal

A key background idea in connecting population models to evolutionary theory is
the idea of evolutionarily stable (or unstable) strategies. A strategy is evolutionarily
stable if a population using it cannot be invaded by any small population using a
different strategy. Such strategies are the ones that can be expected to persist under
the process of natural selection. A simple approach to modeling a situation where a
small population is invading an established resident population was introduced by
Hastings [14]. Suppose that u* is a stable positive equilibrium of

uy = DV - [u(x)Vu] + f(x,u)u  in QX (0,00),

d

a_Z —0 ondQ x (0,c0). (5)
Interpret the equilibrium u* as the density of a resident population. Let v denote
the density of a small invading population. Assume that the invading population is
so small that its effect on the resident population is negligible. Model the invading
population with the equation

v =dV - [U(x)Vv] + f(x,u* +v)v
in Q x (0,00),
dv

%:O on dQ x (0,e0). 6)

Theorem 2.3 ([14]). If f(x,u*) is not identically O then the equilibriumv =0 in (6)
is unstable (in the sense that v can increase when v(x,0) > 0 is small) if and only if
d <D.
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The proof of this result is based on applying an eigenvalue comparison result to
a linearized model analogous to (4). When Hastings’ result applies there should
be selection for lower rates of movement. Recall that Hastings’ result requires that
S (x,u*) not be identically 0. Integrating the equilibrium equation for (5) shows

/ SO u)u*dx = 0.
Q

It follows that f(x,u*) must be positive some places and negative others for
Hastings’ result to apply.

Biological interpretation: If f(x,u*) changes sign then the dispersal strategy
embodied by the term DV - [u(x)Vu] causes the population to overmatch the
available resources in some places but undermatch them elsewhere. This suggests
that dispersal strategies that tend to match population densities to resource levels
might have an advantage over those that do not. In the case where f(x,u) = m(x) —u
and u is constant, u* — m(x) as D — 0 (see for example [4, Sects. 3.5.3]) so a
smaller diffusion rate allows a population to match resource levels more accurately.

3 Two-Species Models

3.1 Systems with Simple Diffusion

A limitation of Hastings’ approach is that it does not explicitly model the interac-
tions of the resident and invading populations. A reaction-diffusion system that does
that was introduced by Dockery et al. [13] :

u = pAu+ [m(x) —u—vju in Qx (0,00),
Ve = VAV + [m(x) —u—v]y in Q x (0,0),
du Jdv

%:E:O on 9Q x (0,c0). (N

In this model « and v represent densities of populations that are identical except for
their dispersal strategies. Dockery et al. [13] proved

Theorem 3.1 ([13]). If u < v and (u,v) is a nonnegative solution of (7) with
u(x,0) > 0 on an open set, then v — 0 as t — oo,

Again, the slower diffuser wins.
The system (7) has all the usual features of reaction-diffusion models for two
competing species. Specifically, it is monotone with respect to the ordering

(ul,vl) < (uz,Vz) <~ u <u and Vi > V).
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Hence, if the model has semi-trivial equilibria (x*,0) and (0,v*) which are both
unstable it will predict coexistence ( in the sense that there will exist a positive
equilibrium and the dynamical model will be permanent), while if one is unstable
and there are no positive equilibria then the competitor with the unstable equilibrium
will be driven to extinction. If m(x) is positive then the semi-trivial equilibria will
exist and will be unique. The semi-trivial equilibrium (4*,0) will be unstable if the
principal eigenvalue is positive in the problem

VAY + (m(x) —u" )y =oy  inQ,

W _0o onoq. (8)
on

(Analogous results hold for similar systems where the dispersal terms are given by
linear elliptic operators more general that the Laplacian.)

We will now sketch of analysis from [13]: The principal eigenvalue in the
problem (8) is given by

—v/ |Vy/|2dx+/m W2dx

= sup )
/ y2dx
where the sup is taken over W!2(Q).
Since u* > 0 satisfies
UAL* + (m(x) —u*)u* =0 inQ,
a *
“ 0 onoQ, (10)
dan

the principal eigenvalue for (8) with v = u is 0, with the eigenfunction being a
multiple of u*. In view of (9), it follows that the principal eigenvalue in (8) is
decreasing in v, so it is positive if v < p, and thus (¢*,0) is unstable in that case.
If v > u the principal eigenvalue is negative and (u*,0) is stable. If v # u the
existence of a positive equilibrium (u™*,v**) can be ruled out on the basis of
related eigenvalue comparisons. The remaining conclusions follow from the general
features of models for two competitors.

3.2 Models with Taxis up Environmental Gradients

A model analogous to (7) but allowing for directed movement up the gradient of the
local growth rate m(x) is

u =V [uVu—ouVm|+ [m(x) —u—vu
v =V [vWv—BvVm] + [m(x) —u—v)v
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in Q x (0,00),
u&n “an_ on Van_
on dQ x (0,00). (11)

This system still has all the usual features of reaction-diffusion models for two
competing species. If m(x) is positive (and in some situations where m(x) changes
sign) semi-trivial equilibria (x*,0) and (0,v*) will exist, and each will be unique if it
exists. Again, the stability properties of the semi-trivial equilibria largely determine
the model’s predictions of whether the competitors can coexist or which competitor
has the advantage. The semi-trivial equilibrium (z*,0) of (11) will be unstable if the
principal eigenvalue is positive in the problem

V- Wy = ByVm(x)| + (m(x) —u")y = oy

in Q,
vV 8y 2™ _0 onoa. (12)
on on

Similarly, (0,v*) will be unstable if the principal eigenvalue is positive in the
problem

V- [uVe — apVm(x)] + (m(x) —v*)¢ = 1¢
in Q,

ua——oup—’::o on 9. (13)

The effects of small amounts of taxis up the gradient of m(x) when competitors are
similar were studied in [6] by perturbation methods. Start with parameters 4 = v =
o, ¢ =0,3 =0in (11) then maintain 3 = 0 but perturb the other parameters as

1= o+ sty +o(s), V.= o+ svi +o(s),
o =oys+o(s).

At s = 0 the equations for u and v are the same so that u* = v* = 6 for some positive
function 6, and the principal eigenvalues 6y(0) and 75(0) in (12) and (13) are both 0.
We have the following:

Theorem 3.2 ([6]). For small s, op(s) = 015+ 0(s), T(s) = 115+ o(s), where o}

and T can be computed as

T = —O]

(v1 _ﬂl)/ VO dy+ ocl/ V6 - Vindx
= Q2 0 . (14)

/ 02dx
Q
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If the underlying domain Q is convex, the second integral in the numerator is
positive. (This uses some classical PDE arguments.) If there is no taxis then the
slower diffuser has the advantage. In particular, if y; > v; then with no taxis (
oy = 0) the second competitor can invade when the first is resident, but not vice-
versa, so the second (more slowly diffusing) competitor has the advantage as in
[13]. However, if o;; > 0 is large enough, then for small positive s the effects of
taxis can overcome those of diffusion, so even if t; > v; the first competitor has the
advantage.

This gives some insight about what happens with weak taxis (small ¢). What
about strong taxis? That case was studied in [7]. A key point is to establish the
behavior of the single species equilibrium u* as @ — e. The term u* in the semi-
trivial equilibrium (*,0) satisfies

V- [uVu* — au*Vm(x)] + (m(x) —u*)u* =0
in Q
du* am

[JE—(XM*% =0 on 0JQ. (15)

Integrating the equation over Q yields
Ju' B = [ P = [ mxu e <
Q Q

so that u* is bounded in L?(Q) and hence in L!(Q) since Q is bounded. Suppose
that dm/dn = 0 on JQ. (This restriction can be removed.) Multiplying (15) by
m(x), integrating by parts, and dividing by o yields

Ozu/mV-Vu*dx—oc/ mV-u*dex—i—/m(m—u*)u*dx
Q Ja Q

= (u/a)/gu*Amdx—i—/Qu*|Vm|2dx—|—(1/0()/Qm(m—u*)u*dx.

It follows that as ¢t — oo,

/ u*|Vm|*dx — 0.
Jo

If the set of critical points of m has measure 0, then u* — 0 a.e. This suggests that
u* concentrates at critical points of m. That has been shown in certain cases [9]. In
general, having u* — 0 a.e. can lead to coexistence.

Theorem 3.3 ([7]). Suppose that m(x) is positive, nonconstant, and has an isolated
maximum at some point xo € Q. For any fixed 11 > 0 the system (13) with f =0, v
bounded below, and o sufficiently large is permanent.

(Permanence implies the coexistence of the two populations in the model.)
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Sketch of Proof. Recall that (1*,0) is unstable if oy > 0 in (12), where in this case
B = 0. Dividing (12) by y and integrating by parts yields

2
V/QWI,%' dx—i—/Q(m(x)—u*)dx:G|Q|.

Since u* — 0 as o — oo, it follows that for large o the semi-trivial equilibrium
(u*,0) is unstable. For the stability of the semi-trivial equilibrium (0,v*) we would
consider (13). By the maximum principle we have max v* < maxm. Using the new
variable p (x) = e~ (#/H)m(X) ¢ (x) lets us convert (13) into a variational form. It turns
out that using a test function that is concentrated near xy shows that for o large we
have 7y > 0 so (0,v*) is unstable. Since both semi-trivial states are unstable, the
model (11) with B = 0 predicts coexistence for large o .

In the general case of (11), recent work by Chen, Hambrock, and Lou [10]
shows that if f is small and o > B then the situation is similar to the case where
B = 0. However, if 3 is large but > 8 and o is large enough then the second
competitor has the advantage. Also, for the case o = f3, if o and 8 are small the
competitor with the smaller diffusion rate has the advantage, while if o and 3 are
large the competitor with the faster diffusion rate has the advantage. The intuition
is that if the competitors differ in their dispersal so that one competitor concentrates
near resource peaks but the other is broadly spread there will be a type of spatial
segregation that promotes coexistence but if one competitor can match the available
resources more closely than the other it has an advantage. This last idea returns
us to the old work by Hastings [14] and suggests connections with the ideal free
distribution.

4 The Ideal Free Distribution

4.1 Definition and Connections to Dispersal Models

The ideal free distribution is a verbal ecological theory of how organisms would
ideally locate themselves if they were free to choose their location. The key idea is
that if an individual can increase its fitness by moving to another location, it will do
so. This has certain consequences:

e At equilibrium organisms at all locations have equal fitness (otherwise some
would move to improve theirs).
* At equilibrium there is no net movement of individuals.

In the context of a population model such as (2) the first of these means that at an
equilibrium u* we should have

f(x,u") = constant;



314 C. Cosner

the second means we should have
V- [u(x,u®)Vu' — au*Ve(x,u")] = 0.

These are not compatible in most models; however, they may be in certain models,
or may asymptotically become compatible in certain limits. Recall that Hastings
showed that if an equilibrium u* of (6) has f(x,u*) # 0 then a small population
with a lower dispersal rate can invade the system. However, positive equilibria for
the case D = 0 must have f(x,u*) = 0, and at least in the case of constant diffusion
(u(x) = constant) and logistic growth (f(x,u) = m(x) — u), we have u* — m(x)
as D — 0, so that asymptotically solutions approach an ideal free distribution as
D — 0 (see [4, Sects. 3.5.3]). Thus, in that case there is selective pressure toward
dispersal strategies that conform to the ideal free distribution. However, if a strategy
leads to an equilibrium that conforms to the ideal free condition f(x,u*) = 0 then
the analysis behind Hastings’ result no longer applies. It is natural to ask if models
can approximate the ideal free distribution without having the dispersal rate go to
zero. One possibility would be to have the dispersal strategy involve moving up the
gradient of fitness. Suppose f(x,u) = m(x) — u. Such a model is developed in [11];
it has the form

u = V- [—oauV(m(x) —u)] + (m(x) — u)u
= oV -uVu— oV -uVm+ (m(x) —u)u

in Q x (0,00),
du dm
Lt(ﬁ—E)ZOOHaQX(O,W) (16)

This resembles a porous medium equation with an extra advective term. It supports
u* = m(x) as an equilibrium that satisfies the ideal free properties, but it assumes
that there is no ordinary diffusion term and it is degenerate as a parabolic equation.
Adding some diffusion yields

ur=V-[uVu—ouV(m(x) —u)] + (m(x) —u)u
in Q x (0,00), A7)

du du Jdm
This model can be seen to be well posed by results of Amann [1,2] .

4.2 Results on an Approximately Ideal Free Model

The model (17) is analyzed in [8]. Making the change of variables

w= uei(a//"')(miu)
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with inverse denoted as u = h(x,w) converts (17) into

wi = (o (x,w)) ™ e @R Ay
+0e WY (1 — B - Vw4 h(m — h)]
in Q x (0,0),

3—2} =0 ondQx(0,00). (18)
Equation (18) has a Neumann boundary condition and satisfies a comparison
principle. which leads to a priori bounds. If 0 is unstable and ¢ the principal
eigenfunction of the linearized problem for (17) at u = 0 then e~ (*/Mm)¢ is a
subsolution of the equilibrium problem for (18) for small € so there exist minimal
and maximal positive equilibria. (In general we do not know if they are the same.)

Theorem 4.1 ([8]). For any positive equilibrium u of (17), u — m,. weakly in H'
and strongly in L* as oL/t — oo.

Sketch of Proof. We obtain a priori estimates on the equilibria of (17) partly
by using another change of variables and using Nash-DiGiorgi type estimates. By
writing the equilibrium equation in terms of w, dividing by w, and integrating by
parts we obtain after some calculations

[m=war<Eial (19)
Q o
By integrating the equilibrium equation for u we obtain
/ u(m—u)dx=0. (20)
Q

The a priori estimates imply that for any sequence of o/ — oo there is a
subsequence so that the corresponding equilibria satisfy « — u* in L* for some u*.
It follows from (19) that

/Q(m—u*)erx: 0

so u* > my a.e. It then follows from (20) with u replaced by u* that u* = m_ a.e.
Hence, any sequence of values of o//u there is a subsequence of corresponding
equilibria that converges to m.. Since all such subsequences converge to the same
limit it follows that u — my as a/u — . (If o is bounded below then the
convergence is in C? for some y € (0,1); if in addition m > 0 the convergence is
in C%))

Theorem 4.1 has various consequences, including the uniqueness and stability
of the positive equilibrium when the rate ¢ of advection up the fitness gradient is
large. Suppose m(x) > 0. If u; and u; are positive equilibria with u, minimal we have
(by integrating over )
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/Qul(m—ul)dx: ./éuz(m—uz)dxzo

so that
/Q(ul—uz)(m—ul—uz)ZO. QD

Since u; — m and up — m uniformly as o/ — oo, we see that m —u; —uy — —m
uniformly. Since m is strictly positive , for large ot/ we have m —u; —uy < 0. This
along with u; > u; and u; # u, contradicts (21), so we must have u; = u;.

The linearization of the ideal free type model (17) around an equilibrium is

V- [uVe—apV(m—u)+ouVe)+(m—2u)p=0c¢  inQ,
[uVo —0pV(m—u)+ouVe]-n=0 ondQ.
This can be converted to a form that allows use of the maximum principle by a

change of variables, which implies the existence of a principal eigenvalue oy with
positive eigenfunction ¢p. Integrating over € gives

o / Podx = /Q (m —2u) ¢paqdx.

If m > 0 it follows that for o/ large we have oy < 0 so that the equilibrium is
stable.

4.3 Remarks

Approximately ideal free dispersal seems to allow organisms to track their resources
(as described by the growth rate m(x)) accurately as o/ — o so we expect that
there will be selection for it in some cases. To examine that topic we would need to
consider models analogous to (3), which would have the general form

u =V [uVu—oauVf(x,u+v))+uf(x,u+v)
v =V-[vWv—BvVe(x,u+v)|+vf(x,u+v)

in Q x (0,00),

du df(x,u+v)  dv dglx,u+v)
Hon 0= on— Vo P 70
on dQ x (0,e0).

Such models are challenging because they are strongly coupled and quasilinear,
somewhat along the lines of cross-diffusion models. They present many issues
which are the subject of ongoing research. Even in the case of a single equation there
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are many open questions, for example the uniqueness or multiplicity of equilibria
when ot/ is not large.

An alternative approach to ideal free dispersal would be to look for specific
forms of linear diffusion and advection with spatially varying coefficients that would
admit ideal free solutions. It turns out that this is possible in the case of discrete
diffusion models, and in that setting the ideal free property is usually necessary and
sometimes sufficient for evolutionary stability [5]. Extending that approach to the
infinite dimensional case is another direction of current research.
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Abstract In this work the existence of a global attractor for the solution semi-
flow of the coupled two-cell Brusselator model equations is proved. A grouping
estimation method and a new decomposition approach are introduced to deal with
the challenges in proving the absorbing property and the asymptotic compactness
of this type of four-variable reaction-diffusion systems with cubic autocatalytic
nonlinearity and with linear coupling. It is also proved that the Hausdorff dimension
and the fractal dimension of the global attractor are finite.
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1 Introduction

Consider a coupled two-cell model of cubic autocatalytic reaction-diffusion systems
with Brusselator kinetics [18, 20, 31],
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ow

E:dlAw—i—a—(b+1)w+w2z+D1(u—w), 3)
aZ 2
E:dgAH—bw—w 72+ Dy (v—12), 4

for t > 0, on a bounded domain Q C R",n < 3, that has a locally Lipschitz
continuous boundary, with the homogeneous Dirichlet boundary condition

u(t,x) =v(t,x) =w(t,x) =z(t,x) =0, t>0, x€0dQ, Q)
and an initial condition
u(0,x) = up(x), v(0,x) = vo(x), w(0,x) = wp(x), z(0,x) = zo(x), xeQ, (6)

where d|,d,,a,b,D1, and D, are positive constants. We do not assume that the initial
data u, v, wo, 20, nor the solutions u(z,x),v(t,x),w(t,x),z(f,x) to be nonnegative.
In this work, we shall study the asymptotic dynamics of the solution semiflow
generated by this problem.

The Brusselator is originally a system of two ordinary differential equations as
a model for cubic autocatalytic chemical or biochemical reactions, cf. [2, 25, 35].
The name is after the home town of scientists who proposed it. Brusselator kinetics
describes the following scheme of chemical reactions

A— U, B+U—V+D,
2U+V — 30U, U—E,

where A and B are reactants, D and E are products, U and V are intermediate
substances. Let u(¢,x) and v(z,x) be the concentrations of U and V, and assume
that the concentrations of the input compounds A and B are held constant during
the reaction process, denoted by a and b respectively. Then one obtains a system of
two nonlinear reaction-diffusion equations called (diffusive) Brusselator equations,

% =diAu+u*v—(b+1)u+a, (7
dv ’
> =drAv — u“v+ bu. ®)

There are several known examples of autocatalysis which can be modeled by
the Brusselator equations, such as ferrocyanide-iodate-sulphite reaction, chlorite-
iodide-malonic acid reaction, arsenite-iodate reaction, some enzyme catalytic reac-
tions, and fungal mycelia growth, cf. [1,2,4,9].

Numerous studies by numerical simulations or by mathematical analysis,
especially after the publications [22,23] in 1993, have shown that the autocatalytic
reaction-diffusion systems such as the Brusselator equations and the Gray-Scott
equations [13, 14] exhibit rich spatial patterns (including but not restricted to Turing
patterns) and complex bifurcations [1,3,4,7,8, 11,12, 16,24,26,32,38] as well as
interesting dynamics [5,9, 10, 17,21,27-29,39,40] on 1D or 2D domains.
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For Brusselator equations and the other cubic autocatalytic model equations of
space dimension n < 3, however, we have not seen substantial research results in the
front of global dynamics until recently this author proved the existence of a global
attractor for Brusselator equations [41], Gray-Scott equations [42], Selkov equations
[33,43], and the reversible Schnackenberg equations [30, 44].

In this paper, we shall show the existence of a global attractor in the product
L?> phase space for the solution semiflow of the coupled two-cell Brusselator
equations (1)—(4) with homogeneous Dirichlet boundary conditions (5).

This study of global dynamics of the two-cell model of four coupled components
is a substantial advance from the one-cell model of two-component reaction-
diffusion systems toward the biological network dynamics [12, 19]. Multi-cell
models generically mean the coupled ODEs or PDEs with large number of
unknowns (components), which appear widely in the literature of systems biology
as well as cell biology. Here understandably “cell” is a generic term that may
not be narrowly or directly interpreted as a biological cell. Coupled cells with
diffusive reaction and mutual mass exchange are often adopted as model systems
for description of processes in living cells and tissues, or in distributed chemical
reactions and transport for compartmental reactors [31, 37]. The mathematical
analysis combined with semi-analytical simulations seems to become a common
approach to understanding the complicated molecular interactions and signaling
pathways in many cases.

In this regard, unfortunately, the problem with high dimensionality can arise and
puzzle the research when the number of molecular species in the system turns
out to be very large, which makes the behavior simulation extremely difficult
or computationally too expensive. Thus theoretical results on multi-cell model
dynamics can give insights to deeper exploration of various signal transductions
and tempro-spatial pattern formations.

For most reaction-diffusion systems consisting of two or more equations arising
from the scenarios of autocatalytic chemical reactions or biochemical activator-
inhibitor reactions, such as the Brusselator equations and the coupled two-cell
Brusselator equations here, the asymptotically dissipative sign condition in vector
version

lim F(s)-s <C,

[s|—oe
where C > 0 is a constant, is inherently not satisfied by the opposite-signed and
coupled nonlinear terms, see (11) later. Besides a serious challenge in dealing
with this coupled two-cell model is that, due to the coupling of the two groups
of variables u,v and w,z, one can no longer make a dissipative a priori estimate
on the v-component by using the v-equation separately and then use the sum
y(t,x) = u(t,x)+v(t,x) separately to estimate the u-component in proving absorbing
property and in proving asymptotical compactness of the solution semiflow as
we did in [41-43]. The novel mathematical feature in this paper is to overcome
this coupling obstacle and make the a priori estimates by a method of grouping
estimation combined with a new decomposition approach.
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We start with the formulation of an evolutionary equation associated with the
two-cell Brusselator equations. Define the product Hilbert spaces as follows,

H=[(QF, E=[HQ)] I=[Hy(QnH Q)]

The norm and inner-product of H or the component space L*(Q) will be denoted by
|l - || and {-,-), respectively. The norm of L”(Q) will be denoted by || - ||1r if p # 2.
By the Poincaré inequality and the homogeneous Dirichlet boundary condition (5),
there is a constant y > 0 such that

IVl > vylle|*, for € Hy(Q) or E, 9)

and we shall take ||V || for the equivalent norm of the space E and of the component
space Hj (Q2). We use | - | to denote an absolute value or a vector norm in a Euclidean
space.

It is easy to check that, by the Lumer—Phillips theorem and the analytic
semigroup generation theorem [34], the linear operator

dA 0 0 0
0 A 0 0
A= ? :D(A)(=TI) — H (10)
0 0 diA O
0 0 0 dA

is the generator of an analytic Cy-semigroup on the Hilbert space H, which will be
denoted by ¢’ .t > 0. By the fact that H} (Q) — L°(Q) is a continuous embedding
for n < 3 and using the generalized Holder inequality,

vl < lullZsllvligs, w2l < wl7ollzll e, foru,vw,z€ L(€),
one can verify that the nonlinear mapping

a—(b+1u+u>+Di(w—u)
bu—u*v+Dy(z—v
F(g) = 22=v) "E—H, (11)
a—(b+1)w+w*z+Di(u—w)

bw—w?z+ Dy (v —2)

where g = (u,v,w,z), is well defined on E and locally Lipschitz continuous. Then
the initial-boundary value problem (1)—(6) is formulated into the following initial
value problem,

d
d—f:AngF(g), >0, (12)

8(0) = go = col (ug,vo,wo,20),
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where g(r) = col (u(t,-),v(t,-),w(t,),z(t,-)), simply written as (u(t,-),v(t,-),
w(t,-),z(t,-)). Accordingly we shall write go = col (ug,vo, wo,20)-

By conducting a priori estimates on the Galerkin approximate solutions of the
initial value problem (12) and the weak/weak* convergence argument, we can prove
the local existence and uniqueness of the weak solution g(r) of (12) in the sense
given in [6, Chapter II and Chapter XV], which turns out to be a local strong
solution for ¢ > 0, cf. [34, Theorem 46.2]. Moreover, one can prove the continuous
dependence of the solutions on the initial data and the following property,

8 € C([0, Trax); H) N C'((0, Tynan); H) NL*(0, Ty, E), (13)

where Iy = [0, Tnax) is the maximal interval of existence.

We refer to [15, 34, 36] and many references therein for the concepts and basic
facts in the theory of infinite dimensional dynamical systems, including few given
below for clarity.

Definition 1.1. Let {S(¢)};>0 be a semiflow on a Banach space X'. A bounded
subset By of X is called an absorbing set in X if, for any bounded subset B C X,
there is some finite time 7y > 0 depending on B such that S(¢)B C By for all t > .

Definition 1.2. Let {S(¢)},>0 be a semiflow on a Banach space X. A subset &7
of X is called a global attractor for this semiflow, if the following conditions are
satisfied:

(i) 7 is a nonempty, compact, and invariant set in the sense that

S(t)o/ = forany t > 0.

(ii)  attracts any bounded set B of X" in terms of the Hausdorff distance, i.e.

dist(S(¢)B, <) = sup inf ||S(1)x—y||lx — 0, ast— co.
xeBYEA

Definition 1.3. A semiflow {S(¢) };>( on a Banach space X is called asymptotically
compact if for any bounded sequences {x,} in X" and {z,} C (0,e0) with £, — oo,
there exist subsequences {x,, } of {x,} and {#, } of {z,}, such that limj_,.. S(t, )Xn,
exists in X.

Here is the main result of this paper. We emphasize that this result is established
unconditionally, neither assuming initial data or solutions are nonnegative, nor
imposing any restriction on any positive parameters involved in (1)—(4).

Theorem 1.4 (Main Theorem). For any positive parameters dy,dy,a,b,D1,and
Dy, there exists a global attractor < in the phase space H for the solution semiflow
{S(2) }+>0 generated by the coupled two-cell Brusselator evolutionary equation (12).

Kuratowski measure of noncompactness for bounded sets in a Banach space X
is defined by
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K(B) Ll inf {8 : B has a finite cover by open sets in X’ of diameters < &} .

If B is an unbounded set, then define k(B) = . The basic properties of the
Kuratowski measure are listed here, cf. [34, Lemma 22.2],

(i) x(B) =0if and only if B is precompact in X, i.e. Cly B is a compact set in X
(ii) x(B;) < k(B,) whenever B| C B;.
(iii) (B + B,) < k(B1) + x(B»), for any linear sum B; + B,.

The following lemma states concisely the basic result on the existence of a global
attractor for a semiflow and provides the connection of the k-contracting concept to
the asymptotical compactness, cf. [34, Chapter 2].

Lemma 1.5. Ler {S(¢)}+>0 be a semiflow on a Banach space X. If the following
conditions are satisfied:

(i) {S(t)}s>0 has a bounded absorbing set in X, and
(ii) {S(r) }i>0 is K-contracting, i.e. lim;_. K(S(¢)B) = 0 for any bounded set BC X,

then {S(t) }+>0 is asymptotically compact and there exists a global attractor < in
X for this semiflow. The global attractor is given by

o = o(Bo) (N Clv |J(S(1)By).

>0 t>7T

In Sect. 2, we shall prove the global existence of the weak solutions of the two-cell
Brusselator evolutionary equation (12) and the absorbing property of this coupled
Brusselator semiflow. In Sect. 3, a new decomposition technique is presented to
deal with the asymptotic compactness issue of this problem and the k-contracting
property for the (v,z) components is proved. In Sect.4, we treat the asymptotic
compactness for the (u,w) components. Then we assemble these results to prove
the existence of a global attractor in the phase space H for the coupled Brusselator
semiflow. In Sect.5, we show that the global attractor has a finite Hausdorff
dimension and a finite fractal dimensions.

2 Absorbing Property

In this paper, we shall write u(z,x),v(¢,x),w(t,x), and z(¢,x) simply as u(z),
v(t),w(r), and z(¢), or even as u,v,w, and z, and similarly for other functions of

(t,x).

Lemma 2.1. For any initial data gy = (up,vo,wo,20) € H, there exists a unique,
global, weak solution g(t) = (u(t),v(t),w(t),z(t)), t € [0,0), of the coupled Brus-
selator evolutionary equation (12).
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Proof. Taking the inner products {(2),v(z)) and ((4),z(t)) and summing them up,
we get

1/d d
5 (G G117 )+ (191 1901

:/ (—uzvz+buv—w222+bwz—D2[v2—2vz+zz])dx
Q

b\ 2 b\ 2
:/Q—[(uv—§> +(WZ—§) +D2(V—Z)2

It follows that

12 12
dx+ =b7|Q| < =b7|Q|.
+3010) < Spl0l

(14)

d
3 (VI 112l2) + 292 (v + 1)) < 221€2),

which yields

MO+ IO < e (ol + o) + 5150
- 2ydy’

fort €0, Tpay).  (15)

Let y(t,x) = u(t,x) +v(t,x) + w(t,x) + z(¢,x). In order to treat the u-component and
the w-component, first we add up (1), (2), (3) and (4) altogether to get the following
equation satisfied by y(¢) = y(¢,x),

% — Ay —y+[(ds— d)A(+2) + (v+2) +2a]. (16)

Taking the inner-product {(16),y(r)) we obtain

1d
mllyl\%dll\wl\%|\y||2=/g[(dz—dl)A<v+z)+(v+z)+2a]ydx
<ldi = a|[|[V+2)[IVy[l + v+ ][Iy
+2alQ|||y|
di 2, ldi—dof? 2 L
< —|IV — ||V —
< 2|| ylIT+ 0 Vv +2)|l +2||y|\
+ v+ z||* + 44*|Q],
so that

|d\ — do|?

d 2 2 2
— d ||V <
Gltl\yll +di|[Vy[I"+lIyl|” < a

IV 421 +4 (IV]1> + [12)%) + 827
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Then we get

dy —d>|?
A =&l o420z, (A7)

d 2 2 2
— d1||V <
dtHy” +di||VylI=+Iyll* < d

where )
4b

Cilom za) =de 4 (lP+ o) + (20 +8) i) 19
2

Integrate the inequality (17) to see that the solution y(¢) of (16) satisfies the
following estimate,

—d
OIS e+t 4201+ L2 R [ v(uts) sy Pas

2 4b
+y7(|vo||2+|vo|2)+<E+8a2) 1Q|7, t€[0,Tha). (19)

From (14) we have

!
& [ 190+ 22 < 24 [ (IVG) P +Ve()]) ds
< (IolP + 1) + 2121
Substitute this into (19) to obtain

2 d)—d
)2 < llao +vo+wo + 2ol + (42 + 2) (ol + o ?)

+ {(‘d;l el | 4 ) b+ SaZ] Q)1 1€ [0, Tar)- (20)
Let p(r) = u(t) +w(t). Then by (15) and (20) we have shown that

PP = llu(e)+w@)|* = ly(t) = (v(t) +2(0) ||
<2 (||u0+Vo+Wo+Zo||2+ HV()HZ-F ||ZoH2) +C(go)t, fort €[0,Tay),
(21
where C>(go) is a constant depending on the initial data g.

On the other hand, let y(¢,x) = u(r,x) +v(t,x) —w(t,x) — z(¢,x), which satisfies
the equation

dy

= =AY —(1+2D0)y+[(d = d)A(v —2) + (1 +2(D1 = D2)) (v = 2)]. (22)
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Taking the inner-product ((22), y(¢)) we obtain

Iy l?+di [Vl + [l < 2d—lll//||2+dl||Vll/||2 (1+2D)|y|?

N =

d
dr
< (di =)V =2Vl + 1+ 2(D1 = Do)l [lv =zl w

< Wy M= o0 s Lyl b2 a2
-2 2d4 2 2 ’
so that
d \di — do|?
&||‘I/||2+d1||Vll/||2+ y? < d—l||V(V—Z)||2+C3(VO,ZOJ), (23)
where

_ b?
C3(vo,20,1) = 2|1 +2(Dy — Dy)|? (e 214 (|lyg |12 + |20 ||%) + %|Q|> .24

Integration of (23) yields

d
I <o v0 - w0~ 2o+ 972 [ 1) o)
[14+2(Ds - Do) (L(||v0||2+ ||zo||2)+ﬂt> 1[0, T
yd> Yd>
(25)
Note that
1
& [ V0 22 < 24 [ (IVG6) [P + V(o)) s

< (Ivoll> + llzol1?) + b*|€.
From (25) it follows that

|di — do|?

2 2,42
b°|Q|t
didy (Ivoll* + llzoll* + 719 )

Il < lluo+vo—wo—z0l* +

1 b*|Q|
1+2(D1 = Da)* [ —(|[voll? Nt——t), t€0,Ta).
#1420 = D) (Sl + al?) + 222 ). 1€ 0.Tou)

(26)
Let g(t) = u(t) — w(z). Then by (15) and (26) we find that
lg@)II? = llu(t) =w(®)[]? = | w(r) = () = ()1
< 2(Jluo +vo —wo = 2ol|* + [|vo[|* + [|z0l|*) +Ca(g0) 1, fort € [0, Tax),
27)

where C4(go) is a constant depending on the initial data g.
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Finally combining (21) and (27) we can conclude that for each initial data gy € H,
both u(r) = (1/2)(p(t) + q(r)) and w(r) = (1/2)(p(t) — q(t)) components are
bounded if T,,,, of the maximal interval of existence of the solution is finite.
Together with (15), this shows that, for each gy € H, the weak solution g(r) =
(u(t),v(t),w(t),z(r)) of (12) will never blow up in H at any finite time and it exists
globally . (]

Due to Lemma 2.1, the family of all the global weak solutions {g(#;g0),7 >0, g0 €
H} of the coupled Brusselator evolutionary equation (12) defines a semiflow on H,

S(t): g0+ g(tswo), go€H, >0,

which is called the coupled Brusselator semiflow.

Lemma 2.2. There exists a constant Ky > 0, such that the set
By = {llgl € H: |l¢|I* < Ko} (28)

is a bounded absorbing set By in H for the coupled Brusselator semiflow {S(t)};>0.

Proof. For this coupled Brusselator semiflow, from (15) we obtain

I ? ) < gy = 212 29
imsup ([[v(2)[|=+[|z()[|") <Ro = - (29)
t—voo 7d2
Moreover, for any ¢ > 0, (14) also implies that
141 1
/t (IVv(s)[*+ IVz(s) ) ds < d—z(l\V(t)Her 2(6) 1>+ 57| )
< L (et (g 4 ) + 212 4 212
T d 2yd, dy
(30)
which is for later use.
From (17) we can deduce that
d dy —dy|?
" (e[ly(0)[]*) < %e’HV(v(t)+z(t))||2+e’C1 (vo,z0,).  (31)

Integrate (31) to obtain
Iy (O)]1* < e [luo+vo+wo+ 2|

dy—dr[* [
+%/0 e V(1) +2(7))|]>dT + Cs(vo, 20, 1), (32)
1
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where
(1-2ydy)t 2 4b* 2
Cs(v0,20,1) /4e at(lvolP +lloll) + Sz + 84" ) 1€
2 2 4b* 2
< 4a(t)(llvoll” + [lz0ll") + @JrSa €2,
in which

e Y if1-2yd > 0;

t
or) = e*f/ eI T T = dret <2e e 2, if 1 -2y, =0;  (33)
0
—5a¢ if 1 —2yd, <0.

On the other hand, multiplying (14) by e’ and then integrating each term of the
resulting inequality, we get

! 1
3 | @R+ [IR) deds [ V@I + (0] de < S0,

so that, by integration by parts and using (15), we obtain

!
& [ (V@ + Vo] ar
< 32l -5 [ = (@I + IVa(o)P) de
-2 2Jo drt
1 1
= 380 = 3 [+ [0 - (ol + o)

- [ IR +iolar]

©lQ|

< 0*[Qle" + ([Ivol* + llzol1*) +/ =21 (v > + [|zo] 1) d T+ === i,

1
(1+W)b2|9|e’+(1+oc(t)e’)(||vo||2+lzo|2), fors > 0. (34)
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Substituting (34) into (32), we obtain that, for 7 > 0,

Iy(@)]1* < e [luo+vo +wo + 20/ * + Cs(vo, 20, 1)
2|d1_d2|2 —t 1 2 t t 2 2
_ 1+ — | P|Q 1 t
g © oy ) V1Rl (L) Ivol™+ fleo )

. 4p?
< e Jup 4 vo 4+ wo + z0/|> + 4ou() (||vol|> + ||z0]|?) + (—

+ 8a2) Q
e 12

2|d1—d2|2 —t 1 2 ' ' 2 2
b bl S B 1+ —— ) B2 1+ela(r + .
+ id e + 7, |Qle +( e'o( )) (Ivoll l|z0|”)

(35)

Note that (33) shows o(z) — 0, as 7 — 0. From (35) we find that

. 4b* 2|dy — dy|? 1
limsup || y(z 2<R:1+(—+8a2)9+ 1+ b*|Q)|.
Hmplly( )i 1 e Q] did v, Q|

(36)

The combination of (29) and (36) gives us

limsup ||u(z) + w(t)H2 =limsup ||y(¢) — (v(z) —|—z(t))||2 < 4Ry +2R;. (37)
f—yo0 f—oo

Similarly, from the inequality (23) satisfied by y(z) = u(t) + v(¢) —w(t) — z(z), we
get

di — db|?
d

%(EIH‘V(I)HZ) < e[V(t) —z(0)|I* + €' Cs(vo,20,1).  (38)

Integrate (38) to obtain

[y (0)]* <e™"flug+vo —wo —zol>

dy —da?
+|1 2|
d

t (39
[ 900 2w P de+ Colvo,z0.),

where

t b2
Colvo.an,) =211 +2(01 = Do) (e [ -21805 e v+ )+ -1

b2
<2142 - D)2 (a<r><|vo||2+ |zo|2>+@|sz|) .
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Using (34) to treat the integral term in (39), we obtain that, for t > 0,
lw(0)|I> < e |luo+vo — wo — 20l|* + Cs(vo, 20,1)

2di —do|> _, [?
2~ ’/ e ([|Vv(2)|]* + || Vz(7)||*) de
did 0

< e Jup+vo—wo —20/|> + 2|1 +2(D; — D) ?
2 2 b2
x (a<r><||vo|| ol >+—|sz|)
Yd>

LDl [ LY g (1eal) (ol o)) |
dldz 2’)/d2

(40)

Therefore, since ¢t(r) — 0, as r — 0, from (40) we get
1+2(Dy—D))|*  |di—do? 1
|1 +2(Dy — Dy)| +|1 S| (1+ )}
vd; dydy 2yd,
41

limsup || y(1)||> < Ry = 1426%|Q| [
f—yo0

The combination of (29) and (41) gives us

limsup [|u(t) — w(t)||> = limsup || y(t) — (v(t) — z(1))||> < 4Ry +2R2.  (42)
t—yoo t—yoo

Finally, putting together (37) and (42), we assert that

timsup([|u(r) ||+ [[w(t)||*) < 8Ro +2(Ri + Ry). (43)

Then assembling (29) and (43), we end up with

fim sup IIg(t)|\2=1ilt§sup(|\u(t)||2+|\V(t)H2+|\W(t)H2+|IZ(t)|\2)<9Ro+2(R1+R2).

Thus this lemma is proved with Ky = 9Ry+ 2(R; + R;) in the absorbing ball By in
(28). And K is a uniform positive constant independent of initial data. (]

3 k-Contracting Property for the (v, z) Components

The lack of inherent dissipativity and the cross-cell coupling make the attempt of
showing the asymptotic compactness of the coupled Brusselator semiflow more
challenging. A good idea in dealing with this issue is through a decomposition
approach. Here we introduce a new decomposition technique in the next lemma,
which provides sufficient conditions for the existence of a global attractor.
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Lemma 3.1. For the solution semiflow {S(t) };>0 generated by the coupled Brusse-
lator evolutionary equation (12) on H, there exists a global attractor </ in H if the
following four conditions are satisfied:

(i) There exists a bounded absorbing set By in H for this semiflow.
(ii) Forany € > 0, there are positive constants M = M (&) and Ty = T (€) such that

Lo pPacs [ Pde<Lie. forany t>Ti, goCBo,
Q(v(1)[=M) Q([z(1)[=M)

(44)
where Ly > 0 is a uniform positive constant.
(iii) For any given M > 0,
K (P, [(S(t)Bo)a(v()<m)]) — 0, as t — oo, (45)
and
K (P, [(S()Bo)a(:()<m)]) — 0, ast — oo, (46)

where P, and P, are respectively the orthogonal projections from H onto the
component spaces L*(Q), and L*(Q),. Here

(S()Bo)a(v(r)|<m) L {(S(1)20) (-)Bu (-1, 80) : for go € By},
(S()Bo)a =t <mr) = {(S(1)20) (-)Em(+31,20) : for go € Bo},

in which 6y (x;1,80) and &y (x;t,80) are respectively the characteristic func-
tions of the subsets Q(|v(t)| < M) and Q(|z(t)| < M), and v(t) = v(t,x;80) is
the v-component, z(t) = z(t,x;80) is the z-component of the solutions of the
coupled Brusselator evolutionary equations (12).

(iv) There exists a uniform constant Ly > 0 and time T, > 0 depending only on the
absorbing ball By, such that

[V (u(t),w(t))||* < Ly, forany t > Tz, go € By. (47)

Proof. In light of Lemma 1.5, it suffices to show that this solution semiflow
{S(#) }+>0 is K-contracting on the space H. Since the absorbing set By in (28) attracts
every bounded set B C H, we need only to show

lim K(S(1)Bo) = 0. 48)

o0

By the linear sum property of the Kuratowski measure listed in Sect. 1, we have

k(S(t)Bo) < k(S1(1)Bo) + K(S2(¢)Bo) + k(S3(¢)By), >0, (49)
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where
(S(t)Bo)u 0
0 (S(I)BO)V
S1(t)Bo = (5B | S1(t)Bo = 0 ;

0 0

and
0
S3(t)By = g ;
(S(t BO)Z

and it holds that x(S1(¢t)Bo) = k(Puw[S(¢)Bo]), k(S2(¢)Bo) = k(P,[S(t)Bo]) and
K(S3(t)Bo) = x(P,[S(¢)Bo]). Here Py, is the orthogonal projections from H onto
L2(Q), x L2(Q),.

Note that for any given constant M > 0, we have

Sz(l)B() C (Sz(t)B())QM + (SQ(I)B())(I — QM), (50)
where

(S2(2)Bo)Om = {v(t,:80)Om(+31,80) : 80 € Bo},
(S2()Bo) (1 — Op) = {v(t,-,580) (1 — Om(-3t,80)) : g0 € Bo}-

By (44), for an arbitrarily given € > 0, there exist constants M > 0 and 77 > 0 such
that

/Q v(1,%:20) (1 — Bw(x:1,0))|* dx = ./Q(\v(t)\zM) v(t,x:g0)Pdx < Lig, 1>Ti,
which implies that
k((S2(t)Bo)(1—0y)) < 2+/Lig, t>Ti. (51)
Similarly we can deduce that

k((S5(t)Bo)(1—0y)) < 2v/Lig, t>Ti. (52)

On the other hand, by (45) and (46), for the same € and M, there exists a sufficiently
large T! > 0, such that

K((S2(1)Bo)Ou) + K((S3(t)Bo)Om) <&, 1>T". (53)
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Then by (50) and the monotone property of the k-measure, (51), (52) and (53) show
that

K(Sz(l‘)Bo)) + K(S3(I)Bo)) < 8+4\/m, fort > max{Tl,Tl}.

Moreover, the condition (iv) implies that k(S (¢)By) = 0 for > T, since a bounded
subset in £ must be precompact in H. Finally we obtain

3
K(S(t)Bo) < 3 Kk(Si(t)Bo) < e +4vLie, fort>max{T;,T" T}.
i=1

Therefore (48) is valid. [l

Below we shall check that the conditions specified in the items (ii) and (iii) of
Lemma 3.1 for the (v,z) components of the coupled Brusselator equations. We shall
use the set notation

QY =Q((1) = M) = {xeQ: (r,x) > M}
Qi =Q(|0(1)] < M) = {x e Q:|g(r,x)| <M} (54)

where ¢ (f,x) is any measurable function on Q for each given ¢ > 0 and the norm
notation

2 _ 2 dx d 2 :/ 2 dx.
IPIg, = fyoay PP a0 ol = [ o)

We can use m(S) or |S| to denote the Lebesgue measure of a measurable subset S
in Q. For any measurable ¢ defined on Q, let

o(x) =M, ifo(x)>M,

(p—M), = .
0, if p(x) <M;
and

(o1 M) — ¢®+M,#¢WS—M
0, ifo(x) >—M.

As a preliminary remark, since By in Lemma 2.2 is a bounded absorbing set in H
for the coupled Brusselator semiflow {S(7)},>0, there exists a constants 7y > 0, such
that

IS(t)goll* < Ko, foranyt > Ty, go = (u0,v0,w0,20) € Bo, (55)

where Kj is the constant given in (28). Let this Ty be fixed.

Lemma 3.2. For any € > 0, there exist positive constants My = M, (€) and T =
Ti(g), such that the v-component v(t) = v(t,x;80) and the z-component z(t) =
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z(t,x;80) of the solutions of the coupled Brusselator equations (1)~(4) satisfy the
following estimate,

4p?
/ |v(t)|2dx+/ |z(t)|2dx < —=¢, fort>T, gy€ By, (56)
JQ(v(r)|>My) Q([z(1)[=My) Yd>

where Ly o (4b?)/(ydy) is a uniform constant.

Proof. By (55), for any gy € By and any ¢ > Ty, we have ||v(t)|* + ||z(2)||* < Ko.
Hence we have

M2 [m(Q(|v(1)| > M)) +m(Q(|2(1)| > M))]

<[ P [ Pde< Ko,
Q(pv(1)|=M) Q([z(1)|=M)

so that there exists an M = M(e) > 0 such that for any 7 > Tp, go € By,

m(Q(v(t)| > M)) < A% < ; and  m(Q(z(t)] > M)) < A% < ; (57)

Taking the inner-product {(2), (v(t) — M) ), where M is given in (57), we obtain

%%HW—MM2+d2/%|V<v—M>+|2dx
= —/V uzv(V—M)erx-i-/Qv bu(v—M)erx—l-Dz/Qv (z—v)(v—M)ydx
2 2
< —/Qv [(u(v—M)Jr—g) +u’M(v—M), dx—l—%m(Q(v(t) > M))

Dy [ (= M)—M)dx+DM [ (= M)y
Qy, Qy,

—Dz/ (V—M)idx—DzM/ (v—M), dx
Q Qy,

2
< Zm(Q(v(a) > M)~ D (v = M) .|
+D2 (Z—M)+(V —M)+ dx, (58)

Jown) =M z(1)>M)

where we noticed that

DQ/ (2= M)(v—M); dx < 0.
JQv(t)>M z(1)<M)
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Similarly, by taking the inner-product ((4), (z(#) — M) ), where M is given in (57),
and through parallel steps we can get

Sole=MPrd [ Ve m).Pax
QM

< - m(Q(z(t) = M)) = Da| (z — M) |?

+ D, / (2= M) (v—M), dx. (59)
Qv(t)>M,z(t)>M)

Sum up (58) and (59) and then use (57) to obtain

(=) 1P+ = M) 1) + 24 (19 (0= M) |+ |V (0= ). )

bZ
Saf—ﬂhO@—Mﬁw—z/ (e M), (v— M)+ P
Qv(1)2M.2(1)=M)

+le=M)IP)
< —e¢.
2
By Poincaré inequality and Gronwall inequality, it follows that, for t > 0, go € By,

(1) = M) [P+ 2(0) =) 1 |2 <e 2 (|| (vo—M) |2+ (20 = M) |1%) + 5
(60)
Thus there exists a time 7'y (€) > T such that for any # > T and any g¢ € By, one has

b2e

[(v(2) = M) 1|2+ (| (z(2) — M) |? < s

(61)
Symmetrically we can prove that there exists a time T_(€) > Tp such that for any

t > T_ and any go € By, one has

b*e

1 (r) + M) |1* + | (2(0) + M) |* < 9’

(62)

Adding up (61) and (62), we find that

b’e
Wt —Mzdx—i—/ A0 = MY2ddx < 2£. (63)
/nuvm\zM)(' @l ) 9<\z<z)\zM)(| 9 ) Yda

for any t > T} = max{T},T_} and for any go € Bo.
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Moreover, since for any go € Bp and any T > T, we have

Ko
there exists a sufficiently large integer k > 0 such that for any r > 77 and go € By, it

holds that
P dr / EORE
/(\ (1)[=kM) Q(|z(1)[=kM)

< 2/ ~ MY de+ 2M2m(Q(v(1)| > kM)
\>M

m(Q(|v(1)| = kM)) +m(Q(|z(1)| > kM)) <

2 2
+2./Q(\z(t)\ZM)(|Z(t)| — M)~ dx+2M"m(Q(|z(t)| > kM))

2b%e N 2MPKy  2b%e | 2Ky - 4b%e
= yd, kM2 vd; k2 ydy

(64)
Therefore (56) is proved with M| = M| (€) = kM, where M is given in (57) and k is
the integer that validates (64), and 7} = T} (&) = max{T,T_}. O

This lemma shows that the condition (ii) of Lemma 3.1 is satisfied by the coupled
Brusselator semiflow. The next lemma is to check the condition (45) and (46) for
the (v,z) components in item (iii) of Lemma 3.1.

Lemma 3.3. For any given M > 0, it holds that
K (P(S(1)Bo)ajv(r)|<m)) — 0, as t — oo, (65)
K (P.(S(t)Bo)q(|z(r)|<my) — 0, as 1 — oo, (66)
in the respective component space L (Q).
Proof. Taking the inner-product ((2), —Av(t)), we have
— (i, AV + o || AV|)? = (v, AV) — b1, Av) — Dy (z — v, Av).

By Green’s formula and the homogeneous Dirichlet boundary condition, we obtain

1d da
5 3 VI +aaf|av]? < (v, Av) + + S [1AV][* = Da (2, Av) — s | V]2,

- 2
5l

where

(uPv,Av) = —/ u2|Vv|2dx—2/ uv(Vu - Vv)dx
Ja Ja

_/ |qu+vVu|2dx+/ v2|Vu|2dx§/ V2 |Vul? dx
Q Q Q
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Consequently we get

d 2 2 217,12 T 2

GV dallavl? <2 [ 2V de Gl =20 [V + (.Av)). (67
Similarly, we can get the following inequality for the z-component,

d 2 2 2 2 b? 2 2

3 IV2ll™ + daflAzl] SZ/QZ (Vwldxt - [lwl” = 2D2([|Vel"+ (1 Az)). - (68)

We can also establish the inequality similar to (67) but with integrals over the set
Q| m = Q(|v(t)| < M) and the inequality similar to (68) but with integrals over the
set Q) y = Q(|z(¢)| < M). Then sum up the two to obtain

d
= (Il + V23, )+ (Iavli,, + 14213, ,)

bz( 2 2
< 2 (Wl + Iy, ) +2
d Ivl.M lel v Qi

=20, (Wil ,, + IV2l3,, + (@A, , + (4820, )

A

v2|Vu|2ds+2/ 2|V dx
Q

|z|.M

AN

b? 2 2 :
< d—2K0+2M (||V”HQ|V|,M+HVWHQIZ\,M)

£ 2Nl SR+ 2 R, AR, )

Since ||z||£22‘ T Hv||£22HM <|IS(t)gol|> < Ko due to (55), and by Poincaré inequality,
it follows that '

d 2 2 Yd> 2 2
= (Vo3 + 192, )+ 52 (191, + 19203, ,,)

K
< 2+ 203) £ 200 ([Vuly,, + IVl )t > Ton 0 € Bo-(70)

This inequality (70) implies that

d
d—?grﬁ+h, t>Tp, (71)

where
1
_ 2 2 _
B = IV, , +IVallhy e 7(0)=57d2, and

Ko
h(e) = G20 +203) +20 (|Vuly , + 1901, )
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By (30), there exists a constant 73 = T3(Kp) > 0 such that 73 > Tj and

t+1 5 5 t+1 ) )
[ (1996, + 1Y), ) ds < [ (99 P+ V) ) ds
Jt ’ ’ Jt
p*|Q| 1
<C; = 1+— f T By. 72
<G & ( +Yd2>’ ort > 13, go € Bo (72)

By integrating the inequality (17) on the time interval [¢,7 + 1] and using (72) and
(36), we can deduce that there exists Ty = T;(Kp) > 0 such that T, > T3 and

2|dy — do|?

Cr+4Ky+ 4b2+8 2) Q|
—_— a
d; ! "\,

t+1 2 )
m[ IVy(s)[2ds < [[y()]12 +

2|d; — dy|?
L Ud —dof”
d

4b*
<R C7+4Ko + (77 +8a2> 1Q, ¢>Ty, (73)
2

where R; is the constant given in (36).
Similarly, doing the same to (23) and using (72) and (41), we find that there exists
Ts = T5(Ko) > 0 such that 75 > T3 and

141 2
ai [ IV P ds
2ldy — dy?
d

2|dy — dy|?
+|1 2|
d

b2
< |lw®)|*+ C7+2|14+2(D;—Dy)? (Ko+%|£2|>

b2
<R Cr+2|1+2(D1—Dy)? (Ko+—|9|), 1>1Ts,
2’}/d2

(74)

where R, is the constant given in (41).
From (72), (73) and (74) it follows that, for t > max{7s, 75} and any go € By,

2

1
ds

[ vl 0= [ Ras= [ 3060+ v6) -9

t+1 ) t+1 ) t+1 2
g/ IVy(s)]| ds—i—/ IVy(s)] ds+2/ [Vv(s)|2dds < Cs,  (75)
t t t
where

2ldy — ds? 1 2K
Cy = 2C; (1+%) +—(R1+R2)+d—o (2+[1+2(Dy—D2)P)
1 1

d
Q| {<4b2 2) 2 bz}
+ B (24802 ) 4 [1+2(Dy — Dy)?|— | .
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We can also assert that

1+1 t+1
[ Iveeld, e < [ V)P

/'t+1
Jt

According to (75) and (76), we have

2

200) ~ w(s) ~ Vels) | ds <.

(76)

t+1 K
/ h(s)ds < 4MPCy+ 252 +2D3), fort = max{Ts, i}, g0 € Bo.  (77)
t 2

Besides we have _ft’H r(s)ds < yd,.
Finally by (72) and (77) and applying the uniform Gronwall inequality [34, 36]
to (71), we obtain

K
V)3, + V20l < (07 ARG+ (5P 4 wg)) ot
! o 2
> TG, 8o € B(), (78)

where Tg = max{7y,T5} + 1. Note that the right-hand side of (78) is a uniform
constant depending on the constant K in (28) and the arbitrarily fixed constant M
only. The inequality (78) shows that for any given ¢ > Tg,

PV(S(I)BO)Q(\V(I)KM) and PZ(S(I)BO)Q(\z(I)KM) are bounded sets in H(} (Q)

Due to the compact Sobolev embedding H} (Q) — L*(Q) for space dimension n < 3,
it shows that for any given ¢t > Tg,

P,(S(t)Bo)a(pv(r)|<m) and P;(S(t)Bo)q(|z()|<m) are precompact sets in L}(Q).
Thus (65) and (66) are proved. [l

This lemma shows that the conditions (iii) of Lemma 3.1 is verified for the
coupled Brusselator semiflow.
4 K-Contracting Property for the (u, w) Components

In this section, we shall check that the condition (iv) of Lemma 3.1 for the (u,w)
components of the coupled two-cell Brusselator equations.
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Lemma 4.1. There exists a uniform constant K, > 0 such that
timsup ([[v(6) 56 + J2(t) 1 ) < Ko, (79)
t—soo

for the (v,z) components of the solutions of the coupled Brusselator evolutionary
equation (12) with any initial data go € H.

Proof. According to the solution property (13) satisfied by all the global weak
solutions on [0,), we know that for any given initial status gg € H there exists
atime fo € (0,1) such that

S(to)go € E = [Hg (Q)]° — LO(Q). (80)

Then the weak solution g(r) = S(r)go becomes a strong solution on [fg,e°) and
satisfies

S()g0 € C([t0,%2):E) N L (19,3 TT) € C([t9, )5 L(Q)) € C([r0,02)sL*(€2)), (81)
for n < 3. Based on this observation, without loss of generality, we can simply
assume that go € 1.%(Q) for the purpose of studying the long-time dynamics. Thus
parabolic regularity (81) of strong solutions implies the S(¢)go € E C L°(Q),z > 0.
Then by the bootstrap argument, again without loss of generality, one can assume

that go € IT C L8(Q) so that S(t)go € TT € L¥(Q),7 > 0.
Take the L? inner-product {(2),v°) and ((4),2z°) and sum up to obtain

L L 0l5+ 120015 ) +5d2 (Iv(0PT0(0) P+ e 2V200) )
:/Q(bu(t,x)vS(t,x)—uz(t,x)v(’(t,x)—I—bw(t,x)zs(t,x)—wz(t,x)z(’(t,x))dx
—I—Dz/ [(z(l,x)—v(t,x))vs(t,x)—i—(v(t,x)—z(t,x))zs(t,x)} dx. (82)
JQ

By Young’s inequality, we have

/Q{(buvs—uzv6) (bwz —wzz(’)]dx
(/ p*(v* 4+ 2% /(u v —i—wzzG)dx),

and

/Q [(z — VWV A+ (v— z)zs] dx

1 5 1 5
< .6 16,256 6 6) _.5ldx—0.
_/Q[ v+<6z +6vdx)+<6v +6Z> Z]dx 0
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Substitute the above two inequalities into (82) and use Poincaré inequality, we get

the following inequality relating [|(v,z)||% to [|(v,2) 74,

(I + 12056 ) + 107 (G0 s + 1160) 1 )
< (VOIS + 1)) +10d (19 @) +190) )
<320 s + 1) 1),

Similarly we can get the corresponding inequality relating || (v, z) ||i4 to [|(v,2)]|%,

d
3 (VO + =@126) + 672 (1)l +11(0)lI7)
d
< o VOt 12@)17s) +6d2 (V@O P+IV(01) < 267 (Iv(©)]*+Iz()]).
Applying Gronwall inequality to the above two inequalities and using (15), we get

()74 + llz(0) 174

t
< e (unllfs+ o) + [ & T2 o w) P+ () P)aw

<e " (|lvollfs + llzolls) + /Qffﬁydz(H)fzydﬂ%z(HVO||2 + [[z0l*) dT

b
6y2d3
Al
—2vd. 6 6
< e 20y (ol + anl) + & oge:

fort > 0, where Cy is a uniform positive constant, and then

Iv(@)113s + [1z(0) 16

t
<0 (|l + 1ol ) + [ & D363 v() s + () )dw

1
< e 1 (v S+ zogs) + [ o103 o)

10|
2093d5

3b%Cy b%|Q|
<o 21t (] ( 6 6)
<e (14372 ) (Iolf+ allfs) + 35 5o




Global Attractor of a Coupled Two-Cell Brusselator Model 343

fort > 0. It follows that

b*1Q|
: 4 4
hllgsotlp (Iv@Oll7a +1lz0)ll74) < K1 = 1+W7 (83)
b°|Q|
- 6 6 _
timsup ([0) [+ 0 ) < Ko = 1420505 (84)
Thus (79) is proved. (]

Lemma 4.2. There exists a finite time T* > 0 depending only on the absorbing set
By such that, for any initial data go € By, where By is the absorbing set shown in
(28), the following inequalities hold for the respective components of the solution
trajectory S(t)go of (12),

t+1 5 2 t+1 2 2
/t (IVv()II7 +[Vz(s)[[F)ds < Cio and /t VYOI + [V (s)[[7) ds < Cu,
(85)

for any t > T*, where Cyg and Cy are uniform positive constants depending only
on Ky and |Q2|.

Proof. The first inequality follows directly from (30) and it holds for any t > 0, with

1 1
Cio=— (Ko+P*Q[1+— ).
10 dz( 0+b7 |( +2yd2)>

Now we prove the second inequality in (85). From (17) and (23) we obtain
t+1 ) 2
[ V@ P+ vy P as
1 4|dy — do|?
< FUOP v + 2B 7 o)+ v as
i .

4p* b?
+4Ko+(y7+8a2) Q| +2[1+2(D1 — D) ? (K0+—|Q|> (86)
2

By (36), (41), and using the first inequality in (85), we can assert that there is a
finite time 7 > O such that

t+1
/ (VYN + IV (s)[*)ds < Cry, - forany s > T,
Jt

where

Ri+Ry  4ld)—dof*C 4>
= RitRe | dd 22| 10+4K0+(—+8a2) Q|
d1 dl ’)/d2

2|1+2(Dy—Dy)* | K Q
“201+200-D)F (Ko o).

Thus (85) is proved. (]
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Lemma 4.3. There exist a uniform constant Ly > 0 depending on Ky, K| and |Q| but
independent of initial data and a finite time T, > 0 only depending on the absorbing
set By, such that the (u,w) components of any solution trajectory S(t)go,t > 0, of
the Brusselator evolutionary equation (12) satisfies

|V (u(r),w(1))||* <L, foranyt> Tz, go € By. (87)

Proof. The continuous imbedding H} (Q) < L°(Q2) implies that there is a uniform
constant 17 > 0 such that for any ¢ € L°(Q),

[9lls <nl[Vell. (88)

We shall use the notation ||(¢1,$2)||> = [|¢]|> + ||¢2]|%.
Take the inner-products ((1), —Au(z,-)) and {(3), —Aw(t,-)) and add up the two
resulting equalities. We get

1 . 3 VW) +di|AGw) [+ (5 + D]V (u, )|

=— / a(Au+Aw)dx — / (uvAu + w?zAw) dx
Q Q

_ D, / (IVul2 = 2Vu - Vi + [Vw]2) dx
JQ

By using the generalized Holder inequality and the imbedding property (88), we
have

d
3 IV@w) P +2(6+ DIV, w)|* < —IQI +o (HMHLsHVIILa +Iwll7sl12l76)

< —IQI+ (HVIILﬁlquH“+HZHU,HVWH )-
(89)

By Lemma 4.1, there is a finite time 7** > 0 such that, for any go € By, we have

(e, DS+ lz(t,) 1% < Ko, for ¢ > T*. (90)

From the proof of Lemma 4.1 it is seen that 7** only depends on the absorbing set
By. Substitute (90) into (89) to obtain

n Kl/%

d d 242
EHV(M,W)H2 < 5||V(u,w)||2+2(b+ DIV (u,w)||* < =2~V (u,w )\I4+d—1|!2\,

€2V
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for any r > T**, which can be written as
dr 24% »
— <{T'+—1QJ, fort>T", (92)
dr dq

where
L) = [[V(u(),w@)|* and () = —*—

By Lemma 4.2, we have

/tl+1 I'(t)dr

141
= [ UVu@) P+ [Vw(@) ) e

= ./IIH(”V(”(T)—I—W(T))HZ—i-||V(u(r)—w(r))”2)dl-

< /ttJrl (Hv(y(f)_(V(T)+Z(T)))H2+||V(W(T)_(V(T)_Z(T)))HZ) dr

< ./IIHZ(HVy(T)Her||Vllf(r)||2+||V(v+z)|\2+||v(v_z)”2) dr

< 8Cjp+2Cyy, fort>T* 93)

Apply the uniform Gronwall inequality [34,36] to (92) and use (93) to conclude that
(87) holds with

2a° 1
L= (8C10+2C11 +di|g|> exp (d_n41<21/3(sc10+2cn)) SENCY)
1 1

and 7> = max{7T*,T**} + 1. The proof is completed. O

Finally we prove Theorem 1.4 (Main Theorem) on the existence of a global
attractor, denoted by <7, for the coupled Brusselator semiflow {S(7) };>o.

Proof of Theorem 1.4. In Lemma 2.2, Lemma 3.2, Lemma 3.3, and Lemma 4.3
we have shown respectively that the conditions (i), (ii), (iii), and (iv) of Lemma 3.1
are all satisfied by this coupled Brusselator semiflow {S(¢)};>0. Then we apply
Lemma 3.1 to reach the conclusion that there exists a global attractor <7 in H for
this coupled Brusselator semiflow {S(7) }>0. O
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5 Finite Dimensionality of the Global Attractor

In this section we show that the global attractor </ of the coupled Brusselator
semiflow {S(¢)};>0 has a finite Hausdorff dimension and a finite fractal dimension.
Let g, = limsup,_,., gm(t), where

1 t
gm(t) = sup sup <—/ Tr (A+FI(S(T)go)) o0 Qm(T) dr) , (95)
s0e/ gicH [lgi|=1 \1 /0
i=1,.m

where o7 is the global attractor of the semiflow {S(¢)},>0 in H, Tr (A + F'(S(7)go))
is the trace of the linear operator A + F'(S(7)go), with F(g) being the nonlinear
map in (12), and Q,,(¢) stands for the orthogonal projection of the space H on the
subspace spanned by G(7),...,Gy(t), with

Gi(t) =L(S(1),80)8is i=1,....m. (96)

Here F’(S(7)go) is the Fréchet derivative of the map F at S(7)go, and L(S(1),g0) is
the Fréchet derivative of the map S(z) at go, with ¢ being fixed.

Lemma 5.1 ([36]). If there is an integer m such that g, < 0, then the Hausdorff
dimension dy (/) and the fractal dimension dp () of < satisfy

dy(e/)<m, and dp(e/)<m max <1+(qf)+)§2m. (97)

I<j<m—1 |G|
It can be shown that for any given ¢ > 0, S(¢) is Fréchet differentiable in H and its
Fréchet derivative at g is the bounded linear operator L(S(¢), go) given by

L(S(1),80)Go = G(r) = (U 1),V (1), W (1), Z(1)), for any Go = (Up, Vo, Wo, %) € H,

where (U(t),V(¢),W(t),Z(t)) is the strong solution of the following initial-
boundary value problem of the coupled Brusselator variational equations

aa—lt] = d AU +2u(t)v(t)U +u*(t)V — (b+ 1)U + Dy (W = U),
oV )

5 =dr AV —2u(t)v(t)U —u”(t)V +bU + Dy (Z - V),

= = hAW L 2w(O)d(OW +wA(O)Z = (b+ W +Di(U = W),
5, = BAZ=2w(0(O)W —wA(6)Z+ bW + D (V - Z),

U=V=W=2=0, t>0,x€dQ,
U) =Uy, V(0)=Vo, W(0)=Wy, Z(0)=2. (98)
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Here g(t) = (u(r),v(t),w(t),z(r)) = S(t)go is the solution of (12) with the initial
condition g(0) = go. The initial value problem (98) can be written as

dG

5~ A+ F(5()20))G,  G(0) = Go. (99)

Note that the invariance of .o/’ implies &/ C By, where By is the bounded absorbing
set given in Lemma 2.2. Hence we have

sup [|S(t)goll* < Ko,
goEA

Theorem 5.2. The global attractors </ for the coupled Brusselator semiflow
{S(t) }+>0 has a finite Hausdorff dimension and a finite fractal dimension.

Proof. By Lemma 5.1, we shall estimate Tr (A + F'(S(7)g0)) © O (7). At any given
time 7> 0, let {@;(7) : j=1,...,m} be an H-orthonormal basis for the subspace

On(7)H = Span{G(7),...,G (1)},

where Gi(t),...,Gy(r) satisfy (99) with the respective initial values G p,...,Gn0
and, without loss of generality, assuming that Gy g, ..., Gy, 0 are linearly independent
in H. By Gram-Schmidt orthogonalization scheme,

0;(7) = (9} (1), 93 (1),9; (1),9} (1)) € E,

j=1,....m, and @;(7) are strongly measurable in 7. Let dy = min{d;,d,}. Then
we have

TI‘(A—FF’(S(‘L') i (A(p/ (1)) + <F/(S(T)go)(Pj(T),(P]'(T)>)
= —dOi IV (T)|> + 1y + 2+ J3, (100)
j=1
where

1= 3 [ 2u(vo) (19} (07 - 0} (1193 (0) dx
j=1"
+3, [ 2010 (1) - 0] ) (0)

Jzzi/Q( 2(1) (9] (1)} (1) = 197 (D)) +w*(2) (9} (D)9} (7) — |9 (7)[*) ) dx

j=1

< i/Q (2 (0)| o} (|93 (7)] +w? () |93 (1)@} (7)]) dix,
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and

J=
j= JQ

<3 [ b0 (060 + 9} (D0} (1) ax

We can estimate each of the three terms as follows. First, by the generalized Holder
inequality, Sobolev embedding H (Q) — L*(Q) for n < 3, which implies that there
is a uniform constant & > 0 such that

19l < 811V, (101

and using (83), (87), as well as the invariance of the global attractor <7, we get

i <2le M V(@) s (o (D174 + 197 (][l 97 (7)1 4)
+2ZHW Misllz(@)lzs (197 (D7 + 107 (Tl 97 (7)1 )

<48L)k]* 2 0; ()24 (102)
Jj=

Now we apply the Garliardo—Nirenberg interpolation inequality, cf. [34, Theorem
B.3],

I@llyer < Cll@lmallll}®,  for @ e W™(Q), (103)
provided that p,q,» > 1,0 < 6 <1, and

<0 <m— E) —(1- 9)’1, where 1 = dim Q.
q r

“%I:

Here with WP (Q) = LH(Q),W™9(Q) = H} (Q),L"(Q) = L*(Q), and 6 = n/4 <
3/4, it follows from (103) that
lo;()lzs < CIVei (DIl (D' =ClIV(DIF, j=1,....m, (104)

since ||@;(7)|| = 1, where C is a uniform constant. Substitute (104) into (102) to
obtain

51 <48k Y |[Vei(n)))2. (105)
j=1
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By a similar argument, we can get
m
5 < 8L 2 lpj ()74 < 82L2C? Y [[Voi(0)]12. (106)
j=1 j=1
Moreover, we have

J3 < sz(p, 7)||> = bm. (107)
j=1

Substituting (105), (106) and (107) into (100), we obtain
Tr(A+F'(S(7)g0) © Om(T)

< doZIIV% )2+ 48Ly 7K + 82L, CZZlIV(p )% +bm. (108)

By Young’s inequality, for n < 3, we have

n

m n d m
8L, K+ SL2)C X, Vo 2)1F < 5 2 IV9y(0) I + @(mm,
j=1 j=1

where ®(n) is a uniform constant depending only on n = dim (Q2). Hence,
Tr(A+F'(S()g0) 0 Om <__ZHV(PJ 0)|*+(@(n)+b)m, 1>0,g0€ .

According to the generalized Sobolev—Lieb-Thirring inequality [36, Appendix,
Corollary 4.1], since {@ (), .., @, (7)} is an orthonormal set in H, so there exists a
uniform constant ¥ > 0 only depending on the shape and dimension of €2, such that

m 2

Z IVe,;(7)]* > (109)
j=1 IQI
Therefore, we end up with
/ do'¥ 1+3
Tr(A+F'(S(7)go) 0 Om(T) < 2|Q|’ n+(®(n)+b)m, T>0,g0€ .
(110)
Then we can conclude that
1/t ,
gm(t) = sup sup —/ Tr (A+F'(S(1)g0)) © Om(7)dT
20 icH lgil=! rJo
b4
< - do 1Jr%—l-(q)(n)—l—b)m, for any ¢ > 0, (111)

2/Q
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so that o
Gm = limsup g (1) < — ——m'"*5 + (®(n) +b)m < 0, (112)
t—voo 2|Q|E
if the integer m satisfies the following condition,
2(0(n) +b)\"?
1< | —= Q . 113
m-1 < (22 o)< (113

According to Lemma 5.1, we have shown that the Hausdorff dimension and the
fractal dimension of the global attractor ./ are finite and their upper bounds are
given by

dy()<m and dp()<2m, (114)

where m satisfies (113). 1

As a remark, with some adjustment in proof, the corresponding results are valid
for the coupled two-cell Gray-Scott equations, Selkov equations, and Schnacken-
berg equations.
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Projectors on the Generalized Eigenspaces
for Partial Differential Equations with Time
Delay

Arnaut Ducrot, Pierre Magal, and Shigui Ruan

Abstract To study the nonlinear dynamics, such as Hopf bifurcation, of partial
differential equations with delay, one needs to consider the characteristic equation
associated to the linearized equation and to determine the distribution of the
eigenvalues; that is, to study the spectrum of the linear operator. In this paper we
study the projectors on the generalized eigenspaces associated to some eigenvalues
for linear partial differential equations with delay. We first rewrite partial differential
equations with delay as non-densely defined semilinear Cauchy problems, then
obtain formulas for the integrated solutions of the semilinear Cauchy problems with
non-dense domain by using integrated semigroup theory, from which we finally
derive explicit formulas for the projectors on the generalized eigenspaces associated
to some eigenvalues. As examples, we apply the obtained results to study a reaction-
diffusion equation with delay and an age-structured model with delay.
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2
8u((9tt,X) — da gitz,x) —au(t—rx)[1+u(t,x)], t >0, xe[0,n],
du(t,x) 0 O "
X

d
u(0,.) =up € C([0,r],R),

where u(t,x) denotes the density of the species at time ¢ and location x, d > 0 is
the diffusion rate of the species, r > 0 is the time delay constant, and a > 0 is a
constant. Equation (1) has been studied by many researchers, for example, Yoshida
[55], Memory [36], and Busenberg and Huang [12] investigated Hopf bifurcation of
the equation.

We consider the Banach space ¥ = C([0,7],R) endowed with the usual
supremum norm. Define B: D(B) CY — Y by

Bp=¢"
with
D(B) = {¢ € C*((0,n],R) : ¢/(0) = ¢’ (m) =0}

Denote

a

L(y) = —ay(=r), f(y) = —ay(0)y(—r).

Equation (1) can be written as an abstract partial functional differential equations
(PFDE) (see, e.g., Travis and Webb [48,49], Wu [54] and Faria [18]):

d)(;_(z‘t) = By(t) + L) + f(t, ), ¥t > 0,

Yo= ¢ €Cg,

@)

where

Cp:={9peC([-r0];Y): ¢(0)€D(B)},

yi € Cp satisfies y, (8) = y(t46),0 € [-r,0], L : Cg — Y is a bounded linear
operator, and f : R x Cp — Y is a continuous map. In fact, many other partial
differential equations with time delay can also be written in the form of system
(2) (see Wu [54]).

In the last 30 years, PFDE have been studied extensively by many researchers.
For example, Travis and Webb [48, 49], Fitzgibbon [20], Martin and Smith
[30,31], Arino and Sanchez [8] investigated the fundamental theory; Parrot [38]
considered the linearized stability; Memory [37] studied the stable and unstable
manifolds; Lin et al. [27], Faria et al. [19] and Adimy et al. [4] established the
existence and smoothness of center manifolds; Faria [18] developed the normal
form theory; Ruan et al. [41] and Ruan and Zhang [42] discussed the homoclinic
bifurcation. For more detailed theories and results, we refer to the monograph of
Wu [54].
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In order to study the dynamics of system (2), such as Hopf bifurcation, we need
to consider the characteristic equation associated to the linearized equation and
to determine the distribution of the eigenvalues; that is, to carry out the spectrum
analysis of the linear operator. The aim of this article is to obtain explicit formulas
for the projectors on the generalized eigenspaces associated to some eigenvalues for
the linear PFDE

dy(?) ~
=~ >

o By(t)+L(y,),Yt >0 3)
Yo=¢ €Cp

In the context of ordinary functional differential equations with ¥ = R" (and
B is bounded), this problem has been studied since the 1970s (see Hale and
Verduyn Lunel [22], Hassard et al. [23] and Arino et al. [7]); the usual approach
is based on the formal adjoint system. The method was recently further studied
in the monograph of Diekmann et al. [14] using the so called sun star adjoint
spaces, see also Kaashoek and Verduyn Lunel [24], Frasson and Verduyn Lunel
[21], Verduyn Lunel [50], Diekmann et al. [13] and the references cited therein.
We refer to Liu et al. [28] for a more recent study on this topic. Let us also mention
that the explicit formula for the projectors on the generalized eigenspaces turns to
be a crucial tool to study the bifurcations by using normal form arguments (see Liu
et al [29] in the context of abstract non-densely defined Cauchy problems).

There are a few approaches to treat problem (2). Webb [51] and Travis and
Webb [48,49] viewed the problem as a nonlinear Cauchy problem and focused on
many aspects using this approach. Arino and Sanchez [9] and Kappel [25] used
the variation of constant formula and worked directly with the system. See also
Ruess [43,44], Rhandi [40] and the references cited therein. We would like to point
out that the results and techniques in the above mentioned papers do not apply
directly to our problem, as we are not discussing the existence and local stability
of solutions for linear partial differential equations with delay. Instead, we study the
projectors on the generalized eigenspaces associated to some eigenvalues for linear
partial differential equations with delay so that we can study bifurcations in such
equations. Recently, Adimy [1,2], Adimy and Arino [3], and Thieme [45] employed
the integrated semigroup theory (see Ezzinbi and Adimy [17] for a survey). Here we
use a formulation that is between the formulations of Adimy [1,2] and Thieme [45]
and more closely related to the one of Travis and Webb [48,49]. See also Adimy
et al. [4].

The rest of the paper is organized as follows. In Sect.2 we will show how
to formulate the PFDE as a semilinear Cauchy problem with non-dense domain.
In Sect.3 we recall some results on integrated semigroup theory and spectrum
analysis. Section 4 presents main results on projectors on the eigenspaces. Section 5
deals with a special case for a simple eigenvalue. Some examples and discussions
are given in Sect. 6.
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2 Preliminaries

Let B: D(B) CY — Y be a linear operator on a Banach space (Y, || ||y). Assume that
it is a Hille—Yosida operator; that is, there exist two constants, wp € R and Mp > 0,
such that (wg,+e°) C p (B) and

n M,
[(a1—B)™"|| < ﬁ VA > wg, Vn > 1.
Set
Yo := D(B).

Consider By, the part of B in ¥, which is defined by
Byy = By for each y € D(By)

with
D(By):={yeD(B):ByeYy}.

For r > 0, set
C:=C([-r0];Y)

which is endowed with the supremum norm

loll.= sup [l (6)ly.

0c[—r0]
Consider the PFDE:
dy(t) =
— 7 — >
dt By(t)+L(yl)+f(t7yl)7VI_07 (4)
yo= ¢ €Cg,

where y; € Cp satisfies y; (8) = y(t+6),0 € [-r,0], L : Cg — Y is a bounded
linear operator, and f : R x Cp — Y is a continuous map. Since B is a Hille-Yosida
operator, it is well known that By, the part of B in Yy, generates a Cy-semigroup
of bounded linear operators {TB0 (t)} ~o on Yo, and B generates an integrated
semigroup {Sg(t)},~o on Y. The solution of the Cauchy problem (4) must be
understood as a fixed point of

d ff .
y(0) = Tay()9(0)+ 3 [ Sat=5) [L00) + fs.3)] as.
Since {TB0 (r) } />0 acts on Yy, we observe that it is necessary to assume that

©(0) €Yy = ¢ € Cp.
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In order to study the PFDE (4) by using the integrated semigroup theory, we consider
the PFDE (4) as an abstract non-densely defined Cauchy problem. Firstly, we regard
the PFDE (4) as a PDE. Define u € C([0, +<°) x [—1,0],Y) by

u(t,0)=y(t+0),vt>0,v0 e [—r0].
Note that if y € C' ([—r,+c0),Y), then

u1.0) o

du(t, )
ot '

a0

Hence, we must have

du(t,0) Jult,0)
ot 20

Moreover, for 8 = 0, we obtain

=0,V>0,V0 € [—r0].

du(t,0)
20

= (1) =By(t)+L(y:)+ f(t,y:) = Bu(t,0)+ L(u(t,.)) + £ (¢,u(z,.)), ¥t > 0.

Therefore, we deduce formally that # must satisfy a PDE

du(t,0) Ju(t,0)

allo) 90 )
4O pu(r,0) + Elulr. )+ (car.). 0 >0, ©
u(0,.) =@ € Cp.

In order to rewrite the PDE (5) as an abstract non-densely defined Cauchy problem,
we extend the state space to take into account the boundary conditions. This can be
accomplished by adopting the following state space

X=YxC

taken with the usual product norm

y
=1y TPl -
H((I,)H 5l + el

Define the linear operator A : D(A) C X — X by
—m
¢ ¢ ¢

with
D(A) = {OY} X {(P ec' ([—V,O] 7Y)7 (p(O) € D(B)}'
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Note that A is non-densely defined because

X() = D(A) = {Oy} X CB #X.
We also define L : Xy — X by

and F : R x Xy — X by

Set

Now we can consider the PDE (5) as the following non-densely defined Cauchy
problem

dv(r)
dr

=Av(t)+L(v(t))+ F(t,v(t)), t > 0; v(0) = <(Z> € Xo. @)

3 Some Results on Integrated Solutions and Spectra

In this section we will first study the integrated solutions of the Cauchy problem (7)
in the special case

2w+ ("0).rz000 = (V) ex ®)

where h € L' ((0,7),Y). Recall that v € C([0,7],X) is an integrated solution of (8)
if and only if

/0' "y(s)ds € D(A), ¥ € [0,7] ©)

v(t) = <(2;> +A/Otv(s)ds+/0t (hg)) ds. (10)

In the sequel, we will use the integrated semigroup theory to define such an
integrated solution. We refer to Arendt [5], Thieme [46], Kellermann and Hieber
[26], and the book of Arendt et al. [6] for further details on this subject. We also
refer to Magal and Ruan [33-35] for more results and update references.

and
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From (9) we note that if v is an integrated solution we must have

) 1 [t+h -
v(t) = hlg})h n) v(s)ds € D(A).
Hence
0
0= (1)
with
uec C([O, T] ,CB) .

We introduce some notations. Let L : D(L) C X — X be a linear operator on a
complex Banach space X. Denote by p (L) the resolvent set of L, N(L) the null space
of L, and R(L) the range of L, respectively. The spectrum of Lis o (L) = C\p (L).
The point spectrum of L is the set

op(L):={A €C:N(AI—L)# {0}}.

The essential spectrum (in the sense of Browder [11]) of L is denoted by Oy (L) .
That is, the set of A € o (L) such that at least one of the following holds:
(1) R(AI—L) is not closed; (2) A is a limit point of 6 (L); (3) Ny(L) :=

Uil N ((?LI - L)k) is infinite dimensional. Define

X0 = UN((20—L)").

n>0

Let Y be a subspace of X. Then we denote by Ly : D(Ly) C Y — Y the part of L
on Y, which is defined by

Lyy=Ly¥yeD(Ly):={yeD(L)NY :LyeY}.

Definition 3.1. LetL: D(L) C X — X be the infinitesimal generator of a linear Cy-
semigroup {7.(t)},o on a Banach space X. We define the growth bound ay (L) €
[_°°7 +°°) of L by

tn (1701l cgx))
t—>-+oo t '
The essential growth bound @ ess (L) € [—eo,4-o0) of L is defined by
In (|| 77.(2
() i tim MU0

t—+oo t

where ||T;.(7)|| ... is the essential norm of 7} () defined by

|CSS

1TL(1) ess = % (To(2)Bx (0,1)),



360 A. Ducrot et al.

here Bx (0,1) = {x € X : ||x||y < 1}, and for each bounded set B C X,
K (B) = inf{e > 0: B can be covered by a finite number of balls of radius < €}

is the Kuratovsky measure of non-compactness.

We have the following result. The existence of the projector was first proved by
Webb [52, 53] and the fact that there is a finite number of points of the spectrum is
proved by Engel and Nagel [16, Corollary 2.1, p. 258].

Theorem 3.2. Let L: D(L) C X — X be the infinitesimal generator of a linear Cy-
semigroup {Ty.(t)} on a Banach space X . Then

L) = (L), Re(A) ).
o (L) m(wo 0, max R >)

Assume in addition that @y ess (L) < @y (L) . Then for each y € (@ ess (L), 09 (L)]
{A €0 (L):Re(A) >y} C 0,(L) is nonempty, finite and contains only poles of
the resolvent of L. Moreover; there exists a finite rank bounded linear operator of
projection I1: X — X satisfying the following properties:

(@) MA-L) '=A-L)"'IMVvAepL);
(b) o (L)) ={A €0o(L):Re(X)>7v};
(¢) o (Ly-myx)) =0 (L)\ o (L)) -

In Theorem 3.2 the projector IT is the projection on the direct sum of the
generalized eigenspaces of L associated to all points A € o (L) with Re(1) > y.
As a consequence of Theorem 3.2 we have following corollary.

Corollary 3.3. Let L: D(L) C X — X be the infinitesimal generator of a linear
Co-semigroup {T;.(t)} on a Banach space X, and assume that 0 ess (L) < @ (L) .
Then

{Aeo(L):Re(A) > moess (L)} Cop(L)
and each )\ € {A €0 (L):Re(A) > wyess (L)} is a pole of the resolvent of L. That
is, 2 is isolated in © (L), and there exists an integer kg > 1 (the order of the pole)

such that the Laurent’s expansion of the resolvent takes the following form

oo

AI-L)"'= ¥ (A-2)"B,

n:,ko
where {Bﬁ“} are bounded linear operators on X, and the above series converges in

the norm of operators whenever |A — Ag| is small enough.

The following result is due to Magal and Ruan [35, see Lemma 2.1 and
Proposition 3.6].
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Theorem 3.4. Let (X,||.||) be a Banach space and L : D(L) C X — X be a linear

operator. Assume that p (L) # 0 and Ly, the part of L in D(L), is the infinitesimal
generator of a linear Cy-semigroup {TL0 (r) } 1>0 0N the Banach space D(L). Then

G(L) = G(Lo).

Let Xo := D(L), Ty : D(L) — D(L) be a bounded linear operator of projection.
Assume that

o (Al —Lo) ' = (M —Lo) 'y, VA > @

and

Iy (D(L)) C D(Ly) and Ly |1‘[0 (D) is bounded.
Then there exists a unique bounded linear operator of projection I1 on X satisfying
the following properties:

(i) T |555= o
(ii) TI(X) C D(L).
(iii) M(AI—L)"" = (AI— L) 'TLVA > o.

Moreover, for each x € X we have the following approximation formula

M= lim oA (A[—L) 'x.

A—rtoo

We return to the Cauchy problem (8) and investigate some properties of the linear
operator A.

Theorem 3.5. For the operator A defined in (6), the resolvent set of A satisfies

Moreover, for each A € p(A), we have the following explicit formula for the
resolvent of A :
) 11
i :

Proof. Let us first prove that p(B) C p(A). If L € p (B), for (g) € X we must find

(Oﬁn ) € D(A) such that
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e ()-()

By (0)
54
{ Mfl/f ¢

(11-5) (o)
@{Mf V=0
(1 - B)y(0) = o+ 9 (0)
w(9) =00y (6) + [2 Do (1)d1,v0 > 6
(Al— B)W(O) a+¢(0)
v (0) =ty (0)— [§ 0 g <>d1v§e[ 70,
&y (8) = (A1-B) [a+0(0)] - [0 Vg (1)L, v0 € [~r0].
Therefore, we obtain that A € p (A) and the formula in (11) holds.

It remains to prove that p(A) C p(B), that is 6(B) C 6(A). First, from the above
computations we have the following result

o

a+ ¢ (0)

R(M—A):{(g)eX: oc—i—q)(O)eR(M—B)}. (12)
Moreover, we have
yEN(AI-B)
w(6) =etfy.
Thus if A € op(B) (the point spectrum of B) then there exists y € N(Al —B) \ {Oy},
and a vector (?;;) € N(AI—A)\ {0c} with y(0) = e*?y. Thus A € op(A).

Assume that A € o(B) \ op(B). Then N(AI — B) = {0y}, and since p (B) # 0,
we deduce that B is closed. So if R(AI —B) =Y, by using Theorem I1.20 p.30 in
[10], we deduce that (Al — B) is invertible, that is, (Al — B) is a bijection from D(B)
into Y, and there exists C > 0 such that

Oy
(W) EN(AI-A) & Jye D(B) {

oo <c.

so A € p(B), a contradiction.

We deduce that A € o(B) \ op(B), then N(AI —B) = {Oy} and R(Al —B) #Y.
Thus N(AI —A) = {0c¢}. Therefore (A — A) is one-to-one but not onto because of
(12). Thus o(B) C o(A) and this completes the proof of Theorem 13. O

Lemma 3.6. The linear operator A : D(A) C X — X is a Hille-Yosida operator.
More precisely, for each ws > g, there exists My > 1 such that

M
<A Yn>1,YA> an. (13)

1=0) e < o
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Proof. Let w4 > wp. Since B is a Hille—Yosida operator on Y, following Lemma 5.1
in Pazy [39], we can find an equivalent norm |.|, on ¥ such that

‘(M—B)*lx‘ < % YA > wp, Vxev.
— W

Then we define |.| the equivalent norm on X by

o
]((p)]= o]+ ],

I0llo, = sup e 9 (6)].

0c[—r0]

where

Using (11) and the above results, we obtain for each A > @, that

()

0
< sup [e”’f‘ee“‘(kl—B)l[q)(O)—i—oc]‘—i—e“’Ae/ e“es)|(p(s)|ds}
Jo

0c[—r0]

0
< sup [e o0 lp(O)]+ o] +e o0 [e - oas]pll, |
] 0

B 0e[—r0 A —wp
1 e @010 e @abeAb [e’(l’“’f‘)e — 1}

gl s S le )]+ o 9,
< [lal+ ol
T A—ay Pllon
1 o

A—oa|\o/|

Therefore, (13) holds and the proof is completed. O

Since A is a Hille—Yosida operator, A generates a non-degenerated integrated
semigroup {S4(?)},>o on X. It follows from Thieme [46] and Kellerman and Hieber
[26] that the abstract Cauchy problem (8) has at most one integrated solution.

Lemma 3.7. Lethe€ L' ((0,7),Y) and ¢ € C([—r,0],Y) with ¢(0) € Yo. Then there
exists an unique integrated solution t — v(t) of the Cauchy problem (8) which can
be expressed explicitly by the following formula

0= (o)
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with
u(t)(0) =y(t+0),vr€[0,7],V0 € [-1,0], (14)
where
_ (p(t)v E[—V,O],
0= 00)+ Gaoh)i s 0]
and

(Spoh) () = ;(Sg*h) (S5 )t /]&;t—s

Proof. Since A is a Hille—Yosida operator, there is at most one integrated solution
of the Cauchy problem (8). So it is sufficient to prove that u defined by (14) satisfies
for each ¢ € [0, 7] the following

( I f(yz)dz) € D(4) (15)
(ﬁg>:(%)+A(ﬁﬁ%m>+(ﬁ%pw>' (16)

lgmmmm:%pu+mm:£wﬂ@m

andy € C([-r,7],Y), the map 6 — [ u(l) (6)d! belongs to C' ([—1,0],Y). We also

observe that
/ dl!/y )dl = /7% +(Spoh)(D)dl

/ Ty (1)@ (0)di+ (g h)(1) € D(B),

and

Since

therefore, (15) follows. Moreover,
Oy\ _ [ —9'(0)+Be(0)
A(¢>_< ¢’ >
whenever ¢ € C! ([~r,0],Y) with ¢(0) € D(B). Hence
0 _ (= D(6) =y(0)]+ B Jyy(s)ds
A tnar) = (PO

() ()
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Therefore, (16) is satisfied if and only if

0)+B / s)ds + / h(s 17)
Since B is a Hille—Yosida operator, we deduce that (17) is equivalent to

¥(t) = T, (1) 9(0) + (Spo k) (7).
The proof is completed. O

Recall that Ay : D (Ag) C D(A) (A), the part of A in D(A), is defined by

()2 () () o
onr={(3)cowa(3) ).

From the definition of A in (6) and the fact that

where

D(A) = {0y} x {9 € C([-1,0],Y), 9(0) € Yo},

we know that Ay is a linear operator defined by

an (%)= (%) (%) epiao
¢ ¢ ¢
where

D (A)

B { (Oqay) € {0y} x {p e C' ([-1.0],Y): 9(0) € D(B), —¢'(0)+Bp(0) = 0} :

Now by using the fact that A is a Hille—Yosida operator, we deduce that Ag is the
infinitesimal generator of a strongly continuous semigroup {TA0 (r) and

) =120 (%)

}zzo

is an integrated solution of

dz(tt) =Av(t), t >0, v(0) = ((:;) € Xo.

Using Lemma 3.7 with & = 0, we obtain the following result.
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Lemma 3.8. The linear operator Ag is the infinitesimal generator of a strongly
continuous semigroup {TA0 (t)} of bounded linear operators on D(A) which is

defined b -
efined by
Oy o Oy
Tao(0) ( 0 ) - (ﬁm«p)) ’ e
where
B ={ g5V 050

Since A is a Hille—Yosida operator, we know that A generates an integrated

semigroup {Sa(#)},~o on X, and r — Sa(#) ( ;;) is an integrated solution of

dv(z)
dr

:Av(t)+(y>,tzo, v(0) = 0.

Since S4 (1) is linear we have

() =5 (%) 50
()= freo(%)s

and S4(¢) <g > is an integrated solution of

where

= Av(t)+ (y) ,1>0,1(0)=0.

Therefore, by using Lemma 3.7 with 4(r) = y and the above results, we obtain the
following result.

Lemma 3.9. The linear operator A generates an integrated semigroup {S(t)},~

on X. Moreover,
50(3) = () () <>

where S, 4 (2) is the linear operator defined by

~

SA(t) (yv (P) = S‘\A(t) (Oa(p)+§A(t) (y,O)
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with

530 0.0) 0)= [ Tuy(0)(0)(0)as= [ Ta s+ 0)0(0)ds + [ (s + 0)as

and

= Sp(t+0)y,t+6 >0,
S0)(10) ) = { RO ORI HE 6

Now we focus on the spectra of A and A+ L. Since A is a Hille—Yosida operator,
so is A+ L. Moreover, (A+L),: D((A+L),) C D(A) — D(A), the part of A+ L in
D(A), is a linear operator defined by

arng (W)= (%) v (%) enta+ny),

where

D((A+L),) =
{(?,f) e {0y} x{peC'([-r.0],Y): ¢(0) € D(B), <p’(0)=B<p(0)+Z(<p)}.

From Theorems 3.4 and 3.5, we know that
0(B)=0(A)=0(Ap) and6(A+L)=0((A+L),).
From (18), we have
Tao (1) (9) (8) = T, (r+0) Tp, (t — 1) @ (0),t > 1,0 € [~1,0].
Therefore we get

@00 ess (AO) < @ ess (BO) . (19)

In the following lemma, we specify the essential growth rate of the Cy-semigroup
generated by (A+L), in some cases. Unfortunately, this problem is not fully
understood.

Lemma 3.10. Assume that one of the two following properties are satisfied:

(a) Foreacht >0, ZYA"AO (t) is compact from C into Y.
(b) Foreacht >0, T, (t) is compact onY.

Then we have
w(),ess ( (A + L)O) S w(),ess (BO)
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Proof. For Assumption (a) the result is a direct consequence of Theorem 1.2 in
Ducrot et al. [15] or the results in Thieme [47]. The case (b) has been treated by
Adimy et al. [4, Theorem 2.7]. O

From now on we set
Q={1€C: Re(A) > myes((A+L)o)}
From the discussion in this section, we obtain the following proposition.

Proposition 3.11. The linear operator A+ L : D(A) C X — X is a Hille-Yosida
operator. (A + L), is the infinitesimal generator of a strongly continuous semigroup

Tiasr), (1) }t>0 of bounded linear operators on D(A). Moreover,

Tiarno ) <(3;> N (ﬁA+LiIEt) (‘P)) 20)
with
T, () (9) (6) = y(t+0), V& > 0, V6 € [-1,0],
where
(1), Vt € [-r,0],
)= { T (1)9(0) + (S5 L (1)) (1), V1 > 0.

Furthermore, we have that
6((A+L))NQ=0p((A+L))NQ={A€Q: N(A(A))#0},
where A(A) : D(B) CY — Y is the following linear operator
AQR)=AI-B-L (). @)

Then each Ay € 6 ((A+L),) NQ is a pole in Q of (M — (A+L))"". For each y >
00 ess((A+L)o), the subset {A € 6 ((A+L),) : Re(A) > v} is either empty or finite.

Proof. The first part of the result follows immediately from Lemma 3.7 applied with
h(t) = L(y;), and the last part of the proof follows from Theorem 3.2, Corollary 3.3,
and Theorem 3.4. O

4 Projectors on the Eigenspaces

Let A € 6 (A + L)NQ. From the above discussion we already knew that A is a pole

of (Al — (A+ L))" of finite order ky > 1. This means that A is isolated in & (A + L)
and the Laurent’s expansion of the resolvent around A takes the following form

M—@A+D) ' = 3 (-0 BY. @)

n:,ko
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The bounded linear operator B)i"l is the projector on the generalized eigenspace of
(A + L) associated to Ag. The goal of this section is to provide a method to compute

B)i"l. We remark that

o0
(A=) A= (A+L) "' = 3 (2= 4)" By .

m=0

So we have the following approximation formula

1 dh!
BY = lim

s (e ) e

In order to compute an explicit formula for the resolvent of A 4+ L we will use the
following lemma.

Lemma 4.1. LetA:D(A) C X — X be a linear operator on a Banach space X with

p(A) #0. Let B: D(A) — X be a bounded linear operator. Then for each A € p (A)
we have
Aep(A+B)slep (B(M—A)*l) .

Moreover, for each A € p (A+ B) we have

-t~ ia ]

-1
[I—B(M—A)*l] —I+B(AI—A—B)"

Proof. Assume first that | € p (B (AI—A)A) . Then

-1
(Al—A—B)(AI—A)"" [I_B(M_A)*‘}

=[1-@ar-ay| [1-p@ar-a"] =1,

and
—1

(A1—A)"! [I_B(M_A)*‘} (AI—A—B)

= (AL—A)"" [I—B()LI—A)*I]A (I—B(M—A)’l) (AI—A)

Thus A € p(A+B), and

(A[—A—B) ' = (A1—A)"" {I—B(M—A)’l}
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Conversely, assume that A € p (A + B), then
[I—B(M—A)*l] [1+B(M—A—B)*1}

- [I—B(M—A)*l] [(M—A—B)(M—A—B)*‘+B(M—A—B)*1

- {I—B(M—A)’l} [(M—A)(M—A—B)’l}

=(M—-A)(AI—A—B) '—=B(AI—-A—B) '=1I
and

[1+B(M—A—B)*l] [I—B(M—A)*l]
- [(M—A) (?LI—A—B)’I} [I—B(M—A)*l]

=(M—-A)(AI—A—B) '[AI-A—B](AM—A)""
=1.

Thus, 1 € p (B ()LI—A)*) and

~1
[I_B(M_A)*‘} —I+B(AI—A-B)".

This completes the proof. (]
In order to give an explicit formula for B)f’l, we need the following results.
Lemma 4.2. We have the following equivalence:

AeEPp(A+L)NQ < A(A) is invertible.

Moreover, we have the following explicit formula for the resolvent of A+ L

or-ws0 ()-8

=
0 N
w(6) = / 0 (s)ds+e*A (1) [oc +(0)+L (/ "o (s) dsﬂ
Jo .
(24)
Proof. We consider the linear operator Ay : D(A) C X — X defined by

() (7))o
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Ly<(3;> _ (Z(fp)z)rcw(o)),

and

Then we have

Moreover,
@y (Bo —¥I) = @y (Bo) — 7.

Hence by Theorem 3.5, for A € C with Re (1) > @y (Bo) — ¥, we have A € p (Ay)

and
(ur=ay)” (g> - (25) (25)

S y(0)=e* (A~ B—v)) " [@(0)+a]+ [§e* O g (s)ds.

Therefore, for each A € C withRe (1) > @y (Bg) — 7, by Lemma 4.1 we deduce that
[AI— (Ay+L,)] is invertible if and only if I — Ly (A1 — Ay) ~!is invertible, and

(A= (Ay+Ly)) " = (A=A, [I—LY(M—AY)”T. (26)

o

We also know that [I —L, (ll—Ay)il} (‘P

) = (g) is equivalent to ¢ = @ and
o [Z (el-(m_ (B_yz))*la) Fy(Al— (B—yl))’la}
L(H (= B=v1))"§(0)+ "5 (5)ds) ] |

=0+ it
+y(AM—(B=71))" ¢(0)

Because
~L(* = (B=yD) " @)~y (A~ (B-v1) '@
[ —(B—yl)— (e’“l) } I-(B—y) "«
[/'u B L(eM)]

A(R)(AI—(B=y1)""

—(B—=vI))"

and B is closed, we deduce that A(1) is closed, and by using the same arguments as
in the proof of Theorem 3.5 to
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AA) (AL = (B—y1))""

e (A= (B=11)) ' §(0)+ ["eH G (s)ds )]
+y(A = (B—1))"' $(0)

~

=0+

we deduce that [I —Ly (AI —Ay) 71} is invertible if and only if
AL) = [M—B—Z(e”l)}
is invertible. So for A € Q, [AI—(A+L)] is invertible if and only if A(A) is

ln\/ertlble.

Moreover,
-1y (M—AY)*T1 (
is equivalent to ¢ = ¢ and
= (M= (B-1)AR)"
a+L(* (= (B-y1) " 2(0)+ M5 (s)ds )]' o
+Y(A—(B—vD)"" $(0)

Note that A + L = Ay + Ly. By using (25), (26) and (27), we obtain for each y > 0
large enough that

e () (5)

=
v (0)=e** (A1 - (B~ 71)

<) R

R
+L(e* (A1 — (B— yI) ¢ (0)+ [0t Y(p(s)ds)]
+y(Al=(B=11))"" (0)

+e*9A (A

but

(M= B=v1))" 0 (0)+AR) L (M) + 71| (A= (B=11)) " 9 (0)
- (1+ {M—B—Z(e’”‘l)rl [L(e*1) +B— A1+ A1~ (B—yI)D
X (A= (B—=7D))"" 9(0) 1
- <1—1+ (A1-B-L(n)] (- (B—yI)]) (A= (B— D))" ¢(0)

— {M—B—Z(e’l-l)qua(o)

and the result follows. O
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Next we introduce the following operators I1: Xy — Cand F : Y — X such that

1(5) oo re= (i)

Then from Lemma 4.2 we have:
AT —(A+L) '"Fa=A"A)a, VA ep(A+L)NQ, YaeY. (28)

Since A — (Al — (A+ L))" is holomorphic from Q into £ (X), we deduce from
the above formula that the map A — A~!(1) is holomorphic in Q. Moreover, by
Proposition 3.11 we know that A~!(.) has only finite order poles. Therefore, A~ (1)
has a Laurent’s expansion around A as follows

g o~
A = ZA (A —=20)"An, Ap€ L), Vn> —ko.
n:7k0

From the following lemma we know that 76\0 = ko.

Lemma 4.3. Let Ay € 6 (A+L)NQ. Then the following statements are equiva-
lent

(a) Ay is a pole of order ko of (A1 — (A+L))"".
(b) Ay is a pole of order ky ofA(/'L)f1 .
(c) }Lnnllo (A=) A" #£0and lun;w (A=) A =0.

Moreover; if one the above assertions is satisfied, then for each n > —ky,
R(An) C D(B)

and
BA, € L(Y).

Proof. The proof of the equivalence follows from the explicit formula of the
resolvent of A + L obtained in Lemma 4.2. It remains to prove the last part of the
lemma. Let A9 € 6 (A 4 L) NQ be a pole of order ko of the resolvent of A — A (1) "
Let y € p (B). Then by Proposition 3.11, A € p (A+L)NQ < A(A) is invertible.
But

A(A)=yI—-B+Cy(A)

with
t Cy(A) = (M—y]—i(e’“-l)).

So by Lemma 4.1, if A(A) is invertible then 1 € p (I —Cy(A) (yI - B)fl) and

AR =B -G m-B) ]
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Clearly A — C, (1) is holomorphic, A is pole of order k. It follows that
! g -
1-¢, =B = ¥ (-)"A]
n:,ko
and by the uniqueness of the Laurent’s expansion we obtain
Ay = (yYI—B) " Al, ¥n > —k.
This completes the proof. (]

Lemma 4.4. The operators A_y,...,A_y, satisfy

Ay

A, 0
Afk()Jrl 0

Ak

and

(A*k() A,kOJrl Ay A,])Ako (/'\0) = (O 0),

where Ay, (Ao) is the following operator matrix (from D(B)*0 into Y*0)

A (20) A1) (20) A®) (20) /21 -+ Ak~ (20) / (ko — 1)

0 . ) . :
Agy (Ao) = : 0 AP (2g) /2! :
: ' ' A (%)
0 0 A0) (Ao)
where
AO () =AR) = M_B_Z(el-zy)
and

A gy = & (;u_i (e’t-z)) Vi > 1.

Proof. We have

(=201 =A%) <2 o —m"AnkO) - (z (2 —/'Lo)”Ank()) A
n=0 n=0

and

AA) = A(R0)+ [(A =201 (L(*1) =L (eP7)) |.
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So

"
A =A()+ S A n(,%).
n=1

Hence,

o (n) o
(h—2o)o1 = (i <A—M>"An—§“)> (i <A—WA”0> .

n=0 n=0

By using the last part of Lemma 4.3, we know that for each n > —kg, A (1) A, =
A (Ay) Ay is bounded and linear for Y into itself, so we obtain

A-dgfor=F -2y 3 A 00,
n—=0 & (n=k)!
and
oo n (n—k)
A=20)01= 3 (=20 3 Ay 220,
n=0 k=0 (n—k)!

By the uniqueness of the Taylor’s expansion for analytic maps, we obtain that for
ne {O,...,k()—l},

n A(n k) n o A(n—k /’L{)
0= Z Nejy——— Z )Ak ko
- k=0
Therefore, the result follows. O

Now we look for an explicit formula for the projector B% on the generalized
eigenspace associated to Ag. Set

and

¥, (1) ((g)) (6) :=e*? [a—l—(p(O)—i—Z (/Oe“'s)(p(s)dsﬂ :

Then both maps are analytic and

_ o
(A=(@A+1) 1<<p> “|w <x><¢><e>+A<A>1wz<x>(g) (0)
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We observe that the only singularity in the last expression is A (?L)*l . Since ¥ and
¥, are analytic, we have for j = 1,2 that

& (2"

Yi(A)=3 ——

n=0

L3 (%),

n!

where |4 — Ag| is small enough and L} (.) := d (;{JIL”( ) ,Vn>0,Vj=1,2. Hence, we get

1 dh!
11L10 (ko — 1)! dAko—T ((A —l) ¥, (M)

b 1 & (ntko)! (A=)
= <k0_1>zn§0 CES

=0

Ly (%)

and

i L dho~!
Ao (ko — 1)1 dARo T

1 dho—1 [ [ += . T2 — An)"
_llﬁﬁo (ko—l)'d/'Lko 1 ( 2 ()L_)'O) +k0A”> (2( n')LO) Lﬁ()t())>‘|

nszo

' 1 dho—1 [ [+ . 00— )
i L (2@—%) Ank0> (2 %Lﬁ(%))]

(A =20/ A()" ¥2(2)

n=0 n=0
1 do! (A —X)
- lim — "I Ay i ] 2
2 (ko — 1)1 dAko—1 nzojzbk o) A
) 1 dkofl [ oo 1 5
= ko= D) dAk T ;0 (A —%o)" ZA" i~ 5L (’W]
ko=l |
2 A1 L5 (A)-

From the above results we can obtain the explicit formula for the projector B&"l
on the generalized eigenspace associated to Ag, which is given in the following
proposition.

Proposition 4.5. Each Ay € 6 ((A+L)) with Re(Ag) > @y ess((A+L)o) is a pole
of (M — (A+ L)) 'of order ko > 1. Moreover, ky is the only integer such that there
exists A_y, € L(Y) with A_y, # 0, such that

Mgy = Jim (2~ 20)0a(2)"
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Furthermore, the projector B}f)l on the generalized eigenspace of (A+ L) associated
to Ay is defined by the following formula

Oy
o (O _
B . , 29
(%) 500! bz (%) >
where
1 1 v N A
Aﬁ—fﬂﬂmm(@—%) A(2) ),]—1,...,k0,
2 o 16 T 0/1(.7s>
B (o) = |oto0+L /e o (s)ds )|,
and

40(5) a3 (§)

J j—k ~f 0
:Zcfeke“’diifk [oc+<p(0)+L(/ e“"”(p(S)dS)] ,J>1,
k=0 ' '

in which

di)ii [oc—i—(p(O)—i—Z (/Oe“'s)q)(s)ds)} =

~
N
\
(=}
—~
[
~.
[¢)
>
I
R
bS]
o
N~—
o
5
~__
Vv
—_

5 Projector for a Simple Eigenvalue

In studying Hopf bifurcation it usually requires to consider the projector for a simple
eigenvalue. In this section we study the case when Ay is a simple eigenvalue of
(A+L). Thatis, A is a pole of order 1 of the resolvent of (A + L) and the dimension
of the eigenspace of (A + L) associated to the eigenvalue Ay is 1.

We know that A is a pole of order 1 of the resolvent of (A + L) if and only if
there exists A_; = 0, such that

=1 A— AL -1 .
A 1 III}}0 ( A()) ( )
From Lemma 4.4, we have

A_1A (X)) =0and A(Ag)A_; =0.
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Hence
Ay [By—l-z (e%'y)} = MA_1y,Vy € D(B),

[B+Z (e%-l)] A1y = oA 1y, Wy €Y.

So if we assume that g is a pole of order 1 of A(?Lo)fl, then Ag is simple if and
only if dim [N (A (4))] = 1. Hence,

Ar=Wigs- )y y Vag-

Since

we must have V) € D(B) and
A(J0) Vi =0 BV, + L (0V3, ) = AoV, (30)

so Vj, is an eigenvector of A(Ag),, the part of A() in D(B D(B) (which is the
infinitesimal generator of a Cyp-semigroup).

Since B is not densely defined, the characterization of Wy, € Y* is more delicate.
First, since

A [B+Z(e"0-1)} — JoA_1,

it follows that

(W By+L () >Y*7Y =40 (Wiy.¥)y. . ¥y € D(B). 31)

So Wy, lomr ) (the restriction of W, to D(B)) is an adjoint eigenvector of A(Ag),,

the part of A(XO) in D(B). But D(B) is not dense (in general) in ¥, so A(2g)* is
not defined as a linear operator on Y. In order to characterize W), , we observe that

W =Wy, [57€ N (A(Z0)g) , and by Theorem 3.4

(Wigs¥)y.y = lim <W&,A(AI—(B+Z(e%'1)))1y> Yy evy.

A—>Foo Y§ Yo

Since kp = 1 and
Oy

24 (5) = | a sz (%)

1300) (&) = ot o)+ L ( [ )05 .

with
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we can see that Bzlexfl = Bi‘)l if and only if

A=A, {I—i—i(/oe%'ds)] Ay (32)

Therefore, we obtain the following corollary.

Corollary 5.1. Ay € o ((A+L)) is a simple eigenvalue of (A+ L) if and only if
(A —%)*A(A)"" =0

lim
A=Ay

and
dim [N (A (A0))] = 1.

Moreover; the projector on the eigenspace associated to Ay is

o (@) _ Or 33
o) 7 [ [atoO)+L( et p@as)] | Y
where
A= <W% >VM

in which

Vig € D(B)\ {0}, BVy, +L(eMVy,) = AoVay, Wy, € 7"\ {0},

<W%,By+z (e’ly) >Y*,Y = AO <Wﬂo7y>y*’y7 Vy € D(B)7

and

. 0
A=A, [H—L (/ e%-ds)] Aq.

6 Comments on Semilinear Problems and Examples

In this section we give a few comments and remarks concerning the results obtained
in this paper. In order to study the semilinear PFDE
dy(r)

& = By(t) +L(y,) + f (), vt >0,

(34)
Vo =9 eCs={peC([-,0::Y): ¢(0)eD(B)},
we considered the associated abstract Cauchy problem

dv(z)
dr

= Av(t) + L(v(t)) + F (v(1)),t >0, v(0) = (O(ﬂ;”> € D(A), (35)
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(5)-(%)
() 0
By using Lemma 3.7 we can check that the integrated solutions of (35) are the usual
solutions of the PFDE (34).

Now we are in the position to investigate the properties of the semiflows
generated by the PFDE by using the known results on non-densely defined semi-
linear Cauchy problems. In particular when f is Lipschitz continuous, from the

results of Thieme [45], for each ¢ € Cp we obtain a unique solution # — y®(¢) on
[—r,4-2°) of (34), and we can define a nonlinear C°-semigroup {U (t)},-, on Cp by

Ut)p=y/.

From the results in Magal [32], one may also consider the case where f is Lipschitz
on bounded sets of Cg. The non-autonomous case has also been considered in
Thieme [45] and Magal [32]. We refer to Ezzinbi and Adimy [17] for more results
about the existence of solutions using integrated semigroups.

In order to describe the local asymptotic behavior around some equilibrium, we
assume that y € D(B) is an equilibrium of the PFDE (34), that is,

0=By+L(F1_pg) +f (Flro]) -

Then by the stability result of Thieme [45], we obtain the following stability results
for PFDE.

where

Theorem 6.1 (Exponential Stability). Assume that f : Cg — R" is continuously
differentiable in some neighborhood of y1|_,o and Df (yl[,no]) = 0. Assume in
addition that

@pess((A+L)o) <0

and each A € C such that
N(A(A)) #0

has strictly negative real part. Then there exist N,M,y € [0,+e0) such that for each
@ € Cwith H(p i () ||w <1, the PFDE (34) has a unique solutiont — y?(t) on
[—r,+o0) sartisfying

Iy? =31 ol S Me™™ |l@ =1 _,q]| .. ¥t > 0.

The above theorem is well known in the context of FDE and PFDE (see, e.g.,
Arino et al. [7], Hale and Verduyn Lunel [22, Corollary 6.1, p. 215] and Wu [54,
Corollary 1.11, p. 71]).

The existence and smoothness of center manifolds was also investigated for
abstract non-densely defined Cauchy problems by Magal and Ruan [35]. More
precisely, if we denote Il : X — X the bounded linear operator of projection

Hc:Bill—i—-“—i-BiL"i
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where {11, 42,...,An} =0c(A+L):={A €0 (A+L):Re(A)=0}. Then
X, = I (X)

is the direct sum of the generalized eigenspaces associated to the eigenvalues
{M,A2,..., Am }. Moreover,
I, (X ) C Xo

and IT, commutes with the resolvent of (A +L). Set
Xp=R(I—T1.) (£ Xo).
Then we have the following state space decomposition
X =X ®X;, and Xo = Xo. D Xop,

where
Xoe = X NXo = X, and X, = X5, N Xy # X,

Then we can split the original abstract Cauchy problem (35) into the following
system

d”(;(t ) (At Dpuet) T (ue(t) + un(0)), (36)
dugt(t) = (A+L)y (1) + T F (ue(t) + up(1)),

where (A+L),, the part of A+ L in X, is a bounded linear operator (since
dim (X,) < o), and (A+L),, the part of A+ L in X, is a non-densely defined
Hille-Yosida operator. So the first equation of (36) is an ordinary differential
equation and the second equation of (36) is a new non-densely defined Cauchy
problem with

o ((A+L)) =0 ((A+L)\oc(A+L).

Assume for simplicity that f is C* in some neighborhood of the equilibrium Oc, and
that
f(0) =0and Df(0) = 0.

Then we can find (see [35, Theorem 4.21]) a manifold
M={x.+v(x):x €X},
where the map v : X, — X, ND(A) is C* with
v (0) =0, Dy(0) =0,

and M is locally invariant by the semiflow generated by (35).
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More precisely, we can find a neighborhood Q of 0 in Cp such that if / C R is an
interval and u. : I — X, is a solution of the ordinary differential equation

duc(r)

8 — (A L)1) + T (1) + ¥ (1) G7)

satisfying
u(t) = o)+ y (uelt) € Q, V€ 1,

then u(¢) is an integrated solution of (35), that is,
u(t) = u(s)—i—A/lu(l)dH— /IF(u(l))dl, Vi,s €l witht >s.
s Js
Conversely, if u : R — Xj is an integrated solution of (35) satisfying
u(t) e Q, vr € R,
then u.(t) = I.u(t) is a solution of the ordinary differential equation (37). This

result leads to the Hopf bifurcation results for PFDE and we refer to Hassard et al.
[23] and Wu [54] for more results on this subject.

6.1 A Reaction-Diffusion Model with Delay (B is Densely
Defined)

Reconsider an example from Wu [54]

du(t,x)  ,9%u(t,x)
5 —f a2 +6u(t —rx), x€ (0,1),

du(t,x) 0. x=0.1 (38)
ax ) ) )

u(0,.) =up € L' (0,1),

where o € R and
Bp=¢
with
D(B) = {@ e W>'(0,1): ¢'(0) = ¢ (1) = 0}.
We compute the projectors. Firstly, we have the following lemma.
Lemma 6.2. The linear operator B: D(B) C L' (0,1) — L' (0, 1) is the infinitesimal

generator of an analytic semigroup {T (1)}, on L' (0,1). Moreover, we have the
following properties

(a) Tp(t) is compact for eacht > 0.
(b) Tp(t)L! (0,1) C LL (0,1) for eacht > 0.
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(¢) o(B)=op(B) = {;L,, = (nme)*in> o}.

(d) Foreachn >0, A, = — (nme)* is a simple eigenvalue of B, the projector on the
eigenspace associated to A, is given by

Jo 9(v)dy, ifn=0,

. (@) (x) = { 2 (fol cos (nmy) (p(y)dy) cos (nmx), ifn>1.

Here
Cp=C=C([-r0],L'(0,1))
and the linear operator L : C — L' (0, 1) is defined by

L(g)=8¢(-r).
Moreover, by applying Lemma 3.10(b), we obtain

wO,ess((A + L)O) = T,

The characteristic function is given by
A(A)x = Ax—Bx—8e *x,
s0 A(A) is invertible if and only if A — 8¢ *" ¢ & (B). Thus,
6 ((A+L)) = {)L €C:A—8e M e o(B)}.
LetA€o ((A+L),) be given and let ny > 0 such that

A—8eM = Ay,

where 4,,, € 0 (B).
Now we prove the following result.

Proposition 6.3. Suppose that
d =)
y= 7 (A=8e7" =1, ) |, 570.

Then the eigenvalue Aisa simple eigenvalue of (A + L). Moreover, we have
A= ’}/711_[,,0

and

~ 0 5
A oy - -
B”, <(P) = <e/19,y11-[n0 (a+(p(0)+6f0reM”‘”(p(s)ds)) , v <(P) eY xC.
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Proof. Let us first notice that
N(AA)) = N(Ay,I — B).

Thus, due to Lemma 6.2, it is a one-dimensional space. Now we compute A_;. For
A # A with ‘QL — l’ small enough,

AR = (M— 6e’“I—B)71

= (n- 6e*l’1—15e)71 M+ (A1 6e*l’1—15e)71 (I—11,,)

1 .y -1
= mnno + (/’LI— oe rI—B) (I— H”O)
and (Al — e *1 — B)71 (I —T1,,) is bounded in the norm of operators for A close

enough to A. Since vy # 0, it follows that Lisa pole of order 1 of A (?L)*l and we
have N

lim (,1 - ,1) AA) " =y,

A—A

Moreover, we can easily get that

. ~\2 -1
lim (A - ,1) AL =0.
A=A

Thus, Corollary 5.1 applies and also provides the formula for the generalized
projector. This completes the proof of the proposition. (]

Remark 6.4. 1f y =0, then o # 0 and we obtain that Aisa pole of order two of
A(A)~!. Indeed, we can easily obtain that

lim ()L —i) AL = %Hno,

where Y= —671 e # 0, while

N2 »
lim (QL—/'L) AL =0.
A=A

Then we can derive the expression for the corresponding eigenprojector according
to Proposition 4.5.
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6.2 An Age-Structured Model with Delay (B is Non-Densely
Defined)

By taking into account the time » > 0 between the reproduction and the birth of
individuals, one may introduce the following (simplified) age-structured model with

delay
% @ = —uu(t,a), a >0,

ot
u(t,0) = [+ b(a)u(t — r,a)da (39)
M(O, ) =up € Ll (07+°°)a

where 7 > 0, u >0, and b € L7 (0, +o00).
In this case we set

Y =R xL'(0,+e)

endowed with the usual product norm

o
H(QH o]+ 101 0.0

DeﬁneB.D(B)( Y_)Yby

D(B) = {0} x W1 (0, 4-00).

where

Then it is clear that
Yo =D(B) = {0} x L' (0,+=0),

so B is non-densely defined. Also define

(a)-(7)

Then by identifying u(¢) and v(¢) = ( (()t)
u

the following abstract Cauchy problem

) , the equation (39) can be rewritten as

dv(t) =
5 —BO+L(E=r), 120

vo =@ € Cp.
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Here

Cp = {(ZE;) € C([=r0],¥) : a(0) :o}

and the operator L:Cp —Y is defined by

Ho0) =H((o ) = (0P

Now we can explicitly compute the resolvent of the operator B. Indeed, we have for

each A € C with Re (1) > —u that

o (5)-()

& @la)=e *MHag 4 fletmleDy()dl.

Next, since the operator L is a one-dimensional rank operator we obtain by using

Lemma 3.10-(a) that

wO,ess ((A“"L)O)) < a)OﬁSS (AO) < wO,ess(BO) < —u.

Setting
Q={1e€C: Re(A)>—-u}

and using Lemma 4.4, we obtain that
c(A+L)NQ={A€Q: Aisapoleof A(1)},
where the operator A(A) : D(B) C Y — Y is defined by
A(A)=AI—B—e L.

We now derive the characteristic equation for this problem.
Define a characteristic function A : Q — C by
N ar [T 2
AA):=1—e" r/ b(a)e~ g, YA € Q.
Jo

By using Lemmas 4.1 and 4.2, we obtain the following result.

Lemma 6.5. We have

G(A+L)NQ={A € Q:A(A) is not invertible} = {A € Q: A(A) = 0}.

Moreover, for each A € c(A+L)NQ,

(40)
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w1 ()-()

o(a) = [ef(?wu)awr I e*(l“‘)(“*’)y/(l)dl}
+AL) e tag A 5= p(g) e (o g 4 [0 e GOy (1)ai | do

and

(AI—(a+L)"! (Z) _ (01;>

=
W (0) = J§e* g (s)ds+e*A(R) " [a+@(0)+L (7 (s)ds)].

In the case of simple eigenvalues we obtain the following result.

Proposition 6.6. Assume that c(A+L)NQ# 0. Let Ay € c(A+L)NQ. If

dA(2g)

oo
=r+ efl"r/ ab(a)e” HH20)agqq £ 0,
0

then Ay is a pole of order 1 of (A — (A+ L))" and

2 0
B (Z) N <316A1 [a+(P(0)+Z(IOe)L(‘S)(p(s)ds)}> ’

where the linear operator A_1 =1limy_,; (A —49) A (A) " is defined by

N (p(a) _ dA()LO) ef(l{)Jr/.L)aeflﬂr/oerb(G)

y {e(l{)ﬂl)ﬁa_i_ / Ge(ﬂﬁ”)(“’)y/(l)dl} do.
0
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Abstract The 1-covering property of omega limit sets is established for monotone
and uniformly stable skew-product semiflows with a minimal base flow. Then the
convergence result for monotone and subhomogeneous semiflows is applied to
obtain the asymptotic recurrence of solutions to a linear recurrent nonhomogeneous
ordinary differential system and a nonlinear recurrent reaction-diffusion equation.
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1 Introduction

It is well known that the skew-product semiflows approach is a powerful tool
in the study of linear and nonlinear nonautonomous evolution systems (see,
e.g., [4, 5,8, 9]). This approach has also been used extensively to generalize
certain important results on global dynamics of monotone autonomous and periodic
systems (see, e.g., [1, 12]) to monotone almost periodic and recurrent systems, see,
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skew-product semiflows with a minimal and distal base flow, and obtained the
asymptotic almost periodicity of bounded solutions for monotone almost periodic
systems with a first integral or subhomogeneous nonlinearity. It is natural to expect
that there are similar convergence results in a more general nonautonomous case.
To be more precise, we take into account a nonautonomous ordinary differential
system x' = f(r,x) with f € C(R x R",R"), and let H(f) be the hull of f with
respect to the compact open topology. The function f is said to be time recurrent
if H(f) is compact and the translation flow is minimal on H(f). Note that any
uniformly almost automorphic function in C(R x R" ,R™) is time recurrent (see [10,
Sect. 1.3.1]). Accordingly, one may ask under what conditions on f, every bounded
solution of such a recurrent system is asymptotic to a recurrent full solution. Clearly,
one can not use the abstract results in [2] to prove this kind of asymptotic recurrence
since the base flow is only minimal in our current case. More recently, Novo, Obaya
and Sanz [6] have presented some general results on the structure of uniformly
stable and uniformly asymptotically stable compact invariant sets for skew-product
semiflows with a minimal base flow. In particular, they proved that the omega limit
set of a precompact and uniformly stable forward orbit admits a minimal and fiber
distal flow extension. Further, we observe that if a compact invariant set K of such
a skew-product semiflow admits a flow extension and its section map is continuous,
then K is an 1-covering of the base space whenever its intersection with some fiber
is a singleton (see Lemma 2.4).

The purpose of our current paper is to generalize two abstract convergence results
in [2] to skew-product semiflows with a minimal base flow in such a way that
we can obtain the asymptotic recurrence for monotone and subhomogeneous or
uniformly stable recurrent evolution systems. For a monotone and subhomogeneous
semiflow, we can not directly utilize the afore-mentioned results under the norm-
induced metric. However, we can prove the 1-covering property by employing
the uniform stability of compact and strongly positive invariant sets with respect
to the part metric (Lemma 3.1). For a monotone and uniformly stable skew-
product semiflow, we will introduce a new assumption of the strong componentwise
separating property (see (A4)) to prove the convergence result without assuming that
the positive cone P is solid (i.e., Int(P) # 0). We should point out that our arguments
were highly motivated by those in [2,6, 14].

The remained part of this paper is organized as follows. In Sect. 2, we present
some basic concepts and results in the theory of skew-product semiflows. In Sect. 3,
we prove the 1-covering property of omega limit sets for subhomogeneous and
strongly monotone skew-product semiflows in the case where Int(P) # @ (Theorem
3.3), and for monotone and uniformly stable skew-product semiflows with the strong
componentwise separating property without assuming Inz(P) # @ (Theorem 3.4).
Section 4 is devoted to the application of the convergence result to a linear recurrent
nonhomogeneous ordinary differential system (Theorem 4.1) and a nonlinear
recurrent reaction-diffusion equation (Theorem 4.2).
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2 Preliminaries

Let Ry = [0,%0), (M,dy) be a complete metric space, and (¥,dy) be a compact
metric space. We use d to denote the metric on the product space M x Y, which is
induced by djs and dy.

A continuous flow 0 : Y x R — Y is said to be minimal if Y contains no nonempty,
proper, closed invariant subset. Clearly, a flow ¢ : ¥ x R — Y is minimal if and only
if every full orbit is dense in Y.

Consider a continuous skew-product semiflow IT: M xY xRy — M XY
defined by

(x,y,1) = (u(x,y,1), 6(1,1)), V(x,y,1) € M XY X Ry

For convenience, we also use IT; to denote IT(-,7). A subset K of M X Y is said to
be IT-invariant if [T, (K) = K for all ¢ > 0. Further, the skew-product semiflow IT is
said to be recurrent if its base flow (Y, 0,R) is minimal. Throughout this paper, we
always assume that I1T is recurrent.

Definition 2.1. Let IT be a skew-product semiflow on M x Y. A forward orbit
I, (x0,y0),¢ > 0, is said to be uniformly stable if for every € > 0, there is a
6 =6(€) > 0, called the modulus of uniform stability, such that

d(I1(x,y0,7+1), (x0,y0,T+1)) <€, Vt>0

whenever T > 0 and d (u(x,yo,7), u(x0,y0,7)) < 6. Let K C M x Y be a compact
IT-invariant set. The semiflow (K,IT,Ry) is uniformly stable if for every € > 0,
there is a 6 = 8(€) > 0 such that d(I1(xy,y,7), [1(x2,y,t)) < €, V¢ > 0, whenever
(x1,¥), (x2,y) € K with dpr(x1,x2) < 8.

A compact I1-invariant set K C M x Y which admits a flow extension is said to
be fiber distal if for any y € Y, any two distinct points (x;,y), (x2,¥) € K, we have

infdM(u(xlayat)v M(Xz,y,l)) > 0.
teR

For any given set K C M x Y, we define K, :={x € M : (x,y) € K},Vy €Y, and

Yo(K) :={y €Y : forany % € Ky, y € Y and any sequence {f;} C R with
o, (y) = ¥, there is a sequence {x;} C K, such that u(x;,y,#;) — %}.

Further, K is said to be an 1-covering of Y if K| is a singleton for all y € Y.

Theorem 2.2 [6, Theorem 3.4]. Let K C M XY be a compact 11-invariant set
such that every point of K admits a backward orbit. If the semiflow (K,I1,R}) is
uniformly stable, then it admits a flow extension which is fiber distal and uniformly
stable as t — —oco. Further, the section map for K, y € Y — K,, is continuous at
everyy € Y with respect to the Hausdorff metric.



394 Y. Wang and X.-Q. Zhao

Theorem 2.3 [6, Proposition 3.6]. Ler {II(%,7,7) : t > 0} be a precompact
forward orbit of the skew-product semiflow T1 and let K denote the omega-limit
set of (X,¥). Then the following statements are valid:

(1) If K contains a minimal set K which is uniformly stable, then K = K and it
admits a fiber distal flow extension.

(2) Ifthe forward orbit is uniformly stable, then its omega-limit set K is a uniformly
stable minimal set which admits a fiber distal flow extension.

Lemma 2.4. Let K be a compact Il-invariant set such that it admits a flow
extension. If the section map for K is continuous at every y € Y with respect to
the Hausdorff metric, then Yo(K) =Y, and K is an 1-covering of Y whenever Ky is
a singleton for some yp €Y.

Proof. Clearly, it suffices to prove that ¥ C Yy(K). Let § € Y be given. For any
X € Ky, y € Y and any sequence {;} C R with o;(y) — ¥, by the continuity of
the section map y € ¥ — K, we can deduce that there is a sequence x} € Kct,-(y)
such that x§ — X. Note that K is invariant under the flow extension Il, we have
Ko,.(y) = u(Ky,y,1;). It then follows that there is a sequence {x;} C K, such that
xX; = u(xi,y,4;) and u(x;,y,4;) — X, and hence, § € Yy(K). This proves that Yo(K) =Y.
Now we assume that K, = {xo}. For any given y € ¥, the minimality of the base
flow implies that there exists a sequence {#,} C R such that o;,(yp) — y as n — .
Since y € Y = Yy(K), it follows from the definition of ¥y(K) that for any ¥ € K,,
there holds lim,, .. u(xg,y0,#,) = X. This implies that K, is a singleton. O

Let (X, P) be an ordered Banach space. For x,x; € X, we write x; < x; if x; —
x| € P;x; <xp if xp —x1 € P\ {0}; x; < xp if Int(P) # 0 and x, —x; € Int(P).
A subset U of X is said to be order convex if for any a,b € U with a < b, the order
interval [a,b]x := {x € X : a <x < b} is contained in U.

In the rest of this paper, we assume that V is a closed and order convex subset of
the positive cone P.

Let Q:V xY — Y be the natural projection. For a skew-product semiflow,
we always use the order relations on each fiber Q7! (y). We write (x1,y) >y (>,
) (x2,y) if x1 > x2(x1 > x2,x1 > x2). Without any confusion, we will drop the
subscript “y”.

A skew-product semiflow Il on V XY is said to be monotone (strongly
monotone) if

I (x1,y) < ()i (x2,y)

whenever 7 > 0 and (x1,y) < (x2,y)((x1,) < (x2,7)).
To study omega limit sets of a monotone skew-product semiflow I, we need the
following assumptions.

(A1) Every compact subset in V has both the greatest lower bound (g.1.b.) and the
least upper bound (l.u.b.).

(A2) For every (x,y) € V x Y, there is a o = t9(x,y) such that {II;(x,y) : £ > to} is
precompact.
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(A3) The skew-product semiflow II; : V xY — V X Y is monotone, and every
forward orbit of I, is uniformly stable.

Note that if (A2) holds, then every omega limit set @(x,y), (x,y) €V xY,is a
nonempty, compact and IT-invariant subsetin V x Y.
Let K C V x Y be a compact I1-invariant set. For any given y € Y, we define

(p(y).y) =g.lb. of KNQ '(y)

and
(q(v),y) =Lub. of KNQ™'(y).

By (Al), p(y) and ¢(y) are well defined.

In view of Theorems 2.2 and 2.3 and Lemma 2.4, it is easy to see that the proof
of [2, Propositions 3.1 and 3.2] still works in the case where the base flow is only
minimal. Thus, we have the following result.

Theorem 2.5 [2, Propositions 3.1 and 3.2]. Assume that (A1) — (A3) hold. Let
K := o(x0,Y0), (x0,y0) €V XY, be fixed. Then the following statements are valid.:

(1) Foranyy €Y, both o(p(y),y) and &(q(y),y) are 1-coverings of Y.
(2) Let (p«(y).y) = o(p(y),y) NQ"'(v) and (g.(y),y) == @(q(y),y) N Q"' (¥).

Then (p«(y),y) < (p(v),y) < (z,¥) < (q(),¥) < (¢:(¥),¥), ¥(z,y) € K.
(3) Foranyy €Y andt € R, there holds u(p.(y),y,t) = p«(0:(y)).

3 Global Convergence

In this section, we establish the I-covering property for omega limit sets of
monotone and uniformly stable recurrent skew-product semiflows.

We first consider a monotone skew-product semiflow (IT,V x Y,IR; ) in the case
where Int(P) # 0. We use the notations

y+(x,y) = {Ht(xvy) 2> 0}

and
Y(-xvy) = {Ht(-xvy) re R}

to denote the forward orbit and full orbit (if it exists) through (x,y), respectively. IT
is said to be subhomogeneous if

u(a-xayvt) > ocu(x,y,t), V('xvy) eVxY,ae (07 1)7 t>0. (D
Asin [2,7,13,14], we define the part metric p on Int(P) by

p(x1,x2) :==inf{lna: o > 1and o 'x; <xo < oy}, Vg, xo € Int(P).
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Then (Int(P),p) is a metric space (see, e.g., [7], [13]). We denote the metrics of
the product space Int(P) x Y induced by (p,dy) and (|| - [|,dy) as dp and d|,
respectively.

Lemma 3.1 [14, Claim 1]. If (I1,V x Y,R) is monotone and subhomogeneous,
then

p(u(xluyut)au()Quy?t)) S p(xla-xZ)
forall xi,x; € Int(P) and (y,t) € Y x Ry with u(x;,y,t) € Int(P),i = 1,2.

Clearly, Lemma 3.1 implies that for any two forward orbits y* (x;,y) C Int(P) x
Y,i=1,2, we have

dp(l_[t+‘t(x17y)a HI+T(x27y)) S dP (HT(xlvy)a HT(x27y))5 vt 2 07 T Z 0. (2)

Given x( € Int(P), we can choose a real number r > 0 such that the closed norm
ball B(xo,2r) := {x € X : [|x—xo|| < 2r} C Int(P). Then for any x € B(xo, r), there
holds B(x,r) C Int(P). By [3, Lemma 2.3 (i)], we have

[lx = xol

p(x,x0) <In (1 + ) , Vx € B(xo,r). 3)

r

Lemma 3.2 [2, Lemma 5.1]. Assume that y" (xo,y0) C Int(P) X Y is precompact
in (Int(P) x Y,d.|) and its omega limit set @(x0,y0)d, C Int(P) x Y. Then
¥* (x0,y0) is also precompact in (Int(P) x Y, dp,), and o(xo,y0)a, = @(x0,0)d -

Theorem 3.3. Assume that the skew-product semiflow (ILV X Y,R.) is subho-
mogeneous and strongly monotone, and (A2) holds. If T1 admits a forward orbit
Y™ (x0,y0) C Int(P) X Y such that ®(xo,yo) C Int(P) X Y, then for any (x,y) €V x Y
with x > 0, ©(x,y) is an 1-covering of Y, and imy_ ||u(x,y,1) — u(x*,y,1)|| =0,
where (x',3) = 0(x,y) 101 ().

Proof. Forany (x,y) € V x Y with x> 0, we can choose a point (X,y) € ®(xo,yo) C
Int(P) x Y such that x > ax for some sufficiently small o € (0,1). It then
follows that

Hl(xvy) = (u(x,y,t),G;(y)) 2 (M(Otf,y,t),ﬁt(y)) > (au(i,y,l),(ft(y)), Vi > 07

and hence K := o(x,y) C Int(P) x Y. Note that o(x,y) = o(%,§) for any (%,¥) €
v (x,y). Without loss of generality, we then assume that y* (x,y) C Int(P) x Y.
Clearly, Lemma 3.2 implies that K = o(x, y)dp. In view of Lemma 3.1, (2) and (3),
it is easy to check that IT is a semiflow on the compact metric space (K,d,), and
that any Il-invariant subset of K is uniformly stable in dp. It then follows from
Theorems 2.2 and 2.3 that K is a minimal set which admits a fiber distal flow
extension, and the section map for K, y € Y — K|, is continuous at every y € ¥
with respect to dp. Let Yy(K) be defined with respect to dp. Thus, Lemma 2.4
implies that ¥y := Y5(K) =Y in our current case. By [10, Theorem I1.3.1], we then
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conclude that for any y € ¥, KN Q™! (y) contains no pair of strongly ordered distinct
points. By the same contradiction argument as in [2, Theorem 5.1], it follows that
Card(KNQ~'(y)) =1 forall y € Y, that is, @(x,y) is an l-covering of Y.

To prove limy_se |[u(x,y,t) — u(x*,y,1)|| = 0, we assume, by contradiction, that
there exist an & > 0 and a sequence f,, — oo such that ||u(x,y,t,,) — u(x*,y,4,)|| >
€, Vn > 1. Clearly, o(x*,y) C K = o(x,y). In view of (A2), we can further
assume, without loss of generality, that lim, ,..II(x,y,%,) = (x],»*) € K and
limy, e TT(x*, 3, 1,) = (x3,¥") € K. Since Card(KN Q! (y*)) = 1, we have x} = x3.
Thus, 0 = ||x] — x5 || = limy, e [|u(x,y, 1) — u(x*,y,1,)|| > €, a contradiction. O

Next, we establish the 1-covering property of omega limit sets for a monotone
and uniformly stable skew-product semiflow with the strong componentwise sepa-
rating property without assuming Int(P) # 0.

Let (X;,P;), 1 <i < n, be ordered Banach spaces. For each I = {1, j2,**, jm}
CN:={1,2,---,n}, we define

m
X =[1X;. P=]]F
k=1

Then (X;,P;) is an ordered Banach space. Let <; and <; be the orders induced by
Py in X;. In the case where I = N, we use (X,P) to denote the ordered Banach
space (Xy,Py), and omit the order subscripts to get the orders < and < in X,
respectively. For each 1 <i < n, let Q; : X XY — X; be the projection mapping
defined by Q;(x,y) = x;.

Let V be a closed and order convex subset of X. For the skew-product semiflow

IMM:VxYxRy —-VXY,

we make the following additional assumption.

z")

()

(A4) Foreach 1 < i< n, there exists a continuous map P; : X — Z;, where (Z;
is an order Banach space with Int(Z;") # 0, such that

Piu(xy,y,t) > Pu(xa,v,t),Vt > 0,y € Y, wheneverx; > x, with Pix; > Pixs.

Theorem 3.4. Assume that (A1) — (A4) hold. Then for any (x9,y9) €V xY, K =
o (x0,y0) is an 1-covering of Y, and limy_,.. ||u(xo,yo,1) — u(x§,v0.1)|| = 0, where
(x5,Y0) = @ (x0,50) N Q™" (3o)-

Proof. By Theorem 2.2, Theorem 2.3 (2), and the assumptions (A2)-(A3), we
can deduce that K := @(xp,yp) has a flow extension which is minimal and fiber
distal, and the section map for K, y € Y — K,, is continuous at every y € Y. Thus,
Lemma 2.4 implies that ¥ := ¥y(K) =Y in our current case. Invoking Theorem 2.5,
we conclude that foreach y € Y,

o(p(9),9) =K"= {(p«(y),y): y €Y}, 4
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where (p(9),¥) = g.1.b.of KNQ ™' (9) and (p«(y),y) = @(p($),9) NQ~ ' (y) for every
y €Y. Let (x,y) € K be given arbitrary. Since K is minimal, there is 7, — +oo

such that IT;, (x,y) — (x,y) as n — . Note that p(y) < x, (p«(y),y) = o(p(y),y)N
Q7 '(y). On the other hand, (A2) implies that there exists a subsequence of T,
which we relabel as 7, such that T, (p(y),y) = (p«(y),y). Hence p.(y) < x. As
in the proof of [2, Theorem 4.1], we now prove that there is a subset J C {1,--- ,n},
denoted by J = {1,2,--- ,m} without loss of generality, such that

Pip«(y) = Pix foreach (x,y) € K andi ¢ J, (35)

Pip«(y) < Pix foreach (x,y) €K andi € J, (6)

and that there exists an & > 0 such that

Pi(B’.(p«(y),€)) < Px  foreach (x,y) € K and i € J, (7

where B/, (p.(y), &) denotes the set

{X: (.Xl,"' yXmy Dsm+-15""" 7p*n) EV.XZP*())) and ||x—p*(y)|| S 80}

We first show that if P;p.(F) = Pt for some i € {1,---,n} and (%,5) € K,
then P;p.(y) = Pix for any (x,y) € K. Thanks to Theorem 2.2, we know that
K admits a flow extension and Pu(p.(¥),3,s) = Pu(x,5,s) for all s € (—eo,0).
Otherwise, there would be s € (—oo,0) w1th Piu(p«(¥),9,5) < Pu(x,3,s). Then
(A4) implies that P;p.(¥) < Pi, a contradiction. Let (x, y) € K be given. Since K
is minimal, there exists a sequence s, | —oo such that oy, (¥) — y and u(%, 3, s,) — x.
In view of Theorem 2.5 (3), we have

Pix = im Pu(X,5,5,) = lim 0 Piu(ps(§),F,5n) = lim 0 Pip. (05, (§)) = Pip«(y)-

n—soo
Thus, we have Pix = P;p.(y) for each (x,y) € K.

Now we prove that if P;p.(¥) < P;x for some j € {I,---,n}, then we have
Pip«(y) < Pjx forany (x,y) € K. The flow extension on K implies Pju(p«(¥),7,s)
< Pju(i,y,s) for all s € (—0,0). Suppose not, then there would be s € (—eo,0)
with Pju(p.(y),¥,s) = Pju(X,y,s). By Theorem 2.5 (3) and the above argument,
we see that P;p,(¥) = P;%, a contradiction. Note that for any (x,y) € K, there exists
a sequence s, | —eoo such that o, (7) — y and u(%,7,s,) — x. Let o > 0 be given, it is
clear that oy, —;, (§) = 04, (), u(X, 9,5, — o) > X € K5 () and u(X, 0, (¥),00) =x.
By Theorem 2.5 (3) again, we have

Pjx = lim Pju(X, 3,5, —to) > lim Pju(p(¥), 9,8, —to)
= hm 0 P;jps (0,1, (F)) = PJP*(CMO (¥))-
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By the above result, we can deduce that P;x > P;p.(6_(y)). Hence, (A4) and
Theorem 2.5 (3) imply that

ij = Pj”(fv () (y),l()) > 'Pju(p*(G,,O (y))v Oy (y)vt()) = Pjp*(y)'

Since (6) implies (7), (5)—(7) follow immediately from the above arguments.
Let (x,y) € K and define xo = (1 — o) p.(y) + ox for & € [0, 1], and

L={aec[0,1]: o(xq,y) =K"}.

Invoking Theorem 2.5, we see that @(p«(y),y) = K*. Combining this with the
monotonicity of the semiflow, we deduce that if 0 < o € L, then [0, o] C L.

Next we show that L is closed, that s, if [0, &) C L, then o € L. Since {I1(x¢,y,?) :
t > 0} is uniformly stable, let 6(€) > 0 be the modulus of uniform stability for
€. Thus, we take f3 € [0, ) with |lxo —xg|| < () and we obtain ||u(xe,y,t) —
u(xg,y,t)|| < & foreach ¢ > 0. Moreover, w(xg,y) = K* and hence, there is a o such
that [Ju(xg,y,t) — p+(0:(y))|| < & for each t > 9. Then, we deduce that ||u(xq,y,) —
p«(0: ()| < 2€ for each t > 1y and W (x4,y) = K*, as claimed.

Now we prove that L = [0, 1]. Assume, by contradiction, that L = [0, o] for some
0 < & < 1. Let & be the number defined in B’ (p.(y), &) of (7). Then the uniform
stability assumption implies that we can take & < y < 1 such that

&
u(xay.t) = uap ) < 5 Vi 20. ®)

As above, from @(xq,y) = K* we deduce that there is a r; > 0 such that ||u(xq,y,t)
—p«(0:(y))|| < 2 for each 7 > 1;. Consequently, for each > 1y,

|u(xy,y,2) = ps(0: ()] < €. )

Let (%,9) € o(xy,y), i.e., (£,¥) = lim,_e(u(xy,y,2,), 0y, (y)) for some #, 1 eo. The
monotonicity, p,(y) < x, and Theorem 2.5 (3) imply that p. (o, (y)) < u(xy, 1),
which yields to p.(y) < X. Since p.(y) < xy <x, we have p,(0;, (y)) < u(xy,y,1,) <
u(x,y,t,), and hence, by (5), we deduce that P;p. (o, (v)) = Piu(xy,y,t,) for each
i ¢ J. This yields to P;p.(¥) = P;x for each i ¢ J. For any given (z,¥) € K, it follows
from (5) that P;p. () = Piz for each i ¢ J. By (9), we deduce that ¥ € B, (p.(5), &).
In view of (7), we have P;X < Pz for each i € J. Thus, we can conclude that p,(7) <
X < z. Since this holds for each (z,7) € K, the definition of p provides p.(¥) <% <
p(¥). From (4) we see that o(p(¥),¥) = K*. It then follows from Theorem 2.5 that
o(%,y) = K* C o(xy,y). By (A3) and Theorem 2.3, we conclude that o(%,5) =
o(xy,y) = K*, and hence y € L, a contradiction.

Since L = [0,1], we have o(x,y) = K*, and hence, the minimality of K implies
that K = K* and J = 0. Thus, K is an l-covering of Y. As in the proof of
Theorem 3.3, we can deduce that lim; . ||u(x0,y0,?) — u(x,y0,t)|| = 0, where

(x5,50) = @(x0,0) VO~ (y0). 0
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4 Applications

In this section, we applied the results in Sect. 3 to study the asymptotic recurrence
of solutions to two recurrent evolution systems.
First, we consider

d

T =AU+ (), u(0)eR", (10)
where A(t) is a continuous n X n matrix function, and f = (fi,...,f,) :R—R"isa
continuous function. We assume that there exists &) > 0 such that

Aij(t) =2 &, filt) =6, VI <i#j<n.

Define A;(r) = A(s+1) and fi(¢) = f(s+1). We further assume that the set {(Ay, f;) :
s € R} has compact closure H (A, f) with respect to the compact open topology, and
that the flow o : H(A, f) x R — H(A, f), defined by 6((B,g),t) = (B, &),t € R, is
minimal. For any given (B, g) € H(A, f), letu(t,x,B, g),t > 0, be the unique solution
of the linear system fl—‘[‘ =A(t)u+ f(z) satisfying u(0) = x € R™.

Theorem 4.1. Assume that for any (B,g) € H(A,f) and x € R, the solution
u(t,x,B,g) is bounded. Then (10) has a unique positive, recurrent and bounded
full solution u*(t) such that lim; .. |u(t,x,A, ) —u*(t)] = 0 for any x € R’}

Proof. Foreachx € R and (B,g) € H(A, f), let u(t,x,B, g) be the unique solution
of (10) with (A, f) replaced by (B, g). By the comparison theorem for cooperative
systems, each u(t,x,B,g) exists globally on [0,0) and u(¢,x,B,g) > 0,Vt > 0.
We define the skew-product semiflow IT; on Rl x H(A, f) by II;(x,(B,g)) =
(u(t,x,B,g),0:(B,g)). By the comparison theorem for cooperative and irreducible
systems and the variation of constants formula for inhomogeneous linear systems,
it then follows that the skew-product semiflow II; is strongly monotone and
strongly subhomogeneous. By our assumption on f, we see that the omega limit
set o(x,A, f) is compact and o (x,A, ) C Int(R".) x H(A, f) for any x € R”.. Thus,
Theorem 3.3 implies that for any x € R, w(x,A, f) is a l1-covering of H(A, f).
Clearly, IT; : o(x,A, f) — o(x,A, f) is a compact, minimal and fiber distal flow.
Let x” € R" be given, and define u*(t) := u(t,x*,A, f), where (x*,(A,f)) =
o(x*A, f) N QO '(A,f). Tt then follows that u*(t) is a positive, recurrent and
bounded full solution of (10). In order to prove that w(x,A,f) = w(x’,A,f)
for any x € R, by the minimality of both II, : w(x,A, f) — o(x,A, f) and
I, : o(x°, A, f) = o(x°,A, f), it suffices to prove that @ (x,A, f) Nw(x°,A, f) # 0.
Assume, by contradiction, that @(x,A,f) N ®(x",A,f) = 0. Then we have
d(o(x,A, f), o(x°,A,f)) > 0, where d is the metric on the product space
R" x H(A, f). Let (x1,B,8) = o(x,A, f)N Q" (B,g) and (x2,B,8) = o(x",A, f) N
Q!(B,g). On the other hand, by the minimality and the 1-covering property,
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there exists 7, — co such that lim, Il (x;,(B,g)) = (xi,(B,g)), and hence
limy, o0 u(ty, x;, B, ) = x;, i = 1,2. For any fixed #y > 0, let

(xllv(ng)/) = Hlo(xlv(Bug)) € w(vavf) - Im(R'i) XH(A,f),
and
(%5, (B,g)") = Ty (x2,(B,8)) € ©(x*,A, f) C Int(R".) x H(A, f).

Then
an(xiv(Bag)) Hln*l()( (B g) )7 Vi= 1,2,]’! > 1.

By the strong monotonicity and strong subhomogeneity of I1,, Claim 2 in the proof
[14, Theorem 2.1], and [14, Remarks 2.1-2.2], we then obtain

p(x1,x2) = lim p(u(tn,x1,B,8), u(tn, %2,B,8))
— im p (u(ts — 10, (B,)). ults 10,4, (B.)')
S ()Cl, ) p(u(t()axlaBug)u u(t07X2,B,g))
< p(xlaXZ)v

a contradiction. Therefore, ®(x,A, f) = @ (x°,A, f) for any x € R”.. It then follows
from Theorem 3.3 that lim; . |u(7,x,A, f) —u*(¢)| = 0 for any x € R",. O

Next, we consider the scalar nonautonomous Kolmogorov parabolic equation

du .
S i) duuf(sn)inQx (0,00), o
Bu=0 on dQ x (0,e0),

where Q is a bounded and open subset of RY with smooth boundary 9, A is the
Laplacian operator on RY, Bv = v or By = % + av for some nonnegative function
a €C'*9(9QR),d(-) € C(R,R),and f € C2(Q xR x R, R).

Let H(d, f) be the closure of {(dj, f;) : s € R} with respect to the compact open
topology, where (dy, f;) € C(R,R) x C(Q x R x R, R) is defined by

ds(t) =d(s+1), fi(x,t,u) = f(x,t+s,u), V(x,t,u) € QxR x R,.

Define o;(1,8) = (W, &), (U,8) € H(d, f), t € R. We assume that

(B1) H(d, f) is compact with respect to the compact open topology and the flow o;
on H(d, f) is minimal.

(B2) d(:) € C(R,R) is bounded with d(r) > dy, V¢ € R, for some dy > 0, and d(7) is
Holder continuous in ¢ € R; f € C>(Q x R x R, R) is bounded, f!(x,¢,u) <
0,V(x,t,u) € QxR xRy, and f(x,£,0) is uniformly Hélder continuous in
(t,x) eER x Q.

(B3) There exists My > 0 such that f(x,t,My) <0, V(x,t) € Q x R.
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Let p € (N, o) be fixed. For each 8 € (1/2+N/(2p), 1), let Xg be the fractional
power space of X = LP(Q) with respect to (—A, B). Then X is an ordered Banach
space with the cone X E consisting of all nonnegative functions in Xg, and X E has

nonempty interior Int (X E ). Moreover, X C C'"V(€2) with continuous inclusion for

v €[0,28—1—N/p). We denote the norms in Xz and L*(Q) by ||- |5 and | - ||2,
respectively.

By the theory of semilinear parabolic differential equations (see, e.g., [1, Sect.
III. 20]), it follows that for every ¢ € X E and (u,g) € H(d, f), the parabolic problem

% =pu)Au+ug(x,t,u) in Qx (0,00),
Bu—0 on 9 x (0,9) (12
M(-,O) = q)

has a unique regular solution u(x,7,¢, 1, g) with the maximal interval of existence
1(9,1,8) C [0,00), and I(9, 1, 8) = [0, ) provided u(-,#,¢,,g) has an L=-bound
on 1(9,11,2).

According to [4,5], the principal spectrum of the linear nonautonomous parabolic
problem

ov d(t)Av+ f(x,t,0) eQ,teR

5, = % X, 1,0)V, X ) )
ot 13)
Bv=0, x€edQ, reR

is defined to be the dynamical (Sacker-Sell) spectrum of its associated linear skew-
product flow restricted to the one-dimensional subbundle of Xg x H(d, f(-,-,0)).
By [4, Theorem 2.6 and Proposition 2.11 (i)], it follows that the principal spectrum
of (13) is a nonempty and compact interval [Aine(d, f(-,-,0)), Asup(d, f(-,-,0))],
and (13) admits a unique strongly positive full solution v(z), ¢ € R, with |[v(0)|. =1
such that

/’Linf(d;f('; 70)) — hmlnflOg HV(f)HQ — IOg ||V(S)H2

t—5—yo0 r—s

)

and

D (d, £(-,0)) = limsup 2E IOl ~ log V()2

f—s—300 t—s

We are now in a position to prove the following result on the global convergence
for (11).

Theorem 4.2. Let (Bl1)—(B3) hold. Then the following two statements are valid:
(1) If Asup(d, f(-,-,0)) <O, thenlimy . [[u(-,2,¢,d, f)||p = 0 for every ¢ € X ;
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(2) If Aing(d, f(:,-,0)) > O, then for every ¢ € XE \ {0}, there exists a posi-
tive, recurrent and bounded full solution u(x,t,¢*,d,f) of (11) such that
limtﬁw |‘M('7t7¢7d7f) - M('7t7¢*7d7f)”ﬁ =0.

Proof. For any (i,g) € H(d, f), both (B2) and (B3) imply that u = M, M > M,
is an upper-solution of (12), and hence, by the comparison theorem and a priori
estimates of parabolic equations (see, e.g., [1]), each solution u(x,#,¢, 1, g) exists
globally on [0,ce), and for any #y > 0, the set {u(-,7,¢,1,8) : 1 > to} is precompact

in X . We define the skew-product semiflow I, : X5 x H(d, ) — X5 x H(d, f)

by I, (¢, 1,8) = (u(-,1,0,11,8), ks, &)- Then for each (¢, u,8) € X5 x H(d, f), the
omega limit set @ (¢, 1, g) of the forward orbit y* (¢, u,g) := {1, (¢, ,g) : 1 > 0}
is well defined, compact and invariant under I1;, # > 0. Moreover, the maximum
principle for parabolic equations implies that I, ((X E \{0})xH(d,f))CInt(X E ) X
H(d,f),Vt>0.

In the case where Agp(d, f(-,-,0)) < 0, we choose a sufficiently small num-
ber 6 > 0 such that Agp(d, f(-,-,0)) + & < 0. It then follows that [[v(z)|[> <
esup(dof (0040t for sufficiently large £, and hence lim, .. ||v(t)||> = 0. For any
(NS Xg , there exists a sufficiently large number K > 0 such that ¢ < Kv(0). Note
that u(x,z,¢,d, ) satisfies the following differential inequality

du
3 = dit)Au+ f(x,2,0)u  in Q x (0,00), (14)
Bu=0 on dQ x (0,e0).

By the comparison principle, we see that
M(',l,¢,d,f) < KV(I), vt >0,

and hence, limy .. [|u(-,1,¢,d, f)||2=0. Now we prove lim; .. [[u(-,#,9,d, f)| g=0.
For any (y,u,g) € o(¢,d,f), there exists a sequence f, — o such that
limy, . IT;, (¢,d, f) = (y,1,g), and hence, lim, e ||u(-,t,,¢,d, f) — y|g = 0.
Since Xg C C'(2) with continuous inclusion, we have limy, e u(x,1,,9,d, f) =
v(x) uniformly for x € Q, and hence, ||y|/ = 0. Since w(x) is nonnegative
and continuous on Q, we further obtain that y(-) = 0. It then follows that
limy . H“('vta(padaf)”ﬁ =0.

In the case where Aine(d,f(-,-,0)) > 0, we fix a positive number
€ < Aint(d, f(+,-,0)). Then we have the following claim.

Claim. There exists & > 0 such that limsup, . [lu(-,7,¢,u,8)llg > & for all

(9.11.8) € (X, \ {0}) x H(d. ]).
Indeed, since H(d,f) is compact and the translation flow o; is minimal on
H(d, f), there exists dy > 0 such that

lg(x,t,u) —g(x,2,0)| <&, VxeQ,teR,uecl0,&), (u,g) € H(d,f).
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Since Xg C C 1(Q) with continuous inclusion, there exists & > 0 such that for any
¢ € Xg, [|[¢]lp < 6 implies that ||¢]|. < 8. Suppose for contradiction that for

some (¢, U, g) € (XE\{O}) x H(d, f), there holds limsup, .. [[u(-,7,9,u,8)|lg < 9.
Then there is 7o > 0 such that [|u(-,z,¢,u,g)||g < & for all £ > #y, and hence
u(-,t,w,7,h)||g < & for all £ > 0, where (y,y,h) = (u(-,t0,9,1,8), Miy>81) €
Int(XE) x H(d, f). By the choice of & and 8, it follows that u(x,z, y,y,h) satisfies
the following differential inequality

O o) bt (h(x,0) i Q¢ (0,),

Bu=0 on dQ x (0,e0).

5)

It is easy to check that (y,4(-,-,0)) € H(d, f(-,-,0)) and the translation flow o; is
minimal on H(d, f(-,,0)). Thus, we have H(y,k(-,-,0)) = H(d, f(-,-,0)). It then
follows that

)l'inf(%h('v'vo)) = A'inf(dvf('v '70)) > €.

Let w(r) be the unique strongly positive full solution of the linear parabolic equation

du .
== (t)Du+h(x,t,0)u  in Q x (0,00), (16)
Bu=0 on dQ x (0,0).

We choose a sufficiently small number &, > 0 such that Ae(y,A(+,-,0)) > €+ 6.
By [4, Proposition 2.11 (i)], it then follows that [|w(z)||, > e(Fint(V:2(0) =&t for
sufficiently large 7, and hence, lim;_. || ¥ w(t)]|2 = . Since y > 0, there exists
a sufficiently small number k > 0 such that y > kw(0). By (15) and the comparison
principle, it follows that

u(-,t, 9, y,h) > ke “w(t), vt >0,

and hence, limy_ ||u(-,#,¥,7,h)||2» = e, which contradicts the boundedness of
u(-,t,¥,v,h) in C(Q).

By the claim above and the same arguments as in [14, Theorem 3.1], we further
have

o(9.1,8) CInt(Xg) < H(d,f), ¥(¢,u,8) € (X5 \{0}) < H(d.f).

Letu(¢,u,g,t):=u(-,t,¢,1,g),t > 0. By the standard comparison theorem, it then
follows that u(-,t,g,t) is strongly monotone on Xg for each (u,g,t) € H(d, f) x
(0,00). It is easy to see from (B2) that each function ug(x,t,u), (u,g) € H(d, f),
is subhomogeneous in u for any fixed (x,z) € Q x R,.. By the integral version of
parabolic (12) (see, e.g., [1]), it then follows that u(-,u,g,7) is subhomogeneous
on Xg for each (u,g,t) € H(d, f) x Ry. Thus, the skew-product semiflow IT; is

subhomogeneous and strongly monotone on Xg x H(d, f). By Theorem 3.3, it
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follows that for every ¢ € XE \ {0}, w(¢,d,f) is a l-covering of H(d,f), and

limy oo [|u(-,t,¢,d, f) —u(-,t,0%,d, f)|lg = 0, where (¢*,d, f) € ®(¢,d, f). Since
I, : 0(9,d, f) = o(¢,d, f) is aminimal flow, u(-,7,¢*,d, f) is a positive, recurrent
and bounded solution of (11). ([l

Finally, we remark that Theorem 3.4 can be applied to establish the global
asymptotic recurrence of bounded solutions for n-dimensional monotone and
recurrent nonautonomous differential systems with a first integral, which gener-
alizes the results on the almost periodicity for these systems obtained in [2, 11].
For such a system with infinite time delay, one may choose the phase space X to be
an appropriate subset of C((—eo,0],R") and the ordered Banach space (Z;,Z;") to
be (R,R"), and define P;(¢) = ¢;(0) in order to verify the assumption (A4) for the
associated skew-product semiflow.
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The Infinite Hierarchy of Elastic Shell Models:
Some Recent Results and a Conjecture
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This paper is dedicated to George Sell

Abstract We summarize some recent results of the authors and their collaborators,
regarding the derivation of thin elastic shell models (for shells with mid-surface
of arbitrary geometry) from the variational theory of 3d nonlinear elasticity.
We also formulate a conjecture on the form and validity of infinitely many limiting
2d models, each corresponding to its proper scaling range of the body forces in
terms of the shell thickness.
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1 Introduction

Elastic materials exhibit qualitatively different responses to different kinematic
boundary conditions or body forces. A sheet of paper may crumple under com-
pressive forces, but it shows a more rigid behavior in a milder regime. A cylinder
buckles in presence of axial loads. A clamped convex shell enjoys great resistance
to bending and stretching, but if a hole is pierced into it, the whole structure might
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easily collapse. Growing tissues, such as leaves, attain non-flat elastic equilibrium
configurations with non-zero stress, even in the absence of any external forces.

Such observations gave rise to many interesting questions in the mathematical
theory of elasticity. Its main goal is to explain these apparently different phenomena
based on some common mathematical ground. Among others, the variational
approach to the nonlinear theory has been very effective in rigorously deriving
models pertaining to different scaling regimes of the body forces [9]. The strength
of this approach lies in its ability to predict the appropriate model together with
the response of the plate without any a priori assumptions other than the general
principles of 3d nonlinear elasticity.

The purpose of this paper is to introduce some new results and conjectures on the
variational derivation of shell theories. They can be considered as generalizations of
the results in [9], justifying a hierarchy of theories for nonlinearly elastic plates.
This hierarchy corresponds to the scaling of the elastic energy in terms of thickness
h, in the limit as 7 — 0. Some of the derived models were absent from the physics
and engineering literature before.

2 The Set-Up and a Glance at Previously known Results

2.1 Three Dimensional Nonlinear Elasticity and the Limiting
Lower Dimensional Theories

The equations for the balance of linear momentum for the deformation u =
u(t,x) € R3 of the reference configuration Q C R? of an elastic body with constant
temperature and density read [1]:

dyu—divDW (Vu) = f, (1

where DW is the Piola-Kirchhoff stress tensor, f is the external body force, and
the elastic energy density W is assumed to satisfy the following fundamental
properties of frame indifference (with respect to the group of proper rotations
SO(3)), normalization and non-degeneracy:

VF e R¥3 VR e S0(3) W(RF)=W(F), W(R)=0,
W (F) > c-dist*(F,SO(3)), ()

with a uniform constant ¢ > 0.

The steady state solutions to (1) satisfy the equilibrium equations: —div DW (V)
= f which, expressed in their weak form, yield the formal Euler-Lagrange equations
for the critical points of the total energy functional:

s = [ wvw) = [ fu 3)

defined for deformation u : Q — R3. We will refer to the term E (u) = / W(Vu)
Q

as the elastic energy of the deformation u.
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As a first step towards understanding the dynamical problem (1) it is natural
to study the minimizers of (3), in an appropriate function space. The questions
regarding existence and regularity of these minimizers are vastly considered in
the literature. However, due to the loss of convexity of W, caused by the frame
indifference assumption, these problems cannot be dealt with the usual techniques
in the calculus of variations; see [1] for a review of results and open problems.

One advantageous direction of research has been to restrict the attention to
domains Q which are thin in one or two directions, and hence practically reduce
the theory to a 2d or 1d problem. Indeed, the derivation of lower dimensional
models for thin structures (such as membranes, shells, or beams) has been one of
the fundamental questions since the beginning of research in elasticity [20]. The
classical approach is to propose a formal asymptotic expansion for the solutions
(in other words an Ansatz) and derive the corresponding limiting theory by consid-
ering the first terms of the 3d equations under this expansion [2]. The more rigorous
variational approach of I'-convergence was more recently applied by LeDret and
Raoult [13] in this context, and then significantly furthered by Friesecke, James and
Miiller [9], leading to the derivation of a hierarchy of limiting plate theories. Among
other features, it provided a rigorous justification of convergence of minimizers
of (3) to minimizers of suitable lower dimensional limit energies.

2.2 T-Convergence

Recall [6] that a sequence of functionals F, : X — [—oo, 40| defined on a metric
space X, ['-converges to the limit functional F : X — [—eo, 40| whenever:

(i) (the T'-liminf inequality) For any sequence x, — x in X, one has F(x) <
liminf, e Fy (X5).

(i1) (the I'-limsup inequality) For any x € X, there exits a sequence x, (called a
recovery sequence) converging to x € X, such that limsup,_,., F,(x,) < F(x).

It is straightforward that lim,,_,.. F,,(x,) = F(x) for any recovery sequence x, — x.

When X is only a topological space, the definition of I'-convergence involves,
naturally, systems of neighborhoods rather than sequences. However, when the
functionals F, are equi-coercive and X is a reflexive Banach space equipped
with weak topology, one can still use (i) and (ii) above (for weakly converging
sequences), as an equivalent version of this definition.

A fundamental consequence of the above definition is the following. If x,, is a
sequence of approximate minimizers of F, in X:

321010 {F,,(x,,) — 1§(1an} =0,

and if x,, — x, then x is a minimizer of F. In turn, any recovery sequence associated
to a minimizer of F is an approximate minimizing sequence for F,. The convergence
of (a subsequence of) x;, is usually independently established through a compactness
argument.
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2.3 A Glance at Previously known Results.

Let S be a 2d surface embedded in R3, which is compact, connected, oriented, of
class C!*! and whose boundary 95 is the union of finitely many (possibly none)
Lipschitz curves. By n we denote the unit normal vector to S, and 7 : §"0 — S is the
usual orthogonal projection of the tubular neighborhood onto S.

Consider a family {S"};-¢ of thin shells of thickness 4 around S:

S"={z=x+mx); xS, —h/2<t<h/2}, 0<h<h,

The elastic energy per unit thickness of a deformation u € W!2(S" R3) is given by:

1/
- E sh
On above the properties where the stored-energy density W : R3*3 — [0, 0] is

assumed to satisfy (2) and to be C? regular in some open neighborhood of SO(3).
In presence of applied forces f € L?(S",IR3), the (scaled) total energy reads:

T ) = E"(u) — % /S . )

It can be shown that if the forces f” scale like 4%, then the elastic energy E”(u")
at (approximate) minimizers u” of J" scale like hB ., where B=0oif0< o <2and
B =20 —2if o > 2. The main part of the analysis consists therefore of identifying
the I'-limit /g of the energies h=BE"(.,8") as h — 0, for a given scaling B > 0. No
a priori assumptions are made on the form of the deformations u" in this context.

In the case when S is a subset of R? (i.e. a plate), such I'-convergence was first
established for § = 0 [12], and later [8, 9] for all B > 2. This last scaling regime
corresponds to a rigid behavior of the elastic material, since the limiting admissible
deformations are isometric immersions (if B = 2) or infinitesimal isometries (if
B > 2) of the mid-plate S. One particular case is § = 4, where the derived limiting
theory turns out to be the von Karman theory [11]. A totally clamped plate exhibits
a very rigid behavior already for B > 0 [5]. In case 0 < 3 < 5/3, the I'-convergence
was recently obtained in [4], while the regime 5/3 < 3 < 2 remains open and is
conjectured to be relevant for crumpling of elastic sheets [27].

Much less is known in the general case when S is a surface of arbitrary geometry.
The first result in [13] relates to scaling § = 0 and models membrane shells: the
limit Iy depends only on the stretching and shearing produced by the deformation
on S. Another study [7] analyzed the case 3 = 2, corresponding to a flexural shell
model [2], or a geometrically nonlinear purely bending theory, where the only
admissible deformations are isometric immersions, that is those preserving the
metric on S (see Sect. 2). The energy I, depends then on the change of curvature
produced by the deformation.

All the above mentioned theories should be put in contrast with a large body
of literature, devoted to derivations starting from 3d linear elasticity (see [2] and
references therein). In the present setting one allows for large deformations, i.e. not

E"(u) W (Vu), 4)
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necessarily close to a rigid motion. The basic assumption of the linear elasticity is
not taken for granted in our context.

Also, let us mention that some other closely related studies have been recently
put forward in [18,19,21].

3 The Kirchhoff Theory for Shells: B = 2 and Arbitrary S

The limiting theory for B = 2 is precisely described in the following result:

Theorem 3.1. [7] (a) Compactness and the T-liminf inequality. Let u" ¢

W2(Sh R3) be a sequence of deformations such that E"(u")/h?* is uniformly
bounded. Then there exists a sequence " € R3 such that the rescaled deformations:

Y (x+m) =u" (x4 th/hon) — " : S — R3,

converge (up to a subsequence) in W' to yo it, where y € W>2(S,R3) and it
satisfies:

(Vy)IVy=1d ae. inS. (6)

Moreover:

1
L(y) = /S Qa(x,TI(y) — IT) Sliggfh—th(uh).

(b) The recovery sequence and the T'-limsup inequality. Given any isomet-
ric immersion 'y € W*2(S,R3) satisfying (6), there exists a sequence u" €
W12(Sh R3) such that the rescaled deformations y"(x + tn) = u”(x +th/hon)
converge to yom in W' and:

. 1
L(y) > limsup ﬁEh(uh).
h—0

In the definition of the limit functional /5, the quadratic forms Q5 (x,-) are defined
as follows:

Qs (x, Fan) = min{ Q3(F); (F—=F);an =0},  Q3(F)=D*W(d)(F,F). (7)

The form Qj is defined for all F € R**3, while Q,(x,-), for a given x € S is defined
on tangential minors Fi,, of such matrices. Recall that the tangent space to SO(3)
atId is so(3). As a consequence, both forms depend only on the symmetric parts of
their arguments and are positive definite on the space of symmetric matrices [8].

The functional /;(y) measures the total change of curvature (bending) induced by
the deformation y of the mid-surface S. In the form of the integrand IT denotes the
shape operator on S, while I1(y) is the pull back of the shape operator of the surface
¥(8) under y. For any orthonormal tangent frame 7,71 € TS there holds:

n-lt=n-dm and n-T(y)T=n-IN,
where N : S — R3 is the unit normal to y(S): N(x) = dry X dny.
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4 The von-Karman Theory for Shells: 3 = 4 and Arbitrary S

For the range of scalings § > 2 a rigidity argument [8, 9, 15] shows that the
admissible deformations u are only those which are close to a rigid motion R and
whose first order term in the expansion of u — R with respect to 4 is given by RV.
The displacement field V' is an element of the class V; of infinitesimal isometries on
S [26]. The space V; consists of vector fields V € W22 (S ,R3) for whom there exists
a matrix field A € W!2(S,R3*3) so that:

dV(x)=A(x)t and A(x)T =-A(x) aexeS VreTsS. ®)

In other terms, V is a (first order) infinitesimal isometry if the change of metric
induced by the deformation id 4 £V is at most of order £ (Fig. 1).

For B = 4 the I'-limit turns out to be the generalization of the von Karmén
functional [9] to shells, and it consists of two terms:

14(V,Bian) = /Qz (x Bran — 5 tan> 24/92 —All)san) -

The quadratic form Q; is defined as in (7) and A is as in (8). The second term above
measures bending, that is the first order change in the second fundamental form of
S, produced by V. The first term measures stretching, that is the second order change
in the metric of S. It involves a symmetric matrix field B, belonging to the finite
strain space:

B= cle{syme; we Wl’z(S,R3)}.

The space B emerges as well in the context of linear elasticity and ill-inhibited
surfaces [10, 25].

Theorem 4.1. [15] (a) Let u"" € W2 (8" R?) be a sequence of deformations whose
scaled energies E"(u") /h* are uniformly bounded. Then there exist a sequence
Q" € SO(3) and c" € R? such that for the normalized rescaled deformations:

Yi(x+m) = Q"u" (x4 h/hotn) — " : S0 — R? )

the following holds.

Fig. 1 The mid-surface S
and its deformation
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(i) y* converge in W12(8") to r.
(ii) The scaled average displacements:

ho /2
/ x +m)—xdr (10)
" h ho/ 2
converge (up to a subsequence) in W2 (S) to some V € V.
(iii) The scaled strains + symVVh converge weakly in L* to a symmetric matrix
field By, € B.
(iv) I4(V,Ban) <liminf,_,o 1/R*E"(u").

(b) For every V € V| and By, € B there exists a sequence of deformations u" €
W12(S" R3) such that:

(i) the rescaled deformations y" (x+tn) = u" (x+th/hon) converge in W' (S"0)
to TT.
(ii) the scaled average displacements V" given above converge in W'2(S) to V.
(iii) the scaled linearized strains % symVV" converge weakly in L* to Biap.
(iv) I4(V,Byan) > limsup,_,o 1/h*E"(u").

The special case of this theorem for plates, that is when S C R?, was already proved
in [9]. It can be shown that for a flat surface, the infinitesimal isometries coincide
essentially with the out-of-plane displacements. Also, the space B becomes then
the set of all linearized strains associated with the in-plane displacements in S, so
the functional 14 can be written directly in terms of an out-of-plane and an in-plane
displacement. The Euler-Lagrange equations derived from this limit functional lead
to the von-Karman equations [11]. An extension of Theorem 4.1 for thin shells with
variable thickness has been formulated in [16]. Convergence of equilibria in the
same context, following the case of plates in [23], has been studied in [14].

5 The Linear Theory for Shells: 3 > 4 and Arbitrary S;
B = 4 and Approximately Robust S

It was shown in [15] that for a certain class of surfaces, referred to as approximately
robust surfaces, the limiting theory for B = 4 reduces to the purely linear bending
functional:

(V) = 52 / Qs (x CA)) dx WV €V, (11)

This class of surfaces is given by the property that any first order infinitesimal
isometry V € V) can be modified to be arbitrarily close to a W'? second order
isometry:

Vy={V eV (A% m € B} = V.

Convex surfaces, surfaces of revolution and developable surfaces belong to this
class [15].
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In [15], it was also proved that the I'-limit of E”*/ hP for the scaling regime 8 > 4
is also given by the functional (11). This corresponds to the linear pure bending
theory derived in [2] from linearized elasticity. The important qualitative difference
between this theory and the limiting theory for § = 4 and an approximately robust
surface is in the type of convergences one establishes for a sequence " satisfying
E"(u") < ChP. Indeed, if B > 4, the best one can prove is the convergence in W2,
up to a subsequence, of the rescaled displacement fields:

Vi L d
(x) = W/,ho/zy (x+tn) —xdar

to an element V € V;. Note the finer rescaling parameter 48/2~! with respect to (10).

6 Intermediate Theories for Plates and Convex Shells:

B € (2,4)

In paper [17] we focused on the range of scalings 2 < f < 4, looking hence for
an intermediate theory between those corresponding to f =2 and 8 > 4. On one
hand, modulo a rigid motion, the deformation of the mid-surface must look like
id 4+ €V, up to its first order of expansion. On the other hand, the closer f§ is to
2, the closer the mid-surface deformation must be to an exact isometry of S. To
overcome this apparent disparity between first order infinitesimal isometries and
exact isometries in this context, one is immediately drawn to consider higher order
infinitesimal isometries which lay somewhat between these two categories. This
will be the subject of discussion in Sect. 7. Another angle of approach, which turns
out to be useful in special cases, is to study conditions under which, given V € V),
one can construct an exact isometry of the form id 4 £V + £2w,, with equibounded
corrections we. This is what we refer to as a matching property.

If S C R? represents a plate, the above issues have been answered in [9]. In this
case:

(i) The limit displacement V must necessarily belong to the space of second order
infinitesimal isometries: V, = {V € Vy; (A2)14n € B}, where the matrix field A
is as in (8).

(ii) Any Lipschitz second order isometry V € V), satisfies the matching property.

Combining these two facts with the density of Lipschitz second order infinitesimal
isometries in V, for a plate [22], one concludes through the I'-convergence
arguments that the limiting plate theory is given by the functional (11) over Vs.
Note that, for a plate, V € V, means that there exists an in-plane displacement
w € W12(S,R?) such that the change of metric due to id + €V + &?w is of order &3.
Also, in this case, an equivalent analytic characterization for V = (V1 , Vz, V3) S ]72
is given by (V!,V?) = (— @y, wx) + (b1,b2) and: det VZV?3 = 0.
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Towards analyzing more general surfaces S, we derived a matching property and
the corresponding density of isometries, for elliptic surfaces. We say that S is elliptic
if its shape operator IT is strictly positive (or strictly negative) definite up to the
boundary:

) 1
VeSS VieTs E|r|2§(n(x)r)-rgc|r|2. (12)

The novelty here is the fact that for an elliptic surface, all sufficiently smooth
infinitesimal isometries satisfy the matching property:

Theorem 6.1 ([17]). Let S be elliptic as in (12), homeomorphic to a disk and let
for some a2 > 0, S and dS be of class C>*. Given'V € Y} NC>* (S), there exists a
sequence wg : S — R3, equibounded in C*%(S), and such that for all small € > 0
the map ue =id+ €V + €%wg is an (exact) isometry.

We apply this result to construct the recovery sequence in the I'-limsup inequality.
Clearly, Theorem 6.1 is not sufficient for this purpose as the elements of V) are only
W22 regular. In most I'-convergence results, a key step is to prove density of suitably
regular mappings in the space of mappings admissible for the limit problem. Results
in this direction, for Sobolev spaces of isometries and infinitesimal isometries,
have been shown and applied in the context of derivation of plate theories. The
interested reader can refer to [22,24] for statements of these density theorems and
their applications in [3,9].

In general, even though V) is a linear space, and assuming S to be C*, the usual
mollification techniques do not guarantee that elements of 1} can be approximated
by smooth infinitesimal isometries. An interesting example, discovered by Cohn-
Vossen [26], is a closed smooth surface of non-negative curvature for which C* NV,
consists only of trivial fields V : § — R3 with constant gradient, whereas C?> NV,
contains non-trivial infinitesimal isometries. Therefore C* NV is not dense in V|
for this surface. We however have:

Theorem 6.2 ([17]). Assume that S is elliptic, homeomorphic to a disk, of class
C"™ 2% up to the boundary and that 3S is C" 1%, for some o € (0, 1) and an integer
m > 0. Then, for every V € V; there exists a sequence V, € Vi NC™%(§,R3) such
that:

Jlim [V, = Vy22(5) = 0.

Ultimately, and as a consequence of Theorems 6.1 and 6.2, the main result of [17]
states that for elliptic surfaces of sufficient regularity, the I'-limit of the nonlinear
elastic energy (4) for the scaling regime 2 < f8 < 4 (and hence for all 8 > 2) is still
given by the functional (11) over the linear space V;:

Theorem 6.3 ([17]). Let S be as in Theorem 6.1 and let 2 < B < 4.

(a) Assume that for a sequence of deformations u" € W12(S" R®) their scaled
energies E"(u")/ hPB are uniformly bounded. Then there exist a sequence Q" €
SO(3) and c" € R3 such that for the normalized rescaled deformations in (9)
the following holds.
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(i) y* converge in W12(8") to r.
(ii) The scaled average displacements:

vh LR d
(x) = W ./7/[0/2_)7 (x+tn) —x dr

converge (up to a subsequence) in W'2(S) to some V € V.
(iii) 1;i(V) < liminf,_o 1/RPE" (u).

(b) For every V €V there exists a sequence of deformations u" € W?(S" R3)
such that:

(i) the rescaled deformations y"(x+tn) = u(x+th/hon) converge in W' (S"0)
to TT.

(ii) the scaled average displacements V" given above converge in W'2(S) to V.
(iii) I, (V) > limsup,_,o 1/hPE" (u®).

One can actually prove that for 2 < B < 4 and surface S of arbitrary geometry,
the part (a) or Theorem 6.3 remains valid, and moreover 1/ hB/2-1 sym VvV
converge (up to a subsequence) in L?(S) to 1/2(A?)4,, where A is related to V
by (8). The novelty with respect to the equivalent result for § = 4 in the first part
of Theorem 4.1 is the constraint V € V,. If § is an elliptic surface of sufficient
regularity, the set B coincides with the whole space Lgym (S,R?*2) [15], hence the
constraint is automatically satisfied for all V € V. In the general case where S is an
arbitrary surface, a characterization of this constraint and the exact form of B may

be complicated.

The case of the scaling range 2 < B < 4 is still open for general shells. The
following section is dedicated to the presentation of a conjecture on this problem,
stating that other constraints, similar to the inclusion V € f/z, should be present for
values of f closer to 2. Heuristically, the closer B is to 2, we expect V to be an
infinitesimal isometry of higher order.

7 A Conjecture on the Infinite Hierarchy of Shell Models

If the deformations u” of §" satisfy a simplified version of Kirchhoff-Love assump-
tion:

Wl (x+m) = u” (x) + 1N (x),

vector N being the unit normal to the image surface u”(S), then formal calculations
show that:

E" ) %/S|6g5|2+h2/;|5ns|2. (13)

Here by dgs and 81 we denote, respectively, the change in the metric (first
fundamental form) and in the shape operator (second fundamental form), between
the surface u(S) and the reference mid-surface S. For a more rigorous treatment



The Infinite Hierarchy of Elastic Shell Models: Some Recent Results and a Conjecture 417

of this observation see e.g. [4]. The two terms in (13) correspond to the stretching
and bending energies, and the factor /7 in the bending term points to the fact that a
shell undergoes bending more easily than stretching. For a plate, the latter energy is
known in the literature as the Foppl-von Karman functional.

Another useful observation is that for minimizers u”, the energy should be
distributed equi-partedly between the stretching and bending terms. When E” (1) ~
h?, then equating the order of both terms in (13) we obtain in the limit of 7 — 0:

/|3g5|2 ~0 and iEh(uh) ~ / |81,

S h? Js

This indeed corresponds to the Kirchhoff model, as in Theorem 3.1 [7], where the
limiting energy I, is given by the bending term (measuring the change in the second
fundamental form) under the constraint of zero stretching: dgs = 0. As we have
seen, the limiting deformation u must be an isometry (Vu)” Vu = Id and hence
preserve the metric.

To discuss higher energy scalings, assume that:
EMuMy=hP,  B>2. (14)

Then, as mentioned before, by the rigidity estimate [8], the restrictions of W o S
have, modulo appropriate rigid motions, the following expansions:

ho_ s j
U = id+ Z&"wi.
i=1

=

Thus, OI1 is of the order € and after equating the order of the bending term in (13)
by (14), we arrive at: h>e? = hP that is:

e=hP/21, (15)

On the other hand, the stretching term has the form: §gs = (Vu")Vu —1d =
> €'A;, with:
A; = Z sym((ij)TVwk),
k=i

indicating the i-th order change of metric. Taking into account (14), this yields:
% [¢|Ail ~ hP, and so in view of (15): [|A;]|2, ~ hP~IF=2)_ A first consequence
is that A} must vanish in the limit as 4 — 0, that is the limiting deformation is a
first order infinitesimal isometry. For i > 1, we observe that ||A,‘||i2 ~ hi=DBi=B),
where:

2

;=2 :
Pi=2+-—
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We conclude that if B < Sy, then ||A;]| ;2 = 0 fori <N, and if = By, then ||An||;2 =
O(1). The study of the asymptotic behavior of the energy 1/ hPE" leads us hence to
the following conjecture.

Conjecture 7.1. The limiting theory of thin shells with midsurface S, under the
elastic energy scaling 8 > 2 as in (14) is given by the following functional /5 below,
defined on the space Vy of N-th order infinitesimal isometries, where:

B < [Bn+1,Bn)-

The space Vy is identified with the space of N-tuples (V1,...,Vy) of displacements
Vi 1§ — R? (having appropriate regularity), such that the deformations of S:

N
ug =id+ Y €'V,
i=1

preserve its metric up to order £". We have:

(1) When ﬁ = ﬁN+1 then Iﬁ = fS QZ (x, 6N+lgS) + fS QZ (x, 511_[5), where 6N+1g5
is the change of metric on S of the order e¥*!, generated by the family of
deformations ue and 8,11 is the corresponding first order change in the second
fundamental form.

(i1) When ﬁ S (ﬁN+17ﬁN) then Iﬁ = fS Q (x, 611_[5).

(iii) The constraint of N-th order infinitesimal isometry Vy may be relaxed to that of
Vu, M < N, if S has the following matching property. For every (V,...Vy) €
Vi there exist sequences of corrections V|, ... Vy, uniformly bounded in &,
such that:

e =id+ Y eVi+ Y €Vf
i=1 i=M+1

preserve the metric on S up to order £V

This conjecture is consistent with the so far established results in [15] for N =1
(i.e. B > B> = 4) and arbitrary surfaces. Note that in the case of approximately
robust surfaces, any element of V; can be matched with an element of V), and
hence the term [5|8,gs|? in the limit energy can be dropped. The second order
infinitesimal isometry constraint V; is established for all surfaces when 2 < f3 < 4.
In the particular case of plates, any second order isometry in a dense subset of V>,
can be matched with an exact isometry [9]. As a consequence, the theory reduces
to minimizing the bending energy under the second order infinitesimal isometry
constraint. A similar matching property for elliptic surfaces, this time for elements
of V1, is given in [17] (see Theorems 6.1 and 6.2). As a consequence, for elliptic
surfaces, the limiting theory for the whole range 8 > 2 reduces to the linear bending.

The case 2 < 3 < 4 remains open for all other types of surfaces. The main
difficulty lies in obtaining the appropriate convergences and the limiting nonlinear
constraints:

Y sym((vvj)Tvvk) —0, 1<i<N,
Jtk=i
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for the elements of Vy when 8 < By. The above nonlinearity, implies a rapid loss
of Sobolev regularity of V; as i increases. Moreover, applying methods of [17] to
surfaces changing type leads in this context to working with mixed-type PDEs.
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Abstract In this paper, we study the existence of traveling wave solutions in lattice
differential equations with time delay and global interaction

up (1) =D Y J()[un—i(t) = un(1)]
ieZ\{0}

+F <un<r>, Y k(i) °dn<e>g<uni<r+e>>> .

icZ? -

Following an idea in [10], we are able to relate the existence of traveling wavefront
to the existence of heteroclinic connecting orbits of the corresponding ordinary
delay differential equations

V0 =F (o). [ an(@)etutr +0).
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1 Introduction

In a recent work [10], Faria et al. considered the existence of traveling wavefront
for the following general class of delayed reaction—diffusion systems with nonlocal
interaction:

a”g;’t) :DAu(x,t)+F(u(x,t)a/()r/gdn(ﬂ)du(y)g(u(ﬁya”r9)))v M

where x € R™ is the spatial variable, ¢ > 0 is the time variable, u(x,t) € R" is the
unknown vector function, and D = diag(dy,ds,...,d,) withd; >0, i=1,2,...,n,
A=3",9%/9dx? is the Laplacian operator. They treated the wave profile equation
for (1) as a perturbation of the following corresponding ordinary delay differential
equation

(0= F (u), [ ano)magtut+9)) @

where lig = [ du. Then by choosing some appropriate Banach space and applying
the perturbation theory to the associated Fredholm operator with some careful
estimation of the nonlinear perturbation, the authors were able to relate the existence
of traveling wave solution of (1) to the existence of heteroclinic connecting orbits
of (2).

In this paper, we apply the novel approach used in [10] to tackle the existence
of traveling wavefront for a very general class of lattice differential equations with
time delay and global interaction:

up (1) =D Y J(@)un—i(t) = un(1)]
ieZ9\ {0}

+F <un(f)= Y, K() Odn(e)g(uni(wﬂ)))a 3)

icZ? -

where n € Z9, ¢ is a positive integer, r > 0, u,(t) € RN, D= diag(dy,da,...,dn)
withd; >0,j=1,...,N, » >0 and 1 : [-r,0] = RV is of bounded variation,
F:RY xRV — RN and g : RN — RN are C*-smooth functions, k > 2. Here, the
first term in (3) accounts for diffusion to point # in the lattice from all other points,
while the second term explains global nonlinear interactions. System (3) includes,
as special cases, many model systems arising from various fields among which is
population biology where the mobility of the immature individuals is responsible
for the nonlocality of the interaction term (see, e.g., [22] and the references therein).
In such a context, the choice of spatially discrete domain corresponds to a patch
environment in which the species lives. Due to the biological background, traveling
wave solutions to such equations are an important type of solutions since they
explain spatial spread/invasion of the species within the lattice (patch) environment.
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In recent years, this topic has attracted the attention of the mathematical community
and has resulted in many research papers; see, e.g., [5,6,8, 11-15,22,24] and the
reference therein.

We point out that as far as traveling waves are concerned, a system of lattice
differential equations may demonstrate essentially different behavior from that of its
continuous version (reaction—diffusion system). For example, pinning phenomenon
may occur in a lattice differential system, while this phenomenon would be
impossible in its spatially continuous version (a reaction—diffusion equation); see,
e.g., [11, 15]. Another example is that the direction of the waves play a role in the
existence of traveling wavefront for a system on a lattice with a higher dimension,
but in the case of continuous reaction—diffusion equation with a higher spatial
dimension, the direction has no such impact; see, e.g., [3, 16, 25]. Therefore, one
can not expect that a method that works for (2) would automatically work for (1).
This motivates us to see if the ideas used in [10] for (1) could be applied to (3) for the
existence of traveling wavefront. It turns out that after some nontrivial and careful
explorations on properties of some operators resulted from the wave equation for (1)
and the associated ordinary functional differential equation

¢ =F (u), [ an@)stutr+o)). @

we can also establish a similar result to that in [10], that is, relating the existence of
traveling wavefront of (3) to the existence of heteroclinic connecting orbits of (4).

To proceed further, and also from the practical background of (3), we assume
throughout this paper that the kernel functions J and K satisfies

Y J=1, X O] < +ee,

ieZ"\{0} icZ"\{0}
and
D KO=1, Y K@i < +ee,
A A
where |i| = 23:1 |ij| fori= (iy,...,iq) € Z4.

Let F,(u,v) and F,(u,v) denote the partial derivatives of F with respect to the
variables u € RV and v € RV, respectively, and let g, (1) be the derivative of g with
respect to the variable u € RY. Suppose that (4) has two equilibria E i,J=12 (e,
F(Ei,E;)=0,i=1,2), and let

0 0
4= By [ an@(e)). 85 (£, [ an(o)e(e)).
—r _r
For a complex number A, denote

Aj(A) = det [M—Aj —B,./Ordn(e)gu(Ej)ew} ,
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We assume that the following hypotheses hold:

(H1) E; is hyperbolic and the unstable manifold at the equilibrium E; is M-
dimensional with M > 1. In other words, A{(if) # 0 for all f € R
and Aj(A) = 0 has exactly M roots with positive real parts, where the
multiplicities are taken into account.

(H2) All eigenvalues corresponding to the equilibrium E, have negative real parts,
that is, sup{:RA : A2(1) =0} <O0.

(H3) Equation (2) has a heteroclinic solution u, : R — R from E| to E,. Namely,
(2) has a solution u. () defined for all # € R such that

u(—o0):= lim u,(t) =Ey, us(+o0):= lim u,(t) = Es.

t——o0 1—o0

As usual, a traveling wave solution of (3) is a solution of the form u, (1) = U (v-n+
ct), where U () is called the profile of the wave and c is the wave speed. If U satisfy

U(—oo):El’ U(oo) :E27 (5)

then the traveling wave solution is called a wavefront.

We can now formulate our main result as follows, which states that the existence
of traveling wave solutions with large wave speeds for(1) is related to the existence
of heteroclinic orbit of (2) connecting the two equilibria.

Theorem 1.1. Assume that (HI), (H2), and (H3) hold. Then, there exists ¢* > 0
such that:

(i) For each fixed unit vector v € R? and ¢ > c*, (1) has a traveling wavefront
u,(t) =U(V-n+ct) connecting E; to E (i.e., (5) holds).

(ii) If restricted to a small neighborhood of the heteroclinic solution u.. in the space
BC(R,RN) of bounded continuous functions equipped with the sup-norm, then
for each ¢ > ¢* and v € R, the set of all traveling wave solutions connecting
E\ to Ej in the neighborhood forms a M-dimensional manifold M, (c).

(iii) My(c)isa Ck1-smooth manifold which is also Ck1_smooth with respect to c.
More precisely, there is a C*~'-function h: O x (¢*,+o0) — C(R,RY), where
O is an open set in RN, such that My, (c) has the form

M, (c) ={w: yw=h(z,c), z€ O}.

Letv-n+ct=s€Randu,(t) =U(v-n+ct). Then, by straightforward substitution,
one finds that the profile function U(s) satisfies the following associated wave
equation:

cU'(s) =D Y J(i)[U(s—v-i)—U(s)]
i#0
0

+F (U(s),ZK(i) dn(e)g(U(s—v-i+ce))>. (6)

i —r
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Let V(s) = U(cs) and € = 1/c; then (3) leads to

"(s) =D Y J([)[V(s—ev-i)—V(s)]
i#0

F (V(s),ZK(i)/Ordn(e)g(V(s—sv-i+ 6))). @)

Thus, existence of traveling wavefront solutions to (3) is equivalent to existence of
solutions to (6) or (7) with the asymptotically boundary conditions (5). In Sect. 2,
we will further transform (7) into some operational equation, and in Sect. 3, we will
explore the properties of the operators in the equations obtained in Sect. 2. After the
preparation in Sects. 2 and 3, we give the proof of Theorem 1.1 in Sect. 4. Section 5
is devoted to applications of the main theorem to some cases where the heteroclinic
orbits of the corresponding ODE (4) can be guaranteed by the connecting orbit
theorem for monotone dynamical systems.

2 Operational Equations for Profile of Traveling Waves

We denote by C = C(R,R") the space of continuous and bounded functions from R
to RV equipped with the standard sup-norm: ||y||c = sup{|y(¢)|: ¢ € R}, where |- |
is the Euclid norm in RV,

Using the idea in [10], we relate (4) to an equivalent operational equation in a
suitable Banach space. For this purpose, we further transform (4) by introducing
the variable w(s) = V(s) — u.(s) for s € R. Then we obtain the equation for w as
follows:

W(s) = V/(s) — (5)

=DY J(i)[V(s—ev-i)—V(s)]
i#£0

s),ZK(z’) jdn(e)g(v(s —ev-i+0)))

~Fu (), [ an(@)g(us s+ 0))

=D J(i)[[w+u](s—ev-i)— [w+u](s)]
i#0

+F(w+w)( ZK " an(0)g(w+u)(s—ev-i+9)))

— F(u.(s), 7rdn(9)g(u*(S+ 0)))

= Low(s) +Jew(s) + G(g,s,w) + Jeu(s), (8)
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where [w+u.](s) = w(s) + u.(s) for s € R, and the linear operators Ly : C — C and
Je : C — C are defined by

Low(s) =AY+ BE) [ an(O)aufu(s+O)wis+0). O

with
AG) = Flus), [ an(0)g(u(s+0)), (10

0

B) = Fw(s). | an(0)g(u.(s+0))) i

and
Je(s) = Dgl(i)[w(s— ev-i) = y(s)l, (12)

i#0

respectively, and the nonlinear operator G(¢,-,-) : C — C is defined by
0
Gle.s,¥) = F(y(s) +u.(s), ZKG) [ an(@)g([w+u)(s—ev-i+9))
i —r

F(s), [ dn(0)g(us(s+ 0))) — Lov(s). (13

—r

Next we further transform (8) into an integral equation as follows. We first
rewrite (8) as

W (s) +w(s) = w(s) + Low(s) +Jew(s) + G(€,5,w) + Jeus(s). (14)
Clearly w : R — R is a bounded solution of (14) if and only if it is a bounded

solution of the integral equation

w(s) = / ' e O 1d + Lolw(t) + Jew(t) + G(&,1,w) + Jeu (1) }dt.

—oo

Therefore, w is a bounded solution of (14) if and only if it solves the operational
equation

Lw=G(-,w,¢€), (15)

where the linear operator £ : C — C is defined by

Lw(s) = w(s) — / e~ 6D [1d + LoJw(r)dr, (16)

J —oo

and the nonlinear operator G(-,-,€) : C — C is defined by

G(s,w,€) = /S e O [ Jew(r) + Gle,t,w) + Jeu, (1)]dr. (17)

—oo
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3 Properties of the Operators £ and §

Let C'(R,RY) = {y € C: y' € C} be the Banach space equipped with the standard
norm [|ylcr = [lyllc +[|y'[lc. Let Co = {y € C: limy100 y(t) = 0} and Gy =
{y e€Cy: y €Cy} equipped with the same norms as C and C', respectively.

If restricted to the subspace Cy, we then have £ : Cy — Cy. Let N'(£) and R(L)
denote the kernel and the range of the operator £, and then we have the following
result.

Proposition 3.1. dimN'(£) =M and R(L) = Cy.

For a proof of the Proposition 3.1, we refer the reader to the recent paper due to
Faria et al. [10].

In order to complete the proof of Theorem 1.1, we need further information about
the behavior of the nonlinear operator G(-,w, &) when € > 0 is small and w is near
the origin. To simplify the presentation, for any € > 0, we let R(g,-) : C — C be
defined by

0

= YK [ dn(®)g(w(s—ev-i+0)). (18)
and let the linear operator L¢ : Cg — C be defined by
Ley(s) =A% (s)w(s)+BE(s ZK 0)gu(us(s—ev-i+0))y(s—ev-i+0),

1

with (19

AE(S) :Fu(u*(s)aR(ga“*)(s))a (20)

BE(s) = F(us(s),R(€,u.)(s)). (21
Then

G(&‘,s, y) = F(W(S) + ”*(s)vR(gv Y+ ”*)(S)) - F(u*(s),R(O,u*)(s)) — Loy (s)

= [LE_LO]W(S)+G1(87S7W)+G2(87S)7 (22)
where
Gl(gvsv W) = F(W(S) + ”*(s)vR(gv l//+ ”*)(S)) - F(u*(s),R(e,u*)(s)) _LEW(S)v
(23)
and
G*(g,5) = F(u.(s),R(£, 1) (5)) — F (1 (5),R(0, 11, ) (5)). (24)

Therefore, we can express G as

G(s,w, &) = Tew(s)+ Ley(s)+ G! (s,y,€)+ G? (5,€) + Teus(s), (25)
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where
Tews) = [ e e e,
Loyls) = [ e Lo~ Loy,
G'(s,y,e) = /;e*(H)G1 (e,1,y)dt,
and

S
G2 (s,€) = / e DG (g,1)dr.
Lemma 3.2. Ler {f;(x)}, j € Z9, x € R, be a sequence of functions such that
3 fi(x) exits for any x € R and f;(x) — fj as x — xo € {R, —co, 40} for all j € Z1.
If there exists a summable sequence {g;} such that |fi(x)| < g; for all j € Z? and
X € R, then

ij(x) — Zf_j, as x — xg.
J J
The proof of Lemma 3.2 is similar to that of the Lebesgue’ dominated convergence

theorem and is omitted.

Proposition 3.3. For each € > 0 and y € Cy, G(-,y,€) € Cy. In other words,
G(-,Co,€) C Cp for each € > 0.

Proof. At first, we note that for each € > 0 and each @ € C, if lim;_,+.. @(s) =
@(£o0) exist, then it follows from Lemma 3.2 that

lim Jeo(s) = lim D) J(i)[p(s—ev-i)—¢@(s)]=0.

s§—foo §—foo

i#0
Therefore, we have
sglj?w Teuti(s) = Sll}l}:legu*(s) =0, (26)
and
A, Tewls) = T Tewls) =0, @n

forall € > 0 and y € Cy.
In a similar way, let @ € C be such that lim,_, 1. ¢(s) = @(=£ee) exist, then it
follows from Lemma 3.2 that

lim R(e.0)(5)= tim TKG) [ an(0)s(o(s—ev-i+0)= [ an(@)e(p(e)),

s—too s—oo ;

(28)
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for all € > 0. Therefore, we have

lim A%(5) = FuEr, [ an@)s(E)),  Jim A°G) = s, [ an()g(E)

§—>—o00 S—rtoo

and

lim B°(5) = Ry, [ an(0)g(=)),  lim B(5) = R(Ez, | an(0)s(£2)

§——o0 _r §—>+oo

Hence, it follows from Lemma 3.2 that for each € > 0 and y € Cp,

lim Ley(s) = (29)
and hence
Jlim G'(2,5,¥)
= lim [F(p(5) +10.(5). R(e. y +10) () = F (1. (5). R(e,.) 5))]
~ A Levls)
=0. (30)

Notice that for each € > 0

lim G2(e,s) = Hm [F(u.(s),R(g,u.)(s)) — F(us(s),R(0,u,)(s))] = 0;  (31)

s§—foo Ss—>too

it follows from (26) to (27) and (29) to (31) that for each € > 0 and v € Cy

lim G(s,y,¢€)

e
= lim Jey(s)+ lim Ley(s)
+,Hm 916y e+ lim G(s,2) + fim e ()
= lim Jey(s)+ lim [Le —LoJw(s)
+ lim Gl(e,s,y) + im G*(g,5) + lim Jeus (s)
=0.
This completes the proof. (]

Proposition 3.4. For eache >0, || Tey||c, < 2€[|D|| Xz [ ()] - |i] - [|wllc, for w €
Co and || Teuslc, < 2€[ID[| Zizo I ()] - [i] - [l
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Proof. If y € Cé, by exchanging the order of integration and integration by parts,
we get

Tey(s) = e sz( )dr
= [l.e {D2,¢ol( Dy —ev-i)—y()]}ds
= —ff (s=1) {DZ,?éOJ( i) fo W' (t—tev-i)ev-idr}de
= —sDZ#OJ( v - zfof e 6y (r — tev-i)drdt
= —eDY 0 J(i)v-ify [W(s—tev-i)— [* e O y(t —tev-i)ddr,

which yields

1 Tewllc, < 2elIDI| Y 17 -1il - [l (32)
i#£0

Since J¢ : Cy — Cp is a bounded linear operator and Cé is dense in Cy, the last
inequality holds for all y € Cy. This completes the proof. (]

Proposition 3.5. There exists My > O such that for all € > 0 and v € Cy

[Lewllc, < eMollwllc,-

Proof. We first note that
[Le — Loly(s)
= [A%(s) —A(s)]y(s)

+[B%(s) — B(s)] ZK(:’) jdn (0)gu(us(s—ev-i+0))y(s—ev-i+0)

BB | an(O)fatunls—ev-i+0)—su(u.(s+0))
< W(s—ev-i+0)
DZKG) [ an(@ulu.s+)lwis—ev-i+6) — yis+ )]
where |
A°(5) = A(5)
=y 5), R (e 5)) — s (5) R0, ()
/ Fo (i (5), R(0,10.)(s)
+TR(E,1.)(5) ~ RO ()T [R(E ) (5) ~ RO )
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and
B(s) — B(s)
= Fy(u(s),R(€,u:)(5)) — Fy (s (s), R(0,u ) (5))
_/ Fon(10.(5), R(0,1,)(s)
+ T[R(€, 1) (s) = R(0, 1) (5)])d7 - [R(€, 1) (5) — R(O, ) (5)].
Since

R(ev)s) ~ ROV
= SK(0) [ an(O)l(wls —ev-i-+6)) —g(wis+6))

:—ZK(:’) 70 dn(@)/olgu(y/(s—rsv-i+ 0)y/'(s—1ev-i+0)ev-idr,

we have

IR(e,102) = R(O,u) [y < & XKD - [ilIm | ull 11l (33)

where [|n[| = V/_.q N and [[gu|| = max{||gu(u(s))] : s € R}
Since F is C%-smooth, there exist & > 0 and M > 0 such that for all s € R and
e €[0,&)

H/ Fu (1 (5), R(0, 1) (s) + T[R(&, 1) (s) — RO, ) (s))de|| < M (34)

H/ Fon (0 (5), R(0, 1) (s) + T[R(e,1.)(5) — R(0, ) (s)])dz|| < M. (35)
Therefore, we have
14%(s) = A(s)II < eM X K@) - [l 1]l gull 1l
and
1B (s) = B(s)I| < eM X [K(@D)| - lillnlllullll I,
Therefore, it follows that for all s € R and y € Cy
[ e -ampwioa < emlvie G6)
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and
H/ e I[BE (1 ZK / dn(0)gu(us(t —ev-i+ 6))
xy(t—ev-i+0)di|| < el yllc,, (37)

where

My = M|n|lllgulllulic, XK @) -1,

My = MIn|Pllgul* [, X 1K @)1l - 31K ()]

1 1
Since

1
ulits(s— €V 1)) — gulta(s)) = —ev-i /O ulits (s — TEV - D)) (5 — TEV - )T,

we have
18u (s (s — &V -i)) = gu(s) | < &lilll guull [l ]Iy

where || guu|| = max{||guu(u+(s))|| : s € R}. Therefore, for all s € R and y € Cp,
we have

H/le(St)B(t)ZK(i)/Ordn(e)[gu(u*(t_gv,i+9))

—gu(u(t+0)]y(t—ev-i+0)dt||
< eMsly|c,, (38)

where

M; = fg}gIIB(t)II||17HngulllluiHcOZIK(i)l il

If ve C(%, by exchanging the order of integration and integration by parts,
we have

[ IBOSK [ an(O)gutuste+ Oyl —ev-i+0)—yie+o)a
=[BT KG) [ ano)su(u.t+0)
x/o W —Tev-it0)(—ev.i)drds
e [ [ e IBO R KO- [ an(@)atue0)



Traveling Wavefronts in Lattice Differential Equations with Time Delay and . . . 433
Xy (t—tev-i+0)drdr
- —s/OI{B(s)zi:K(i)(v ) /jdn(e)gu(u*(s—l- 0))w(s— tev-i+6)
_ [ e (B + Bt ZK v-i) /0 dn(0)gu(us(t + 6))
X y(t—tev-i+0)dt
[ B KO) [ an@)lunt-+ 0 +6)

X y(t—tev-i+0)}dr.

Therefore, we have that for all s € R

H/;e(St)B(t)ZK(l') jidn(@)gu(u*(l‘ + 9))[1’/([ —ev-i+ 9) _ W(t+ 9)](11‘

< eMy|ylc,, (39)

where

My = flellg(llB(t)ll + B @)D 2l gull + Nl gl 12l I 11 3 K @] - -

Thus, for € € [0, &) and y € C,

4
<eMo|lyllc,, Mo= Y M;. (40)
j=1

[ Lot

[1Lewlic, = sup
SER

Since Lg : Cy — Cp is a bounded linear operator and Cé is dense in Cj, the
inequality (40) holds for all y € Cy. This completes the proof. O

Proposition 3.6. G'!(-,0,€) = 0 and for each § > 0, there is a 6 > 0 such that
||g1(g7.,¢) _gl(&.’ '7W)||C0 < 6”¢ - WHCO
foralle €0,1] and all ¢,y € B(0), where B(0) is the ball in Cy with radius ¢ and

center at the origin.

Proof. From the definition of G'(e,-,y), it is obvious that G, (e,-,y) and
G}W(e, -, ) are continuous for € € [0, 1] and for y in a neighborhood of the origin
in Cy. Moreover, we have Glll,(s, -,0) =0 forall € € [0, 1]. It therefore follows that

IG (e, w)lle, = O(llwli&,), as llwlic,—0 (41)

uniformly for € € [0, 1], and Proposition 3.6 follows from (41) and the definition of
gl (87 K ) U
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Proposition 3.7. ||G?(¢,")||c, = O(¢) as € — 0.
Proof. Note that
F(u(s),R(€,u:)(s)) — F (us(s),R(0,us)(s))
1
= [ R (0).RO.0)(0) + ¥R (e.10.)(6) ~ RO, (1)) dw

X [R(€,u:)(t) = R(0,u,)(1)]-
Since

IR(2,u) = R(0,u2) e, < &3 IK(@)] - [ilInlllgull 4 Iy
]
and there exist &y > 0 and M > 0 such that for all s € R and € € [0, &

060 RO.) 0+ R 6) - RO (]| <

where [[1]| = V/[_,.0)n and ||gu[| = max{[[gu(u:(s))[| : 5 € R}. Therefore, we have

1G? (e, )llcy = I F (1« (), R(e,u)(-)) = F (us (), R(0, ) (-))llc, = O(e), as & 0.

(42)

Thus, Proposition 3.7 follows from (42) and the definition of gz(s, -), and the proof
is completed. (]
By Proposition 3.1, there exist functions vy,..., Uy € Cp which give a basis of

N (L). Hence, there exist linear functionals Ay, ..., hy : Co — R such that
hi(vj))=1, hj(v)=0, i#j, i,j=1,....M.
LetX={¢ €Cy: hj(¢)=0, j=1,...,M}.Clearly X C Cy is a Banach space and
Co=XdN(L). (43)

Moreover, if we let S = L]|x be the restriction of £ on X, then S : X — Cj is one-
to-one and onto, since R(L) = Cy by Proposition 3.1. Therefore, S has an inverse
S~!': Cy — X which is a bounded linear operator.

4 Proof of the Main Theorem

We shall complete the proof of our main theorem 1.1 in this section. The proof is
similar to that of the main result in [10], and for the reader’s convenience, we present
the details here.

Proof of Theorem 1.1. Firstly, by Proposition 3.1, there exist functions vy,..., Uy €
Co which give a basis of N'(£). Hence, there exist linear functionals hy,... Ay :
Cop — R such that
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hj(l)j) = 1, hj(l)i) ZO, i# j, i,j = 1,...,M.

LetX={¢ €Cy: hj(¢)=0, j=1,...,M}.Clearly X C Cy is a Banach space and
Co=XON(L). (44)

Moreover, if we let S = L|x be the restriction of £ on X, then S : X — Cj is one-
to-one and onto, since R(L) = Cy by Proposition 3.1. Therefore, S has an inverse
S~!': Cy — X which is a bounded linear operator.

For each y € Cy, there exist unique £ € V(L) and ¢ € X such that y = ¢ +&.
Hence, v is a solution of (15) if and only if

or equivalently, if and only if ¢ is a solution of the equation
9=5"6(0+¢&.e). (46)

It follows from Propositions 3.3-3.7 that there exist 6 > 0, €* > 0 and p € (0,1)
such that for all € € (0,&*], and W, ¢ € B(o) C Cy

1
|\g('7ll178)|\co§W(HWHCMLG) (47)
and

”g('vwv‘g)_g('v(f)v‘g)”% < H;)T”"w_¢||co' (48)

For each fixed & € N'(£) NB(0), (47) implies that

_ 1 . _
IS7'G( 0 +¢.€)lc, < e+l +o)<o, forec (0,7, ¢eXnB(o).
(49)

Therefore, from (48) and (50), we conclude that the mapping

F:(XNB(o))x (N(L)NB(0)) x (0,6*) — X x B(o)
given by
F(6,8,6)=8"G(9+&.¢)

is a uniform contraction mapping of ¢ € X NB(c). Hence, foreach (£,¢€) € (N (L)N
B(0)) x (0,€*), there is a unique fixed point ¢(&,€) € X NB(0) of the mapping
F(-,&,€). In other words, ¢ (&, €) is the unique solution in X NB(0) of (46). Thus,
for e € (0,&*) fixed, w(&,€) = ¢(&,€)+ & is a solution of (15). Notice that N'(£) N
B(0) is M-dimensional. It follows that for each € € (0,€*) and for each unit vector
V € RY, the set

v(e) = {w(£.e): & €N(L)NB(o)}

is an M-dimensional manifold. This proves that claims (i) and (ii) in the statement
of the theorem.
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To prove (i), we first note that if F,g are CK (k > 2), then G(-,y,€) is
continuous on (y,€) and C*~!-smooth with respect to y. Hence, F(¢,,¢) is
continuous on (¢, y,&) and C¥~!-smooth with respect to ¢ and &. The uniform
contraction mapping principle (see Chow and Hale [7]) implies that the fixed point
®(&,€) is a continuous mapping on (&,€) and C*~'-smooth with respect to &.
Therefore, in addition, we conclude that for each € € (0, &*) and for each unit vector
v € R1, T (¢) is a C*~'-manifold. It is locally given as the graph of a C*~!-mapping
that is also continuous with respect to €.

Letc=1/¢ with € € (0,&*) and

My (c) ={U: U(s) = ye(s/c) +us(s/c), seER, ye €Ty(1/c)}.

Then My (c) is an M-dimensional manifold in a neighborhood of u, consisting of
traveling wave solutions of (1) with wave speed ¢ and direction v. Moreover, for
each ¢ > ¢* := 1/¢&* and for each unit vector v € R7, My (c) is a C*~!-manifold that
is given by the graph of a C*~!-mapping that is continuous on c.

Recall that F and g are assumed to be C*-smooth. It remains to prove that the
above fixed point ¢(&,¢€) is also C¥~!-smooth with respect to €. We will achieve
this in several steps.

Assume the functions F and g are C¥(k > 2). For p € N, define C) := {¢ € Gy :
¢ is C? — smooth}.

Claim 1. From the definition of Ly in (9), it is clear that Ly : Cy — Cy is linear
bounded and that Ly(C}) C CJ, for0 < p <k —1.

Claim 2. From the definition of £ in (16), £ : Cy — Cp is linear bounded and
L(C)cCh, for0< p<k.

Claim 3. From the definition of G in (17), we have g(-7cg’178) c C? fore > 0and
p=1,2,....k, where C§ = Cy.

Claim4. N(L) C C*.
In fact, by definition, ¢ € Cp and L¢ = 0 if and only if

o (s) = / e o)+ Loo(D)]dr, sER.

—oo

Hence, ¢ is continuously differentiable. By differentiating the last equation, we find
that £¢ = 0 if and only if ¢(s) = Lod(s), s € R. Therefore, N'(£) = {¢ € C':
¢'(t) =Lo¢(t), t € R}. From Claim 1, by induction we conclude that N'(L) C C§.

Claim 5. Foreach (£,€) € (N(L)NB(0)) x (0,€*), the fixed point ¢* := ¢ (&, €) €
Cl.

To prove this claim, we fix (§,€) € (M (£)NB(0)) x (0,€*) and define y* =
¢* +&. From ¢* = F(¢*, &, €), we obtain Ly* = G (-, y*, €), or equivalently

v (s) =G(s,y"6) + / Le*"*”[w*(r) +Loy"(1)dr, sER.

Hence, y* € C}. From Claim 4, we conclude that ¢* € C}.
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Claim 6. The fixed point ¢* = ¢ (&, €) is C'-smooth with respect to €.

Consider F restricted to ¢ € XNB(o)N Cé, more precisely, using Claim 2 and
Claim 3, we consider

Fli(XnB(o)NC) x (M(L)NB(0)) x (0,e") = X NB(c)NC},
f1(¢,§,8) :]:((paéag)'

Notice that F' is a uniform contraction of ¢ € X NB(c) NC} for the norm || - ||,
and that ' is a C'-mapping on (¢, €). In fact, for y(s) = ¢ (s) + & (s) C'-smooth
on s, from the definition of G in (17), we conclude that %—g(s, Vv, €) exists and is
continuous. In Claim 5, we have proved that there exists a fixed point ¢* = ¢ (&, €)
of F!. By repeating the arguments used to prove the differentiability of the fixed
point in the uniform contraction principle (see Chow and Hale [7]), we conclude
that (&, €) is a C'-smooth mapping on (&, €).

Claim 7. The fixed point ¢* = ¢(&,€) is C¥~!-smooth with respect to €.

As in Claim 5, by induction, we prove that ¢(£,€) € C§,p=1,2,....k. By using
Claim 2 and Claim 3, we consider

FP:(XNB(o)NCY) x (N(L)NB(o)) x (0,e") = XNB(c)NCY,
FP(¢9,E.e)=F(9,E,€), p=2,....k—1.

As in the proof of the uniform contraction principle, by an inductive argument, we
conclude that ¢* = ¢ (&, &) is C*~!-smooth with respect to €.

S Applications

Among the conditions for Theorem 1.1, (H1) and (H2) are verified by analyzing the
characteristic equations of (2) at E| and Ej. To verify (H3), the connecting orbit
theorem in monotone dynamical system theory is useful, which is stated below.
See, e.g., Wu et al. [23], Dance and Hess [9], and Smith [17, 18] and the reference
therein.

Let X be an ordered Banach space with a closed cone K. For u,v € X, we write
u>vifu—vekK,andu>vifu>vbutu#yv.

Lemma 5.1. Let U be a subset of X and ® : [0,+e) X U — U be a semiflow
such that

(i) ®@ is strictly order-preserving, that is, ®(t,u) > ®(t,v) for t > 0 and for all
u,ve U withu>v

(ii) For some tg > 0, ®(ty,-) : U — U is set-condensing with respect to a measure
of non-compactness
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Suppose uy > uy are two equilibria of ® and assume [uy,uz] == {u: up >u>
uy } contains no other equilibria. Then there exists a full orbit connecting u; and
up. Namely, there is a continuous function ¢ : R — U such that ®(t,¢(s)) =
O(t+s) for all t > 0 and all s € R, either (a): ¢(t) — u; as t — +oo and
O(t) = uyast— —ooor(b): ¢(t) = uy ast — —coand ¢(t) — up ast — oo,

Returning to the system (2), we use the standard phase space for (2). In this section,
C will denote the Banach space C([—r,0]; RV) of continuous R" -valued functions on
[—r,0] with the usual supremum norm. Under the smoothness condition on F and g,
the system (2) generates a (local) semiflow on C given by

(t,9) =u(9)(t+-), 1>0,¢€C,

for all those ¢ for which a unique solution u(¢) of (2) with u(¢)(0) = ¢(0) for
0 € [—r,0] is defined. Let B be an N x N quasi-positive matrix, that is, B4+ AI >0
for all sufficiently large A. Here and in what follows, we write A > B for m X n
matrices A = (a;;) and B = (b;;) if and only if @;; > b;; forall 1 <i<m,1 < j<n.
Define

Kp = {¢ €C: ¢>0,6(r) zeB(f*%(s),—rgsgtgo}.

Then Kp is a closed cone in C, and this induces a partial order on C, denoted by >p.
Namely, ¢ >p y if and only if ¢ — y € Kp.
We shall need the following conditions:
(Eg) E; >p E;, here Ej is the constant mapping on [—7,0] with value E;, j = 1,2.
(Mp) Whenever ¢, y € C with ¢ >p vy, then

0 0
F(¢(0), | dn(6)g(¢(6))) —F(y(0), [ dn(6)g(y(6))) = B¢(0) - y(0)).
Under the above assumptions, Smith and Thieme [20] proved the following.

Lemma 5.2. Assume that there exists an N X N quasi-positive matrix B such that
(Ep) and (Mp) are satisfied. Then

(i) [E\,E)p:={¢ €C: Ey >p ¢ >p E\} is positive invariant for the semiflow ®.

(ii) The semiflow ® : [0,+) X [E|,Ea2]p — [E1,Ea]p is strictly monotone with
respect to >p in the sense that if ¢,y € [E|, Ex]p with ¢ >p W, then ®(t,¢) >p
D(t,y) forallt > 0.

In Smith and Thieme [20], it was also shown that (Mp) holds if for all u,v € RY with
i,V € [Ey, E2]p, the following is satisfied:

{ Fu(u, [°,dn(0)g(v)) > B,
[Fu(u, [°,dn(0)g(v)) — BleP" + F,(u, [°,dn(0)g(v))g'(v) > 0.
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In the case N = 1, it was shown that in Smith and Thieme [19] that (Mp) holds for
some B < 0 if

(Sp) Ly<O0,Li+Lr<0,r|Lp| < 1landrL; —In(rLy|) > 1

where

0 0
_ . _ . !/
Li=, inf  Fu(u [ dn(@)s()), L= gi,‘?vngZFV(”’,/,,d”(e)g(v))g (v)-
Note that [E},E>]p is a bounded set in C and that ®(z,-) : C — C is compact for
t > r. Therefore, for ty > r, the mapping ®(to,-) : [E|,E2]p — [E1, E2]p is compact
and hence is set-condensing. This observation allows us to derive from Lemmas 5.1
and 5.2 and Theorem 1.1 the following result.

Theorem 5.1. Assume that:

(i) (HI) and (H2) are satisfied.
(ii) There exists an N X N quasi-positive matrix B such that (Ep) and (Mp) are
satisfied.
(iii) There exist no other equilibria in [Ey,E;]p.
Then, the conclusions of Theorem 1.1 hold.

As a first application of our main result, we consider the following lattice differential
equation:

up(t) =D Y J(i)[un—i(t) — un(t)] — dun(t) + Y, K()b(un—i(t — 1)),  (50)
ieZ\{0} icZ

where n € Z,t >0, u,(t) €R,D>0,r>0,d > 0and b(-) is of class C>. We assume
that »(0) = dK — b(K) = 0 for some K > 0 and

DoID =1, X O] < e (51)
i€z\{0} i€z\{0}

NK@) =1, D IK®)]-]i] <-oo. (52)

i€Z i€Z

When ZMZZJ(Z') =0, (50) has been derived by Weng et al. [22] as a discrete
nonlocal model parallel to the continuous nonlocal model in So et al. [21]. Clearly
the auxiliary ordinary delay differential equation reads as

W' (t) = —du(t) +b(ut—r)), (53)

and it is easily seen that the corresponding characteristic equations at the equilibria
E, =0and E, = K of (53) are

A(A) == A+d—b(0)e, (54)
and
A(A):=A+d—b(K)e ™, (55)

respectively.
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Theorem 5.2. Assume that b'(0) > d > b'(K) and b(u) > du for all u € (0,K). Let
Iy=1[0,71)N[0,r*)N[0,r1) and I; = [0,r') N [0,r*) N\ (rj,rj11), ) € N, where

= sup{rz 0: re” min{b'(u): ucl0,K]}> —efl},

too, if—d<V(K)<d,
d
if b'(K)<—d,

rc = arccos(m)

V' (K)2—a2’

and

2jm— arccos(%)

rj:
[b'(0)]? —a?
Then for any j € N with I;_ # 0 and for any r € I;_y, there exists ¢* > 0 such
that for every ¢ > c*, the set of all traveling wave solutions u,(t) = U(n+ ct) with
U(—o0) =0 and U(+) = K of (50) forms a (2j — 1)-dimensional C'-manifold,
which is also C'-smooth with respect to c.

, JEN

Theorem 5.2 is a direct consequence of Theorem 5.1 and the following three
lemmas.

Lemma 5.3. Ifrcl;_y,j €N, then the equilibrium E\ = 0 of (53) is hypobolic and
its unstable manifold is exactly 2 j — 1-dimensional.

Proof. Clearly, if r € [0,r1), then (54) has a simple eigenvalue A > 0. A straightfor-
ward calculation shows that £y = 0 is hyperbolicif r # r;, j € N, and (54) has a pair
of simple eigenvalues A = +if3; with B; > 0 atr =r;, j € N. For any r > 0, suppose
that A = A(r) = a(r) + i (r) with B(r) > 0 is a eigenvalue of (54). It suffices to
show that o/(r) > 0 whenever |a(r)| is small enough.

Substituting A = A(r) = a(r) +iB(r) into (54), we get

L e = oy o
Therefore, we have
(o) + B = [p'(0) e 2",
and hence
BB = —{a+d+rp'(0)e "} (57)

On the other hand, differentiating (54) with respect to r to get

{ o'e® + (a+d)[or+ o)e® = —b'(0)[B'r+ B]sinBr,
B'e® + Blo/r+ ale® = —b'(0)[B'r+ B]cos Br,

which yields
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o' B—B'(a+d)=0'(0)e*[B'r+ B0,
where Q = (ot +d)cos Br— Bsinfr= ﬁ [(ot+d)*+ B?|e® > 0. Multiplying the
above equality by 3, then (57) implies that
o/B? = Bp'lec+d +b'(0)e”*rQ] +b'(0)e” ¥ B2Q
= —[o+d+r(b'(0))*e 2 [a+d+b'(0)e~*rQlo/ + ' (0)e~* B2Q.
Therefore, we have

Y (0)e B0

o =) = B T d B 0) e AT B0 rg]
This completes the proof. O
Lemma 5.4. There exists B < 0 such that (Eg) and (Mp) are satisfied.
Proof. In the case where b/, :=min{s'(u) : u € [0,K]} > 0. Choose B = —d,

then for any u,v € [0,K], we have F,(u,g(v)) = —d > B and [F,(u,g(v)) — Ble?" +
Fy(u,8(v))g'(v) = b'(v) > 0. Therefore, (M) holds for B= —d < 0.
In the case where b’_. < 0, we have

min
L = i f F = —
1 Elglur,lngz M(uvg(v)) d,
and
L . / _
L, := Elglur,lvngsz(u’g(v))g (V) = Diin-

Therefore, Ly < 0,L; + Ly < 0. Thus, there is some B < 0 so that (Sg) (and hence
(Mp)) holds if

0< —rbl, <1,
and

In(—rbjp,) < —dr—1,
from which we conclude that (M) holds if re?’b] . > —e~!. Thus, (Mp) holds for
all ¥ € [0,r') and some B < 0.

Since B < 0, we see that (Ep) also holds. This completes the proof. O
Lemma 5.5. Ifr € [0,7?), then the equilibrium Ey = K of (53) is asymptotic stable.

Proof. We claim that if r € [0,72), then all zeros of A;(A) = 0O have negative
real parts. Since b'(K) < d, we first note that if Ay(4) = 0, then A # 0. Suppose
otherwise that there exists A = o+ if3 with oo > 0 and § > 0 such that Ay(1) =
Az(a+if) =0. Then we have

o= —d+b(K)e *cosfr,
B = —b(K)e % sinfr.
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If —d < b'(K) <d, then d > b'(K)cosBr = (ot +d)e”* > d, which leads
to a contradiction. If »'(K) = —d, then o > 0. Suppose otherwise that o = 0,
we then have 8 > 0 and cosfr = —1, and hence sin 3r = 0, which yields 8 =
—b'(k)e~* sin Br = 0, a contradiction. Therefore, d > b'(K)cos fr = (0. +d)e* >
d, which is also a contradiction. Thus, the assertion is valid for —d < b’ (K) <d.

In the case where b'(K) < —d, let A = iff with 8 > 0 be such that A,(1) = 0.
Then we have d b'(K )cosﬁ r and B = —b'(K)sinBr, from which we find that

arccos(d/b'(K))/+/[b'(K)]* — d? is the minimal value of r so that A, (i) =0 has a
solution 3 > 0. This completes the proof of the lemma. (]

As another application of our main result, we consider the following lattice
differential equation:

> J@un—i—un— f(un), nez, (58)
i€Z\{0}

where f is in C? and f(—1) = f(1) = 0, and the kernel J(i) satisfies (51).
Equation (58) was derived in [1] as an /»-gradient flow for a Helmholtz free energy
functional with general long-range interaction (see [2] for its continuum form).
In [1], the authors constructed traveling waves and stationary solutions and obtained
the uniqueness of traveling wavefronts with nonzero speed and the multiplicity of
stationary solutions in the case where f is bistable. In a very recent paper, Carr and
Chmaj [4] established the uniqueness of traveling wavefronts in the case where f is
monostable. As a direct consequence of Theorem 5.1, we have the following.

Theorem 5.3. Assume that f'(—1) <0, f/(1) > 0 and f(u) <0 foru € (—1,1).
Then there exists ¢* > 0 such that for any ¢ > c*, (58) has a traveling wave solution
un(t) = U(n+ ct) satisfying U(—oo) = —1 and U (+oo) = 1.
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Abstract In this chapter, we study quadratic perturbations of a non-Hamiltonian
quadratic integrable system with a homoclinic loop. We prove that the perturbed
system has at most two limit cycles in the finite phase plane, and the bound is exact.
The proof relies on an estimation of the number of zeros of related Abelian integrals.
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where € is a small parameter, F>(x,y,€) and G(x,y,€) are quadratic polynomials
in x and y with coefficients depending analytically on €, and Hy(x,y)/M(x,y) and
Hy(x,y)/M(x,y) are also quadratic polynomials. We call H(x,y) a first integral
of the integrable system (1) with the integrating factor M(x,y). By Zoladek’s
classification [29], the integrable systems (1)¢ with at least one center are classified
into four cases: O, O, 0%, and Qu, called Hamiltonian case, reversible case,
Lotka—Volterra case, and codimension four case, respectively.

There has been a substantial amount of work devoted to the study of limit cycles
in (1)¢. Zoladek [29] proposed a conjecture about the maximal number of limit
cycles which can occur in (1), for each case. Iliev [14] determined a set of essential
perturbations which can realize the maximum number of limit cycles produced
by the whole class of system (1) and computed the corresponding bifurcation
functions for every case. For system (1), if M(x,y) = 1, then (1)9 € QY, the
existence of the exact upper bound for the number of limit cycles that can be
bifurcated from the period annulus of a Hamiltonian system (1)y € Qé’ has been
solved [4,7, 8,10, 12, 13, 16, 27, 28]. Yet, if the unperturbed system (1)y belongs
(QRUQLY UQ4)\Q, then H(x,y) and M(x,y) are in general no longer polynomials,
which poses some technical difficulties. Some results concerned with certain
specific non-Hamiltonian quadratic integrable systems can be found in [2, 23, 26]
and references therein.

Zoladek pointed out in [29] that the bifurcation of limit cycles of stratum Q§
is the most complicated case. One can verify that any system (1) € Q§ can be
transformed into the form

{x = —y+a’ +by,
¥ = x(1+cy).
System (2) with a/c = 3/2 was studied in [5, 15, 25]. After a Poincére trans-
formation and a change of time, system (2) with d/c = 3/2 becomes a quadratic
Hamiltonian vector filed Qé’ in which the perturbation remains polynomials.

Iliev classified the reversible systems Q§\Q§I into several subcases (see Ap-
pendix of [14]). One of them, called the general case, has a first integral as follows:

2

X242 X+

H(X.y)=X o |2
(X.) + a—3b—2 b+1" " at+b+2

a+b+2 y2 1 Cl+b_2
2 " 8(a_b)

b—1 a—3b+2)]

3)

with the integrating factor M(X,y) = X i ,where X =1+2(a—b)x,b#£ —1.1t
is not difficult to verify that system (2) with d/c = 3/2 can be reduced to the non-
Hamiltonian system which has the first integral (3) with —(a+b+2)/(a—b) = —3.
In a recent paper [3], the authors studied quadratic perturbations of the quadratic
integrable system whose first integral is (3) with —(a+b+2)/(a —b) = —4.
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In this chapter, we consider a system of the form (2) which belongs to Q§\Q§
whose orbits are almost all quartics and —(a+b+2)/(a—b)= —3/2 and b # —1.
In other words, we will consider the perturbation of the following system:

{x=y+8(b+1)xy, @

y=—x—2(03b+1)x>+6(b+1)y%

where we use the normal form in Page 127 of [14]. One can verify that system (4)
has a center at the origin (0,0), and the types of all other critical points (if exist) in
the finite phase plane fall into the following cases:

(1) A saddle point and two nodes if b € (—3,—1)
(2) A degenerate critical point if b = —3

(3) Acenterif b € (—oo, —3)U(—1/3,+)

(4) A saddle pointif b € (—1,—1/3)

(5) No other critical point if b = —1/3

The bifurcation of limit cycles for types (2) to (5) under quadratic perturbations have
been studied in the papers [20,21]. The purpose of this chapter is to investigate the
bifurcation of limit cycles for type (1), i.e., to study system (4) with b € (—3,—1).
We state our main result is the following:

Theorem 1.1. Ifb € (—3,—1), then system
X =y+8(b+1)xy+eF(x,y,€)
j 2 2 (5)
y=—x—23b+1)x"+6(b+ 1)y +€Ga(x,y,€)

has at most two limit cycles in the finite phase plane for small €. This bound is exact.
Here F>(x,y,€) and Gy (x,y,€) are defined as in (1)e.

The rest of this chapter is organized as follows. In Sect. 2, system (5) is reduced
to a quartic non-Hamiltonian integrable system with nonpolynomial perturbation,
and the related bifurcation function is derived. In Sect. 3, we obtain the asymptotic
expansions of Abelian integrals near its endpoints of the domain of definition. The
upper bound for the number of zeros of Abelian integrals is estimated in Sect. 4.
Finally, the main result is proved in Sect. 5.

2 Reduction of the System and Bifurcation Function

In this section, we will consider changes of variables and then give the bifurcation
function associated with system (5).

Proposition 2.1. If b € (—3,—1), then the exact upper bound for the number of
limit cycles of system (5) is equal to the maximum number of limit cycles in the right
half-plane (i.e., x > 0 ) occurring in the system
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{"‘xy’ , ©)e
(A—4)+2(A=2)x2 — Ax* + 3y + €(1 + pox? + p3x2),

where A = 3bb:11 Moreover, if b € (—3,—1), then A € (4,+o0).

Proof. Letting

X=1+8(b+1)x, Y =8V2(b+1)y, dT= —=dt,

sl_

then system (5) is transformed into

X = XY +eb(X,Y,¢),

. b+3 b-1 3b+1 _, 3

Y = X - X +=
2640 b+l 2040 4

(Me

Y2+ eGy(X,Y,¢),

where F5(X,Y,€) and G»(X,Y,€) are quadratic polynomials in X and Y with
coefficients depending analytically on €. We note that the integrable system (7)o
has the first integral of the form

] (1, 3b+1., 2b—1), b+3
AX,Y)=X3?(-Yy? X2 % _
(X.Y) (2 Ry Ry A TO )

with the integrating factor X ~5/2_1t follows from Theorem 2, Case (ii) in [14] that
the first order Melnikov integral is defined as

//XY x32 I~11+H2X+N3X71)dXdY,

where M| (h) is the coefficient at € in the expansion of the displacement function
d(h,€) = eM; (h) + O(&?).

To get the maximum number of limit cycles for system (7)¢, we only need to
consider the number of zeros of Mj(h) because system (7)) belongs to generic
cases [14]. Therefore, the upper bound for the number of limit cycles can be realized
by the following systems:

X = XY,

b4+3 b—1. 3b+1 ., 3, L

Y = X— X2+ 2y X + X1y
) b 2y Tal TEk X X

(8)e

Since X = 0 is an invariant line and system (8) has a unique center at (1,0) if
b e (—3,—1), we suppose X > 0 in (8), without loss of generality. Finally, we get
(6)¢ by using the rescaling of both the variables and parameters
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Fig. 1 The phase portrait of y
system (6)

™N

NGB
N

e

12 ~ 1
x=X""x—=x,Y =y -T—t,
2 ©)
1-A

bZA—_37 (A#3), 20 = Wi

O

Instead of considering system (5), from now on, we will study system (6) with
A € (4,+c0). In the right half-plane, the non-Hamiltonian integral system (6), has a
first integrable of the form

1 A—-4
H(x,y)=x7 (§y2+Ax4+2(A—2)x2—T) =h (10)
with integrating factor M(x,y) = x~*%, and it has a center at (1,0) and a saddle point

at (4/ AA;“,O). Let T, h € (hy, hy) be the compact component of { (x,y)|H (x,y) =h},

where
8 8 A
h==-(A-1 hy = —(A— —_— A > 4.
1=3A-1>0, hp=3(A=3)y/7—7 >0, A>

'y, and I', correspond to the center (1,0) and the homoclinic loop, respectively.
The phase portrait of system (6)g in the right half-plane is shown in Fig. 1.
Denoted by

J,»(h):f x“Yydx, he (h,hy), i=0,41,42,---. (11)
Ty

By above discussion, the Melnikov function M, (h) of system (8),, defined in the
proof of Proposition 2.1, is reduced to the bifurcation function of system (6) in the
form

‘ul./()(h)-i-[iz]z(h)+[,L3J,2(h), he (hl,hz). (12)

It is well known that the number of limit cycles in (6)¢ which can be bifurcated
from the annulus of (6)g is equal to the number of zeros of (12). Therefore, our
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main goal of this chapter is to estimate the number of zeros of Abelian integral (12).
To do this, (12) will be reduced to a simpler form. First of all, we give the following
proposition.

Proposition 2.2. If uz =0, then system (6)¢ has at most one hyperbolic limit cycles
in the right half-plane.

Proof. If u3 =0, b # —1, then system (8), is a quadratic system with an invariant
line. It has been proved [24] that the quadratic system with an invariant line has at
most one limit cycles, and this limit cycle must be hyperbolic if it exists. Therefore,
system (8) with u3 = 0, b # —1 has at most one hyperbolic limit cycle. Since we
get (6)¢ by the scaling (9), the desired result for (6), follows. ]

Proposition 2.3. If u3 # 0, A # 4, then the integral (12) can be expressed in the
form

I(h) = auJo(h) + hJi(h) + v (h), (13)
where o and 7y are real constants.

Proof. Rewrite (10) in the form

1 A—4
Eyz + A +2(A-2)% - — = . (14)

Multiplying both sides of (14) by x~®y and then integrating over I';, we get

5 x Oy dx+ A (h) +2(A —2)Jo(h) — #Lz(h) =nJi(h).  (15)
Ty

It follows from (10) that along I';, we have

JH JH
-2 s v
Xy ( EP dx+ Iy dy)

3
=y (‘ 3O Ay 24—y (A 4)x6y> dx =0,
which implies

7{ xRy — 3 ]f x Oy3dx+ AJy(h) — 2(A —2)Jo(h) + (A —4)J (k) = 0.
T, 2 Jr,

1 5
]{ xOytdy = 3 ]( xdy’ = 3 ]{ x Oy3dy,

Since

we have

;{ x0y3dx = —6AJ(h) + 12(A —2)Jo(h) — 6(A — 4)J_(h). (16)
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Substituting (16) into (15), we obtain

3

J2(h) = T0A—4)

(8(A—2)Jo(h) — hJy () — 2AJ5(h). )
Taking (17) into (12), we have

(m—i—%m) Jo(h)—ﬁmhh(h)-i- (Iiz 5(A3A 4)I~l3> 2(h).

(18)

Since p3 # 0, without loss of generality, we can assume —3u3/(10(A —4)) =1 .
Let

12(A—2) 3A 10
— St = A—4). 1
o=+ S(A_a) M VTR STt = = (A-4) 19)
The expression then (13) follows. O

From now on, we always suppose that H(x,y) is defined as (10) and assume
A € (4,+40c0) unless the opposite is claimed, and we consider the annulus ', has the
negative (clockwise) orientation.

3 Picard-Fuchs System and Some Preliminary Results

In this and the next section, we are going to estimate the number of zeros of Abelian
integrals I(h) defined in (13). The Abelian integrals J;(h) with i = —1,0,1,2 are all
analytic functions in the interval [h,/;), see for instance [22].

Lemma 3.1. For the Abelian integrals J;(h) with i = —1,0,1,2, we have the
following:

(i) Ji(h1) =0, i=—1,0,1,2.

Ji(h
(ii) hlggl Jo(( )) =1,i=—-1,1,2. Hence J' | (hy) = J\(h) = J}(h1) = J5(hy).

(iii) Ji(h) >0, J/(h) >0, h € (hy,hy).

Proof. Since the oval T, tends to the center (1,0) as h — hy, we get (i). Let
(x1(h),0), (x2(h),0) be the intersection points of T', with x-axis, x; (h) < x2(h). By
the integral mean value theorem, we have

xp(h)  — xp (h —
.],1(}1) s 2\[){12((h>>x Sde . le((h)>x,x 4ydx
n—=hy Jo(h) — h—hy o j;vlz((hh)) xdydx B f;z((hh)) x4ydx
¢ j;fz(h) -
LN lim ¢ =1,

hshy ﬁflz((hh)) xhydx R
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where § € (x;(h),x2(h)) and limy,_,, x;(h) = 1, i = 1,2. Using the same arguments,
we know (ii) holds for i = 1, 2. It follows from (10) that

(9))7)63

oh y’

.0 i—1
J(h) = ]f el [ 7{ T .
Tn dh Iy Y
Since I', lies in the right half-plane and has the negative orientation, we get
Ji(h) = / / A 4dxdy > 0,
intI'y,

, xz(h) Xi71
s =2 [ et
x1 () \/th3 —2Ax* —4(A-2)x>+ @

which implies

O

Lemma 3.2. The Abelian integrals J_|(h),Jo(h),Ji(h), and J,(h) satisfy the
following Picard—Fuchs system:

6Ch 2(B>—4AC) —Bh 0 J 8000\ /J i

2B 3h  —4A 0 | _ o300 5 20)
0 2B 3h —4A || 7 0020 (| 4 |’

—4C 0 2B h 7, 0001/ \ J

where B=2(A—-2),C=—(A—4)/3#0.
Proof. See [18] for details. [l
Differentiating both sides of (20), we get

6Ch 2(B>—4AC) —Bh 0 J", 20 B 0\ [/J,
—2B 3h —4A 0 Jl 1 0000 Jh
0 —2B 3h —4A J9l L oo-10 g
—4C 0 —2B h JY 0000 J;
which implies the following:
Proposition 3.3 ([18]). If A # 4, then the following relation holds:
le S,L,l(h) S,Ll(/’l)
JY S(),l(h) S()l(h) (J/ >
A(h 0| = ' ), 21
( ) Ji/ Sl",l(h) Sll(h) ]i
) su(h)

Jél $2.—1 (/’l
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where
A(h) = —9(A —4)(h—hy)(h+hy)(h— hy) (h+hy),
so11(h) = %(A 4)h[—9K? + 64A(A —2)],

s—1.1(h) = %h[9(A —2)h* —324(2A* — 8A +9)],

So.1(H) = — (A —4)[9(A ~2)h> ~ 64A(4 — 1)(A 3]

so1(h) = —g[—3(3A2 — 124+ 8)R> + 64A(A — 1)(A —2)(A —3)],
S17,1(h) = —63—4(14—4)/1,
sii(h) = —s—1.-1(h),
4

$2-1(h) = =g (A= 4)[-9(A— 4"+ 64(4 = 3)(A - 2)(A - 1)),
s (h) = g(A —4)[9(A —2)12 — 64A(A — 1)(A — 3)].
Lemma 3.4. Consider the Abelian integrals J_(h), Jo(h), J;(h) and J,(h).

(i) The derivatives follow the following relations:

Iy (hy) = oA~ 1)(5A+4)Jo(h),
1
J () = @(SAZ— 134 —4)J)(h),
1 5 !
Ji(h) = 155(A=4)(A=1)Jo(h),
1
I3 (hy) = @(A—4)(5A— 17)Jo(hy),
1
" (hy) = m(16+44OA+2625A2—2170A3+385A4)J(’)(h1),
Ui 35 2 !
J' () = 2o (A= 1)(A—4)(114% = 314 — 4)J(h),
5
IV (hy) = 3758 (A —4)(—164 4+ 693A — 462A% + 77A%)J} (hy),
U 35 2 !
Jy (hi) = (A—4)"(A—1)(11A = 35)Jp(h1).

73,728

453
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(ii) The following asymptotic expansions hold near h = hy:

1 A
_1(h)=J_1(hp)) ——=——(h—hy)In|h—h
Jo1(h) = J-1(h2) 2\/§A—4( 2)In| 2|+,
Jo(h) = Jo(ha) — —— |~ (h— ) In |h— | +
0 — J0 2 2\/§ A_4 2 2 )

1
2V/2

Jo(h) = Jz(hz)—%ﬁw%(h—hz)ln|h_h2|+..._

Proof. Since h = h; corresponds to the center (1,0) of system (6)o, Ji(h),i =
—1,0,1,2, is an analytic function at h = h; [22]. We get (i) from (21) and
Lemma 3.1.

Consider the analytic Hamiltonian system

Ji(h) = Ji(hy) — (h—hy)In|h—ha| + -+,

The expansions (ii) follow by using the results in [22], or Theorem A.1 in Appendix
of [28] for the above Hamiltonian system. [l

Corollary 3.5. For the Abelian integral I(h) in (13), we have

I(h) =0,
I'(h) = Jo(h) (e +hi +7),
"(hy) = % (3(5A2 —13A—4)a

+8(543 — 3042 +45A + 124) + 3(A —4)(5A — 17)y),

5(A—1)(A—4)Jy(h) 2
I (21(11A ~314—4)a

+8(77A3 — 46242 + 6934 +268) +21(A —4)(11A — 35)y).

I///(hl) —

Moreover, if I'(hy) = 1" (hy) =0, then I""(hy) < 0.

Proof. 1t follows from straightforward computations; we get I(hy), I'(hy), I" (hy),
and I (hy) from Lemma 3.1, 3.4, and (13). Now we consider the equations I’ (h;) =
I"(hy) = 0, which gives

g HA-SAKIG L 4A-9a+2)

3A-3) 3(A—3) @2)
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Substituting (22) into 1"’ (), we have

I”'(hl):—g(A—4)(A—1)<0. (23)
O
In order to estimate the number of zeros for the Abelian integral I(k), we define
J' () I"(h)

w(h) ==L W(h) =A(h)=; 24

It follows from (13) and (21) that we have

AW (h) = oA(h)JG (h) +hA(R)T] (h) + yA(h)J5 (h) + 2A(h)J; (h)
= f(W)JLy(h) +g(h)J{(h);
therefore, we have

W(h) = f(h)w(h)+g(h), (25)

where the two auxiliary functions f() and g(h) are given by

f(h) = aso—1(h)+hsi —1(h)+ sz, —1(h)
= g(A —4){3(-16-3(A—2)a+3(A—4)n)h*
+64(A=3)(A-1)(Aa—(A-2)v},
g(h) = ousor(h) +hsi1(h) + ys21(h) +2A(h).
On the other hand, it follows from the first and the third equations of system (21)
that the ratio (h) satisfies the following Riccati equation:

Ah) o' = —s1 _1(h)o* +2s_1 _1(h)® +s_11(h). (26)

Then we can prove the following proposition.

Proposition 3.6. The ratio W (h) satisfies the following Riccati equation:

AR fF(RW' = Ro(h)W2 + Ry (W)W + R, (h), 27
where
R()(h) = —Sl",l(h),
Ri(h) = A(h)f'(h) +2s1,-1(h)g(h) +2s—1 —1(h) f (),

Ry(h) = A(h)(f(h)g' (h) — f'(R)g(h)) — s1,—1(h)g*(h) — 2s_1 1 (h) f(h)g(h)
+s_1,1(h) f>(h).
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Moreover, f(h) and g(h) are even functions and R, (h) is a odd function, Ry(+h;) =
Ro(£h) = R(0) =0, degf(h) =2, degg(h) =4, degRo(h) =9.

Proof. Equation (27) follows from (25) and (26). Note A(h) = A(—h) and s j(h) =
50,j(=h), hs1 j(h) = (=h)s1 j(—h), s2 j(h) = s ;j(—h) for j = —1,1, then f(h) and
g(h) are even functions. The conclusion for Ry(h) follows by straightforward
computations. (]

It follows from (24), the definition of W (k) that the zeros of W () correspond to
the inflection points of /(k) when exist. To give a precise result on the number of
zeros of Abelian integrals I(%), we need to estimate the upper bound for the number
of zeros of W (h).

Lemma 3.7. The auxiliary functions f(h) and g(h) defined for W (h), w(h), and
W (h) have the following properties:

(i) For f(h) and g(h), we have

) — _%2@_3)(3Aa+8A(A—3)+3(A—4)7),

(ii) For o(h), we have

o(h) =1, 0(h) =A/(A—4),
o' (hy) = (A—1)/8, limy_, @(h) = +oo,
(D,(h) >0,he (hl,hz).

(i) W(h1) =W (hy) =0, and

rop oy A096(A— DI"(hy)

The second equality in (28) holds for f(hy) # 0.

Proof. The assertions (i) follow from straightforward computations. Since the right
hand of (26) is a quadratic polynomial in @ and A(h) > 0, —s; _1(h) >0,

42y () +4s1 —1(h)s—1,1(h) = 36(A = 4)*h*(h—hy)(h+hy)(h—h2) (h+h2) <O

for h € (h1,hy), we have @'(h) > 0. One gets w(h;) and @'(h) from (24),
Lemmas 3.1 and 3.4(i).
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To get the asymptotic behavior near 4 = hy, we consider the first and the third
equations of system (21):

1"
A(h) <J//1) _ <S1,1( )S 11(h)) < 1). (29)
Ji si,—1(h) su(h)
Using the analytic theory of ordinary differential equations (see [9], or the Appendix
of [19]), system (29) has a fundamental solution matrix of the form

1 In|h—hy| [ A A+24
Tp(h)(o 1 )’T_(A—4A—4>’

where P(h) is analytic at i = hy, P(h) is a unite matrix. Therefore, J' | (h) and Jj (h)
have the form
J (h) = GAIn|h—ha| + CIA+ Co(A+24) +
Ji(h) = Cy(A—4)In|h— |+ (C1 +C) (A —4) +

where C; and C, are real constants. If C, = 0, then J_; (h) and J{ (h) are analytic at
h = hy, which contradicts Lemma 3.4(ii). Hence, we have C; # 0. This yields

J" (h) A 24
O =Ty T A—a  A—dmih—hy

as h — hy. Therefore

24

o(hy) = —, (J)/(h) == (A_4)(h_h2)]n2|h—h2| *

as h — hy, which implies lim,, Shy ' (h) = +oo.
The conclusions (iii) follows from (i), (ii), and (25). O

Let & > 0 be the zero of f(h).Then by the definition of f(h) (see (25)), if the root
exists, we have

_ 64(A—3)(A—1)(Ao— (A—2)7)
h_\/ 316 +3(A—2)o—3(A—4)y) ~ (30)

Corollary 3.8. If f'(h) < 0, h € [h1,h2), then g(h) >0 and W(h) > 0 for h €
(h,hy). Moreover; g(h) = 0 if and only if h = hy.

Proof. 1f f'(h) < 0, then f(hy) < 0 < f(hy) and the leading part of f(h) is negative,
namely,
—16-3(A—2)a+3(A—4)y<0, 31)

which implies
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Fig. 2 The graph of \¥(h) v
h. -h hh h o h
wih)
16 80
—32—(A-2)a+(A-4)y< —32—1—?:—? <0. (32)

By direct computation,

S 81(=32-(A-2)a+(A—4)y)
g(h) = 256(A—4)(—16—-3(A—-2)a+3(A—4)y)

sf(m)f(ha).  (33)

This yields g(h) > 0 and g(h) = 0 if and only if i} = h.
Define the following auxiliary function:

P(h) = —, f(h) +g(h) = ~15(A —4)(h* = h3)(h* = 1), (34)
where
W= %(A— D(a+y+16(A—1)) (35)

and suppose i, > 0 if the right hand of (35) is positive. It is obvious that ¥'(h)
has four real zeros (resp. two real zeros) at h = +hy, h = £h, (resp. h = *hy) if
o+ y+16(A—1)>0 (resp. e+ v+ 16(A—1) <0).

We split the rest of this proof into two cases.

Case 1. oo+7y+16(A—1)>0.

We notice that (k) is an even polynomial with deg'W(h) = 4 and the leading
coefficient is —15(A —4) < 0. The graph of W (k) is drawn in Fig. 2. Since W(hy) =
0, W(h) = g(h) >0, we have h, < h < hy and ¥(h) > 0 for h € (h,h,). On the other
hand, f'(h) < 0 implies f(h) < O for h € (h,h;). Hence,

P _sh) L A he (),
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ie., g(h)/f(h) < —A/(A—4). Lemma 3.7(ii) have shown 1 < w(h) <A/(A —4),
which yields w(h) +g(h)/f(h) <0, h € (h,hy). Using (25) again,

_ 8(h) ;
W(h) = f(h) (a)(h)Jrf(h)) >0, he (hh).

Case2. a+vy+16(A—1)<0.

In this case, we obtain from (34) that W(h) > 0 for i € (hy,hy). The results
follows from a similar argument as above. (]

Corollary 3.9. Ifh € (hy,hy) and f'(h) <0, then W(h) > 0, h € (hy, ).

Proof. One can verify that g(h) > 0 from (32) and (33).
Define an auxiliary function

O(h) = f(h)+g(h).

One can verify that

() = (h—I}) (—15(A—4)h*+8(4 = 3) (Aa+ (A — 4)y+164(4 —3)) ),

from which one immediately yields ®(h;) = 0, ®(h) = g(h) > 0. Since ®(h) is
an even function with deg®(4) = 4 and its leading coefficient is —15(A —4) < 0,

we conclude that ®(h) > 0, h € (hy,h), by the same arguments as in the proof of
Corollary 3.8. Therefore,

%:1+w>0,he(mﬁ)7

f(h) f(h)

i.e., g(h)/f(h) > —1, where we use the fact f(h) > 0 for h € (hy,h). It follows from
Lemma 3.7(ii) that (k) > 1, which gives

w(h)+@>1—1:0, he (hi,h).

f(h)

So
W(h) = f(h) (w(h)—i—%) >0, he (h,h).

O

Proposition 3.10. Ifh € [hy,hy] and f'(h) <0, then I" (h) > 0 and I(h) has at most
one zero in (hy,hy).

Proof. We know from (32) and (33) that W(__) = g(h) = 0 if and only if either
h = hy or h = hy, which implies W (h) > 0 if h # h;, i = 1,2. Therefore, it follows
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from (24), Corollaries 3.8 and 3.9 that I”(h) > O for h € (hy,h,), namely, I(h) has
no inflection point in (%y,k;). Since I(h;) = 0, the claim is proved. O

4 Estimate for the Number of Zeros of /(h)

In this section, we estimate the number of zeros of I(h) for i € (hy,h,) (counting
the multiplicities), denoted by #I(h). For convenience, in what follows, we always
suppose & € (hy,hy) if the symbol #1(h) (resp. #1(h), #I'(h), etc.) is used.

It follows from Proposition 3.6 that #f(h) < 1, #R,(h) < 2. Since #I"(h) =
#W (h) and I(h;) = 0, we have

#I(h) <#W(h)+1, he (h,hy). (36)

Proposition 4.1. #I"(h) <
(i) #f(h) +#Ry(h) < 1
(ii) #f(h)+#Ry(h) <2,

(iii) W'(hy) =0, #f(h) =

Proof. Let hy, hy be the two consecutive zeros of W (k) in (hy, /). Then the Riccati

equation (27) implies

#I(h) < 3, if one of the following conditions holds:

W' (hy)f(h2) <0
0

A f(R)W' () = Ry (hi), i = 1,2,

which yields Ry (k1 )Ry (hy) < 0if f(h) #0in (h; —&,hs+€), 0 < £ < 1. Therefore,
between any two consecutive zeros of W (h), there must exist at least one zero of
Ry (h) or f(h). This gives

#1" (h) = #W (h) < #f(h) +#Ry(h) + 1. (37)

The inequality (37) has been used in many papers, see for instance [18]. The desired
result for (i) follows from (36) and (37).
If the condition (ii) holds, then by Lemma 3.7, W/ (h l)hliril W'(h) <0, W(hy) =
—hny

W (hy) = 0, which implies #W (k) must be an even number. On the other hand, one
gets #W (h) < 3 from (37). Therefore, either #W (h) = 0 or #W (h) = 2 holds. This
yields #I”(h) < 2, #1(h) < 3.

By direct computation,

Ri(1) = 2204 — 1) )W) = Ro (). G8)

If condition (iii) holds, then it follows from (38) that R, (/) has a zero at h; with
multiplicity at least two, which implies #R,(h) < 1. Using (37) again, one obtains
#1"(h) < 2. This yields #I(h) < 3. O
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Proposition 4.2. If f(h) =0, then #1(h) = 0.
Proof. Tt follows from the definition of f(h) in (25) that f(h) = 0 if and only if

Ao—(A—=2)y=0, —16—-3(A—-2)a+3(A—4)y=0,

which yields
4 4
a=—=(A-2 =—ZA.

This gives
W(h) = g(h) = —15(A —4)(h — hy)(h+hy)(h—ha)(h+ hy),

which implies #W (h) = #I"(h) = 0 by (24) and (25). On the other hand, Corol-
lary 3.5 and Lemma 3.7(i) give

sz ()

which implies I’(h; ) = 0 if £(k) = 0. Suppose that (k) has a zeroat h=h € (hy, h),
then there must exist #* € (hy,h) such that I’(h*) = 0 by mean value theorem. Since
I'(h) =1'(h*) =0, I"(h) have at least one zero in (hy,h*), i.e., #I”(h) > 1, which

yields contradiction. Therefore, one gets #I(h) = 0 by the above discussion. O

By Proposition 3.6, the graph of W (h), h € [h,hy], is the trajectory of the
following system:

h = A(h)f(h),
{ W = Ro(h)W? + Ry (h)W + Ry (h). (40)

Since #I”(h) = #W (h) and the abscissa of the intersection point of the trajectory
W (h) with h-axis is a zero of the function W(h), h € (hy,h;), we are going to
estimate how many times the trajectory W (h) intersects with the h-axis. First of
all, we give the following lemmas:

Lemma 4.3. Leth € (hy,hy) be the zero of f(h), defined in (30). If f'(h) >0, then

(i) The straight linesh=hy, h= h, and h = hy are invariant lines of system (40).
(ii) In the right half-plane, system (40) has two saddle nodes at Igl(hl,O) and
By (hy,0), a unstable node at Sy (h,W,), and a saddle point at S»(h,W>), where

- - AW (h —
Wi =g(h), Wa=g(h)— L—(), Wi >Wa, Ro(h) > 0.
Ro(h)
(iii) The graph of W(h), h € [h,h), is composed of five trajectories of (40),
namely, the critical points By, S1, By and two trajectories S1B1, S1B5.
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Proof. The first two claims can be obtained by direct computations. The results (iii)
follow from Lemma 3.7 and (25). [l

We note that, if f(k) = f'(h) =0, thenh=0¢ (hy,h).

Lemma 4.4. Suppose#f(h) =0in (h,h,), then in the right half-plane, system (40)
has two invariant lines h = hy, h = hy and two saddle nodes at By, B>. The graph
of W(h), h € [hy,h,), is composed of the critical points By, B, and the trajectory
connecting By and B;.

Proposition 4.5. Ifh € (hy,hy), f'(h) > 0, then #I(h) < 3.

Proof. For this case, f(h) <0< f(hy) and W (h;) =W (hy) =0, limy, - W' (h) =
+-oo, see Lemma 3.7(iii). This shows that W/(h) >0, W (h) <0ash — h, .

In Proposition 4.1(i), we have shown that #I(h) < 3 if #R,(h) = 0, #f(h) = 1.
Hence, in the rest of this proof, we suppose #R,(h) = 1, 2. We split the proof into
the following three cases:

Case 1. W'(hy)>0.
It follows from (38) that R (h;) < 0, which implies that R>(h) <0ash— h{.On
the other hand, one gets I'(hy) > 0, 1" (hy) > 0 from (39) and (28), which yields
that I(h) is increasing and convex as h — h{.
This case is split into the following four subcases:

Subcase 1. W, <W; <0.
Since Sy (h,W;) is an unstable node, we have R, (h) > 0, which implies that
R(h) has a zero in the interval (hy,h).
Suppose R () has another zero in the interval (7, h, ), then the trajectory 1B,
must intersects /-axis once and S/lﬁz intersects h-axis at most two points, see
Fig. 3a. This means #W (h) = #I”(h) < 3. Since we have shown that I(h) is
increasing and convex as h — k|, I(h) has at most 3 zeros in (hy,hy), see
Fig. 3b.
If #R,(h) = 1, then Ry(h) has one zero in the interval (h;,%) and no zero in
(h,hy). By the same arguments as above, we obtain #1(h) < 1.

Subcase 2. Wr <W; =g(h)=0.
The expression (33) yields

324 (A-2)
- A—4 7

Taking the above value of y into (25), we obtain

W (h) = 332(A_4)(h_;‘z)(h+/‘1) (a)(h) - 69—4h2+A(A _2)> :
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h=h1 —| 82 h=h2

Fig. 3 (a) The possible phase portraits of system (40) (b) The possible graph of I(h)

Define

W(h) = o(h) — %h2+A(A—2).

By the same arguments as in the proof of Proposition 3.6, VT/(h) satisfies
A(MW' = Ro(m)W?> + Ry (h),

where
Ry(h) = %(A —4Vh(h—hy)(h+h)(h—ho) (h+ hy).
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Since #R,(h) = 0, the inequality (37) shows that #W (h) < 1. On the other
hand, Lemma 3.7 implies W (h;) = W (hy) = 0 and

5 9 5 _
W'(h1) = @' (h1) — 5h = =2 (A=1) <0, Tim W'(h) = oo,
32 8 h—hy

which yields W (k) < 0, W/(h) < 0 as h — hi and W(h) <0, W'(h) > 0 as
h — h; . This implies that #VNV(h) must be an even number or zero. We have
proved that #W (h) < 1. Therefore, #W (i) = 0.
The above discussion shows that I”(h) has only one simple zero at & = h.
Noting () is increasing and convex as & — h;", we have #1(h) < 1.
Here we list the conclusions for other subcases. All results can be obtained by
similar arguments as above.
Subcase 3. W <0< Wi #I(h) < 1if#Ry(h) = 1 and #I(h) < 3 if #R,(h) = 2.
Subcase 4. 0<W, <0< W;:#I(h)<1.

Case2. W'(hy)<0.
Proposition 4.1(ii) implies that #I(h) < 3 if W/(h;) <0, f(h2) > 0, #Ra(h) < 1.
We only need to consider the case #R,(h) = 2.
It follows from (38) that R} (h;) > 0, which implies that Ry(h) > 0 as h — hj .
Since #R>(h) =2, we have Ry(h) >0 asorh — h; .
Suppose W (h) = Wy = g(h) > 0. Since W’(hy) < 0 implies W (h) < 0 as h — h
and § 1(}_1,W1) is an unstable node, the trajectory ,STE | must intersects h-axis,
which means that R, (%) has at least one zero in (hy,4). Due to the same reason,
R;(h) has at least one zero in (h, h,). Therefore, R, (k) has a unique zero in (hy, /)
(resp. (h,h2)). We note S, (h,W5) is a saddle and attractive along the invariant line
h = h, hence W, < 0 must hold if W; = g(h) > 0. By the same arguments as Case
1, we have #1”(h) < 2, which gives #I(h) < 3.
If g(h) = 0, then it follows from Case 1 that #W (h) = 0, which shows that I” (h)
has a unique zero at & = h. Therefore, #I(h) < 2. Please note we do not use the
condition W/ (hy) > 0 in the proof of #W (k) = 0 in Subcase 2 of Case 1.
If g(h) < 0, then one gets #I(h) < 3 by repeating the same arguments as Case 1.
Case 3. W'(hy)=0.
For this case, (38) implies that Ry(%) has a zero at 4 = hy with multiplicity at
least two, which gives #R,(h) < 1. By Proposition 4.1(i), I(h) has at most three
zeros if #R,(h) = 0. In the rest of this proof, we suppose #R,(h) = 1.
By Lemma 3.7(iii) and Corollary 3.5, W/(h;) = 0 if and only if

3(5A% — 134 — 4) 0+ 8(5A% — 30A% 4 45A + 124)
3(A—4)(5A—17) '

Y=-

Taking the above value of y into (33) and noting f(h;) <0 < f(h2),

7 243(5A — 17)* (1) f (ha)

800 = 1048576004 — ) (44 + (AP~ 74+ 18) + 3(A—3) (A~ P ~
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The denominator of g(%) is not equal to zero since the leading part of (k) is not
zero. It follows from the definition of R (%) in Proposition 3.6 that

Ry(h) = g(h)(=A(h)f'(h) — s1,-1(R)g(h)) > 0.

If Ry(h) > 0 as h — h{, then the above discussion implies that R, (k) has a unique
zero in (h,hy) and no zero in (hy,h). This yields W (h) has at most one zero in
(hy,h) and two zeros in (h,hy) by using (37). Suppose W (h) has a zero in (hy,h),
then W (h) = g(h) < 0 implies W(h) > 0 as h — h. By (24) and (39), I(h) is
monotone and convex as i — h| . Therefore, #I(h) = #I"(h) < 3. If W(h) has
no zero in (hy,h), then W (h) has at most two zeros in (h,h), which also gives
#1(h) < 3.

If Ry(h) < 0 as h — hi, then Ry (h) has a zero in (hy,h) and no zero in (h,hy).
Since W/(h) — +eo as h — h, (see Lemma 3.7), we know that W (h) < 0 as
h — hy , which means that W (h) has at least two zeros in (/,h) if there exists.
However, if W(h) has two zeros in (h,h,), then Rp(h) has at least one zero
between them, see the proof of Proposition 4.1, which contradicts Ry(h) #0, h €
(h,hy). In the interval (hy,h), one gets from (37) that #I”(h) < 2. Therefore,
#1(h) < 3.

O
Proposition 4.6. If#f(h) =0, f(h) £ 0, then #I(h) < 3.

Proof. We have proved for this case that #/(k) < 3 in Proposition 4.1 if one of
the following conditions holds: (1)#Rx(h) < 1, (2) #Ra(h) =2, W'(h1)f(h2) <0
and (3) W/(hy) = 0. It will be proved in Proposition 4.7 and the next section that
#I(h) < lifeither f(h;) =0 or f(hy) = 0. Therefore, in this proof, we only consider
the case #Ry(h) = 2, W/ (h1)f(ha) > 0, f(h1)f(h2) # 0. Since #f(h) = 0 implies
f(h1)f(h) >0, it follows from (38) that R} (h;) > 0. By using Lemma 4.4 and the
same arguments as in the proof of Proposition 4.5, we obtained #I(h) < 2. Here the
details are omitted. (]

Proposition 4.7. I'(hy) =0 if and only if f(h;) = 0.

(i) IfI'(hy) =0, then I(h) has at most one zero in (hy,hy), #1" (h) < 1.
(ii) IfI'(hy) = I"(hy) = O, then I" (h) < 0, #1(h) = 0.

Proof. By (39), we know that I'(hy) = 0 if and only if f(h;) = 0, which yields
o=—h—7. 41)

(i) In Proposition 3.10, we have proved #1(h) < 1 if h = hy, f(hy) =0, f'(h;) <O.
On the other hand, f(h;) = f'(h1) = 0 if and only if f(h) = 0, which yields
#1(h) = 0; see Proposition 4.2. In what follows we suppose f'(h;) > 0, which
implies
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Flhn) = %(A-3)(4A+3y)>o 42)
if (41) holds.
Substituting (41) into (25), we have
W (h) = (i = K)W (h) = (h* = 7) (fio(h) + g1(h)), 43)
where
fi= %(A—@f(hz) >0, g1(h)=—15(A —4)h2—|—8A(A —3)(—40+12A—7),

which implies

W(hy) =0, W(hy) =W, = —%(—40— 12A+4A%4+3(A=3)y).  (44)

It follows from (26) that W (k) satisfies

A(h) iW' = h(RoW" + Ry ()W + Ra(h)), (45)
where
Ro= % (A—4), Ri(h)=3(a—4W\(# ~13),

Ry(h) = —33—2(A —4)2(h? — h3){—45(A —4)(10 — 12A +4A%+-3(A — 3)y)h?
+8(A —3)(16A(—135+ 1124 — 594 + 10A3)
+24(—30+424 — 29474+ 54%)y +9(A - 3)1) ).

Therefore,

Ri(h) — 4RoRa (h) = %(A —4)*(—240— 124+ 44>+ 3(A —3)y)
f(h2) (R = ) (* = 13).

Case 1. —240—12A+4A%+3(A-3)y>0
In this case, R; (h) — 4RoR(h) < 0 for h € (hy,hy). Since the right hand of
(45) is a quadratic polynomial of W and Ry > 0, we have RoW~ -+ R, ()W +
Ry(h) > 0, which gives W' (k) > 0. This implies #W (h) = #W (h) < 1.

Case 2. —240— 124 +4A%2+3(A—3)y<0, W; #0.
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Consider the system

= fiM(h), W =hRoW" +Ri (W)W +Ra(h)), (46)

which has two saddle-node points at (h,W;) and (hy,0). Since R (h) —

4RoRy(h) > 0 for h € (hy,hy) in this case, system (46) has three zero
isoclines h = 0 and W™ (h), defined by

RoW> +Ry (W)W + Ry (h) =0, @7
where
Wj:( —R;(h) £ \/R —4RoR> h)7 he (huih),
which gives
W (hy) =W, W (hy) =0, lim dW (1) = +oo, lim dW_i(h) _
=it d h—ny,  dh

(48)

In what follows, we are going to prove that W (h) ( resp. W (h)) has
unique maximum (resp. minimum) in the interval (h,h;). Assume that
dW(h)/dh = 0 at h = H, that is to say, h = H is an extreme point.
Differentiating (47) with respect i, we have

h=H

:_%[45(/4 4)(10 = 124 +4A2+3(A = 3)y)H?

—4(A—3) (16A(—210+227A — 11942+ 204%)

+24(24 — 1)(30 — 27A + 5427+ 9(A — 3)#)] :

which shows W(H) = W(—H). Substituting W = W(H) into (47), we get
p(H) = RoW2(H) + Ry (H)W(H) + Ro(H) 0.

Since Ry is a constant and Ry (H), R,(H),and W(H) are even functions in
H, p(H) is also an even polynomial function in H with deg p (H) =4, which
implies p(H) = 0 has at most two positive zeros. Therefore, the algebraic
curve (47) has at most two extreme values W(#;) and W(H2). On the other
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Fig. 4 The phase portraits of
system (46) for the case
Wl <0

h=h4 h=hy

hand, (48) shows that W' (h) and W (h) have at least a maximum and a
minimum in the interval (hy,h;), respectively. The desired result follows.
It follows from Lemma 3.7 that

W' (hy) = %(A—AL)(A— 1)(—240 — 124 + 442+ 3(A—3)y) < 0

and

lim W(/’l) = oo, W(hl) = Wl, W(/’lz) =0,

h—hy
which means that W (h) is a trajectory starting from (h,W1) to (h2,0). In the
phase plane of system (45), the region {(h,W)|h; < h < hy} is divided into
three parts by the zero isoclines W (h) and the invariantlines h = h;, i = 1,2.
Since fiA(h) > 0 and the right hand of the second equation of (45) can be
rewritten as the form hRy(W — W (h))(W — W (h)), the trajectories are
decreasing in {(h,W)| hy < h < hy, W (h) <W < W (h)} and increasing
in either { (i, W)| hy < h < hy, W >W " (h)} or {(h,W)| hy < h < hy, W <
W™ (h)}, respectively. Since W' (h;) < 0 and lim,, by W(h) = +oo, there
must exist #* such that (a) W(h) is decreasing in the interval (h1,k2*); (b)
W (h) intersects W (k) at h = h* and hence W' (i*) = 0; and ¢) W(h) is
increasing in (h*,h,). This implies that W (k) intersects h-axis at a unique
point if W; > 0 and W(h) < 0 if W <0, see Fig. 4 for the case W; < 0.
Finally, one obtains #W (h) < 1.

Case3. W;=0.

In this case, Ry (h) = 24000(A —4)3(h> — h3) (h* — h}), W' (h1) = — 220 (A —
4)(A-1) <0, limy, ), W (h) = +oo, which shows that W(h) < 0 as h —
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hi, i = 1,2. Therefore, #W (h) must be an even number or equal to zero.
Since #R,(h) = 0, one gets #W (h) < 1 by using (37) to W (h), f1, and R, (h).
Hence, #W (h) =0, W (h) < 0.

We get from (24) and (43) that #1” (h) = #W (h) < 1 for the above three cases.
Since I(hy) = I'(hy) = 0, the claim (i) follows.

(ii) If I'(hy) =1"(hy) = 0, then (22) holds and I (h;) < 0. Taking (22) into (44),
one gets W = 0. We have known in Case (3) of (i) that W(h) < 0, h € (hy,hy), if
W1 =0, which yields I () # 0. Since I(hy) = I'(hy) = I"(hy) = 0, " (hy) < 0,
one obtains I(h) < 0, h € (h1,hy).

O

In the next section, we will prove that #I(h) < 1 if f(h;) = 0 in Corollary 5.3.
Summing up the above discussions, we have the following:

Theorem 4.8. I(h) has at most three zeros (counting their multiplicities) in the
interval (hy,hy).

5 Proof of Theorem 1.1

Note that I (%), defined in (13), is equal to (12) with coefficients satisfying (19). Let

Jo(h). (49)

We have shown Jy(h) > 0 in Lemma 3.1. Then Abelian integral (12) with (19) is
reduced to

I(h) = [Jo(h) + ol (h) + u3l-2(h)

= Jo(h) (@ 4 u2& (h) + uzn (h)), (50)
where
A—4 A
=+ 1 N2+A—4u3’
_ L(h)
new = 228, (51)
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Lemma 5.1. Consider I, and I_,.
(i)
L(h) =12(h) =0, b(h) >0, I2(h) <0, h € (h1,ha].

This implies &(h) > 0, n(h) <0 for h € (hy,ha).
(ii) We have

A%2—5A-20
"5 (h) = mf(’)(hl),
5(A—1)(7A2 =354 —20
() = 2AZDOCIAZ20 )
! 4 !
Lh) = Zjo(hl)a
A—1)(A—4
L) = —$JS(}H),
35(A—4)2(4A—1)2
R N )

(iii) The following asymptotic expansions hold near h = hy:
L(h) = h(hy) + L (ho) (h—ha) + -,
Lo(h) =1 5(h) + 15 (h2)(h—ho) +--- .

Proof. Since x > 4/ ’%‘ for (x,y) € I', one gets

A—4 3 (h) A—4
L(h :7{ 4(2——) dx =2 4<2——) dx >0,
2(h) A G e b xT(h)x =y

and

I_5(h) = }é h x4 <x2 - ﬁ) ydx

24 %k 6( 5 A—4>
- x Ul x"——— | ydx <0,
A—4 Jem) A )Y

where y = \/2 (—Ax* + hx® —2(A —2)x2 + A43%), x} (h), and x5 (h) are the abscissas
of the intersection points of I';, with x-axis. The other assertions follow from
Lemmas 3.1 and 3.4 and (17). ]
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Lemma 5.2. &'(h) <0, (I_y(h)/L(h)) <0, h € (hy,hy).

Proof. If J,(h)/Jo(h) is not monotone, then there must exist v; and v, such that
viJo(h) + voJ>(h) has at least two zeros, which implies system (6), has at least
two limit cycles in the right half-plane, provided u; = vy, u» = v, uz = 0. This
contradicts Proposition 2.2. Hence J»(h)/Jo(h) is a monotonic function. Since

&(h) is also a monotonic function in the interval (/;,h,). By Lemma 5.1,

3-A (A —3)(5542 - 311A +292)

é(h):%‘LT(h_hl)_ 18432

(h—h)*>+---, (52)

which gives &’(h1) < 0. The assertion &’ (k) < 0 follows.
To prove the monotonicity of I_»(h)/I;(h), we use a similar argument as in [17].
Rewrite (10) in the form

H(x,y) = %xﬂyz +¢(x),

where A4
O(x) =Ax+2(A—2)x ' — %ﬁ.

As in the proof of Lemma 5.1, denote by x7 (%), x5 (h) the abscissas of the intersection
points of I, with x-axis. Since

00— 1) = Ar (= 120 D~ 220 >0, ve (), 1)UL x50),

(53)

¢(x) = ¢(X). Therefore, we can define the function X = X(x) for x € (x}(h),1). For
the ratio of two Abelian integrals

for any h € (hy,hy), x € (xj(h),1), there exists a unique x € (1,x5(h)) such that
1

(54)

we define a criterion function

K2 (x) 1/ 3530 (%) — k2(X)4/ 5x 39 (x)
K1 (x) /3530 (%) — K1 (¥) 1/ 5339/ (x)

(x) =
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bt A—4 A—4
_—4f2 A—4 _ 6([2_AZ4
Ki(x) =x (x A >, Ky (x) =x ( A > (55)
Then
‘) 142+ + (D) VAE
X)) =
VAR (x + 3+ Vax + x3VaR)
hence _
) _dx
') =0 )+ O
where
O() = F—=1)(F+1)Bx+ T+ 2Vax + 2 + 262Va% + 3628 + 4x5V/x%)

220V/XR(x + X+ Vx4 15V/xx)?
Since /(A —4)/A <x <1 <X, one gets O(x,x) <0, O(x,x) >0.By ¢(x) = ¢(x)

and (53), we know that

&9

de  ¢'(x)
which implies {’(x) < 0. It follows from Theorem 2 in [17] that the ratio (54)
associated with (55) is an increasing function. Noting

A—4

f (e = b (h) f ayde= L),

we have (I_(h)/L(h)) < 0. O
Corollary 5.3. If f(hy) =0, then I(h) has at most one zero in the interval (hy,hy).

Proof. By direct computation, it follows from (51) and (19) that

9

o= TS2A(A—3) 3)f(h2)-

If f(hp) =0, then I(h) = uplr(h) + usl_»(h). Lemma 5.2 shows that (k) has at
most one zero in this case. O

Since £'(h) < 0, & = £(h) has an inverse function 2 = h~!(&). In En-plane,
define the curve

Q=A{(&, )& =8&(h),n=n(h), h& [h,h]}. (56)

For h € (hy,hy), the number of zeros of I(h), defined in (50), is the number of the
intersection points of the curve  with the straight line:

L: [+ wé+usn=0. (57)
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In what follows we are going to study the geometric properties of the curve
Q. Denote by L¢, Ls the tangents to Q at the endpoints C(&(hy),n(h;) and
S(&(ha),n(hy)), respectively. Let Leg be the line passing through both C and S.
Lemma 5.1 gives

L(hy) I5(hy)

&(h) = 2) U Jo(ha)

El) = 3 M) =~

I(h) has the following asymptotic expansion near the Hamiltonian value 7 = h;
which corresponds to the center (1,0) of system (6)o:

I”,(hl)
6

1) = () (= ) + D (2

5 (h—h )+ (58)

It is well known that the system (6)¢ at the center (1,0) has a Hopf bifurcation
of order 1 if I'(hy) = 0,1"(hy) # 0, of order 2 if I'(hy) = 1"(hy) = 0,1"(hy) # O,
respectively.

Proposition 5.4. (i) I'(h)) =0 if and only if L passes through C.
(ii) The equation of L¢ is

AA+1)(A—4)E+AA-3)(A-4)n+16=0. (59)
I'(hy) =1"(h1) =0ifand only if L = Lc.
(iii) For the center (1,0) of system (6)¢, two is the highest order of Hopf bifurcation.

Proof. (i) By (57), L passes through C(&(hy),n(h1)) = C(4/A,—4/(A—4)) if
and only if

4
— =0. 60
A+~ Hz A= (60)
It follows from (51), (19), and Corollary 3.5 that (60) holds if and only if

()
oa+y+h = =0.
T )
This proves (i).
(ii) By Lemma 5.1, n1(h) has the following expansion near i = h;:
4 A+l 55A3 —256A%+221A+52 )
h)=——— h—h h—h
n(h) A4 16 — 1)+ 18432 ( 1)+

(61)
Using (52) and (61), we have

dn;  n'(h) A+l

déle &(m) A-3

which yields the equation of L¢ is (59).
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On the other hand, I (hy) = I"(h1) = 0 if and only if (22) holds. Taking (22)
into (57) and using (51) and (19) again, we have that I'(hy) =1"(h;) =0 if and
only L= Lc.

(iii) In Corollary 3.5, we have shown that I"’(h;) < 0 if I'(hy) = I" (h;) = 0. This
proves the assertion (iii).
]

Near the value h; corresponding to a saddle-loop I, it follows from Lem-
mas 5.1 and 3.4 that I(h), defined in (50), has the expansion:

I(h):C0+C1(/’l—h2)ln|h—h2|—I—Cz(h—hz)—l-"', (62)

where

co = Jo(h2) + pala(ha) + u3l > (ho),

= - 2\/—\/ Ii17

2 = paly(ha) + 31’5 (ha), if co=c1 =0.
If co = 0,¢1 # 0 (resp. co = ¢; = 0,¢p # 0), system (6) has at most one (resp. two)
limit cycles which tends to I', as € — 0 [22].

Proposition 5.5. (i) L passes through S if and only if co = 0;
(ii) The equation Lg is

E. (63)
And co =c; =0ifand only if L = Lg;

(iii) If co =c1 =0, then c¢; # 0.
Proof. By (57), L passes through S if and only if

B )

=0.

This holds if and only if

mJo(ha) + wala(ha) + usl 2 (hy) = ¢o = 0.

(i) By Lemma 3.4, limy,_,,, Jj(h) = +oo. Therefore, it follows from Lemmas 5.1
and 3.4 that
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dn "5 (h)Jo(h) — Ia(h)Jo(h)

on'(h)
— = lim = lim
d8 |,  h=m &/(h)  hoho I (h)Jo(h) — L (h)Jy(h)
12, (n)do ()
~ lim —%0®) —120) 1 ()
1, (h)Jo(h o ’
h—hy 2(1(’))( ;:; ) _ b(h) L(h2)

which gives (63).

(iii) In the paper [11], the authors proved that at most two limit cycles can appear
in a homoclinic loop bifurcation from any quadratic integrable system under
quadratic nonconservative perturbation except for one case. System (5) belongs
to the cases which has been solved in [11]. Therefore, if co = ¢; = 0, then

C27£0.
O

Lemma 5.6. L¢s does not intersect  except C and S.

Proof. By Propositions 5.4 and 5.5, we know that L = L¢s if and only if I'(h;) =
I(hy) = 0. Tt has been shown in Proposition 3.10 and Proposition 4.7 that either
#I"(h) =0 or #1"(h) < 1if I'(hy) = 0. Since I(hy) =1I'(hy) = I(hy) = 0, I(h) has
no zero in (hy,h,), which means that Les has no common point with Q. ]

Lemma 5.7. (i) If L passes through C and L # L¢, L # L¢s, then L intersects
in at most one point except C.
(ii) L¢ does not intersect Q except C.

Proof. The assertions follow from Propositions 4.7 and 5.4. (]
Lemma 5.8. Lg does not intersect ) except S.

Proof. Proposition 5.5 and (62) yields that L = Lg if and only if f;Jo(h2) +
[Jz[z(/’lz) + M3I,2(h2) = fi; = 0, which gives

1 5(hy)

Iz(hz) nu3'

=0, tr=—

Therefore, it follows from (50) and Lemma 5.2 that

L) La(h)
L(hy)  L(h)

I(h) = ualr(h) + pusl_o(h) = u3 b (h) ( ) >0, he (hy,hy).

It is easy to see that I_»(hy) /I (hy) # 12 (hy)/L(hy), otherwise I_»(h)/L(h) is not
a monotonic function, which contradicts Lemma 5.2. Hence,

I o(ho) 1 2(h)
L(hy) " L(hy) > #0.

I'(hy) = p3ly(hy) <—

By Proposition 5.4, Lg does not pass through C. The lemma is proved. O
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Lemma 5.9. The curve Q is convex near the endpoints C and S.

Proof. Tt follows from (52) and (61) that

Enl _ n"(WE'h) —n'(W)E"(h)

10(A—1)
== >0,
h=h, 3(A-3)

&z |c (&'(m)?

which shows that € is convex near C.
To get the convexity of Q near S, we now study the relative position between Lg
and Q. Let (£(h),n(h)) € Qand (&(h),n) € L, then by (63) and Lemma 5.2,

006 =00 s =g (5 T ) o

i.e., n(h) > n for same & = & (h). Therefore, Lg stays below €, which implies that
€ is convex near S. O

It follows from Lemma 5.6 to 5.9 that:

Proposition 5.10. The curve Q is entirely placed in the triangle formed by L¢, L,
and LCS-

Lemma 5.11. (i)  Let hy € (hy,hy). The equality I(hy) = 0 holds if and only if
L passes through (& (ho),n(ho)); the equalities I(hy) = I' (ho) = 0 hold if and
only if L is tangent to the curve Q at the point (& (ho),M(ho)); I(ho) =1'(hy) =
I"(hg) =0, 1" (ho) # 0 hold if and only if (& (ho),n(ho)) is the inflection point
of Q.

(ii) If L does not pass through C and S, then L intersects Q in at most three points
(counted with their multiplicities).

Proof. The assertion (i) follows by the same arguments as in the proof of Proposi-
tion 5.4. Using (i) and Theorem 4.8, one gets (ii). (]

Proof of Theorem 1.1. By Proposition 2.1, we consider the number of limit cycles
in (6)¢ in the right half-plane, instead of system (5). The theorem will be proved by
the arguments used in [10] and [27].

If pu3 = 0, then the assertion of this theorem follows from Proposition 2.2. In the
rest of this proof, we suppose u3 # 0 without loss of generality.

By the results in [1, 6] the limit cycles of system (6), are completely related to
the zeros of the corresponding Abelian integral /(h). Hence, Theorem 1.1 would be
proved if we show that any line L intersects €2 in at most two points (counting the
multiplicity) in £ n-plane.

In what follows, we are going to prove what the following two assertions hold.

Assertion 1. Each line L, passing through C or S, intersects L in at most two
points. If L passes through C or L = Lg, then Assertion 1 follows from Lemmas 5.6—
5.8. Suppose that L is the line through S, L # Lg, L # L¢g, which intersects Q at
another point M. Then by Lemma 5.9 and Proposition 5.10, the points of Q near C
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Fig. 5 If L intersects € one
point except S and M, then
the total number of the
intersection points is at least

four
Fig. 6 L(hg) is tangent to Q S
at My and M,
Q
Mo
Mo

L(ho)

and S lie on different sides of L, which implies either L does not intersect €2 in any
other point except S and M or the total number of intersection points is at least three
except S; see Fig. 5.

Assume that the latter case is true. It follows from Proposition 5.5 and
Lemma 5.11 that I(hy) = 0 and #I(h) > 3, h € (h,ha). Since I(h;) =I(hy) =0,
one gets #I(h) < 2 by repeating the arguments as in the proof of Propositions 3.10,
4.1-4.2, and 4.5-4.6. This yields contradiction.

Assertion 2. Each tangent L(h), h € (hy,hy), to Q at the point (&(h),n(h)), has
exact one common double point with Q.

Starting from S, suppose My(&(ho),n(ho)), ho € (h1,hy), is the first point
for which L(hg) has another common point My (& (ho),n(ho)) with Q, ho # ho.
By Lemma 5.6-5.8, My # C, My # S. The choice of M, being the first such
point implies that L(hg) is tangent to Q also at My, see Fig. 6. This contradicts
Lemma 5.11(ii). Consequently, there is no hg € (hy,hy) for which L(hg) has another
common point with € except the tangency point.

To prove that is a double intersection point, assume the contrary. By Lemma 5.11,
My is a triple pointand I(hg) = I'(hg) = 1" (ho) =0, I (hy) # 0. Slightly moving the
tangent L(ho), there must exist fi;, uj such that I(h}) =I'(h}) =0, I(h}) =0, where
hi, b depend on i}, uy, us and hf € (hy,hs), i =1,2. Hence, L(h}) is tangent to Q
at (§(h7),n(h})) and intersects another point (& (h3),n(h%)). This contradicts the
fact we have proved above.
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The above two assertions and Lemma 5.9 imply that Q is strictly convex for
h € [hy,hy], which yields that any line L intersects Q in at most two points (counting
the multiplicities). The proof is finished. (]
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Anomalous Diffusion in Polymers: Long-Time
Behaviour

Dmitry A. Vorotnikov

Abstract We study the Dirichlet boundary value problem for viscoelastic diffusion
in polymers. We show that its weak solutions generate a dissipative semiflow. We
construct the minimal trajectory attractor and the global attractor for this problem.

Mathematics Subject Classification 2010(2010): Primary 35B41, 35D99; Sec-
ondary 76R50, 82D60

1 Introduction

The concentration behaviour for diffusion of penetrant liquids in polymers cannot
always be described by the Fickian diffusion equation

Ju =div(D(u)Vu), (1)
ot

where u = u(t,x) is the concentration, which depends on time ¢ and the spatial
point x, and D(u) is the diffusion coefficient. The phenomena running counter to (1)
include case II diffusion, sorption overshoot, literal skinning, trapping skinning and
desorption overshoot [8, 10-12,23, 24,26, 30]. There is a number of approaches
which explain these non-Fickian properties of polymeric diffusion. They have much
in common: they are usually based on taking into account the viscoelastic nature of
polymers (cf. [17] and references therein) and on the possibility of glass-rubber
phase transition (see e.g. [30] with some review). We are going to study the model
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which is due to Cohen et al. [7,8, 13]. The Fickian diffusion equation is replaced by
the system

du
do du
E‘Fﬁ(%,G)G:[Ju—FVE. 3)

Here the second variable o(z,x) is introduced (it is called stress), D and E are the
diffusion and stress-diffusion coefficients, resp., 4 and v are non-negative constants,
and the scalar function 3 is the inverse of the relaxation time, for instance, 3 can be
[8] taken in the following form:

B = Blu) = 3 (Bu+B) + 3 (B — i tant “= ) “

where Bg, Bg, 8, ug are positive constants, g > Bg.!

Well-posedness issues for initial-boundary value problems for systems of vis-
coelastic diffusion equations have been studied in [1, 2, 15,25,26, 28], see [26,27]
for brief reviews. These results include investigation of system (2) and (3) and more
general settings (diffusion with variable coefficients). Let us only recall the main
results on global (in time) solvability: strong solutions exist globally for v = 0
and D = E in the one-dimensional case [1], and for suitable non-constant stress-
diffusion coefficient, but not for all initial and boundary data [15]; global existence
of weak solutions for the Dirichlet and Neumann problems in the general setting
with variable coefficients in the multidimensional case is shown in [26] and [28],
resp., without restrictions on the initial and boundary data.

Let us also mention here a study of a system obtained from (2)—(3) by
some simplification, in [19], and paper [14], which touches upon some long-time
behaviour issues for a free boundary problem for a polymeric diffusion model based
on Fick’s law. A result on long-time behavior (not in the “attractor framework™) of
the general second boundary value problem can be found in [28].

In this work we are interested in the long-time behaviour of the solutions to
Dirichlet initial-boundary value problem for system (2) and (3). We show that the
weak solutions generate a semiflow on a suitable phase space with L,-topology
(this means that there is a unique solution for any data from the phase space, and the
solution semigroup is continuous in ¢ and x). However, it is not clear whether this
semigroup is asymptotically compact, and the phase space is not complete, so this
impedes proving of existence of the usual global attractor for this semigroup in

"Formula (4) describes the following peculiarities of the processes under consideration. The
polymer network in the glassy state (low concentration area) is severely entangled, so f is
approximately equal to some small . In the high concentration areas the system is in the rubbery
state: the network disentangles, so the relaxation time is small, and its inverse is close to g > fB¢.
The glass-rubber phase transition occurs near a certain concentration ugg. However, we assume
that 3 also depends on stress, cf. [2,11,26].
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this phase space. A possible way out is to use the concept of minimal trajectory
attractor. Thus, we construct a minimal trajectory attractor, which generates some
generalized global attractor for the weak solutions of the problem in the (completed)
phase space.

The theory of trajectory attractors was created by G. Sell, M. Vishik and V.
Chepyzhov [5, 6, 20], in order to construct an attractor to weak solutions of the
3D Navier-Stokes equation. A generalization of this approach with a related notion
of minimal trajectory attractor may be found in [29, 31]; it is applicable when the
system lacks continuity properties or invariance of the trajectory space with respect
to time shifts. In both theories, the trajectory attractor generates some generalized
global attractor in the phase space. This global attractor has many usual properties
of attractors, but its invariance may be shown only under additional conditions
(see [31, Sect. 4.2.7]). The idea of trajectory attractor was slightly criticized by
Ball [4], for the evolution of the original system is not explicitly involved in
its definition. However, an example [31, Remark 4.2.13] shows that the minimal
trajectory attractor (and the corresponding global attractor) can well characterize
the long-time behaviour of the system, even when the usual global attractor does not
exist. That example also illustrates that such situations may appear, in particular, for
problems with uniqueness of solutions (i.e. when there exists a solution semigroup).
It is a rather unexpected fact because the original theory of trajectory attractors
was developed for the problems where the uniqueness is not proved or is absent.
Similarly, in this paper we apply the theory of minimal trajectory attractors to a
problem with uniqueness. However, in our case, we cannot insist that there is no
attractor of the semigroup (semiflow), since this is unknown.

Our paper is organized in the following way. In Sect. 2, we introduce the required
function spaces. In Sect. 3, we give a weak formulation of the initial-boundary
value problem for system (2)—(3) with existence, uniqueness and regularity results
(Theorem 3.2, Remark 3.4). In Sect. 4, we recall the basic issues of the classical and
minimal trajectory attractor theories, and construct a dissipative semiflow generated
by weak solutions of (2)—(3) (Theorem 4.10). In Sect. 5, we show that the trajectory
space generated by the weak solutions possesses a minimal trajectory attractor and
a global attractor (Theorem 5.2).

2 Function Spaces and Related Notations

Ly(Q), Wi (Q), H™(Q) = W (Q) (m € Z,1 < p < ), HJ(Q) =W 2(Q) (m € )
are, as usual, Lebesgue and Sobolev spaces of functions defined on a bounded open
set (domain) Q C R", n € N. The scalar product and the Euclidian norm in L, (Q)k =
L>(Q,R¥) are denoted by (u,v) and ||ul|, respectively (k is equal to 1 or n). In H} (Q2),

2Trajectory attractors for problems with uniqueness were investigated in [6] only as an intermediate
step on the way to usual global attractors of semigroups.
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we use the following scalar product and norm: (u,v); = (Vu, Vv), |lu||; = ||Vu||. We
recall Friedrichs’ inequality

llull < Kallull1- (5)
Let L}(Q) denote the topological subspace of L,(£2) consisting of functions from
H}(Q).
The Laplace operator A : H} () — H~1(Q) is an isomorphism. Therefore

AV HTYQ) = H(Q) (6)

is also an isomorphism. Set X = X (Q) = A~ !(H}(Q)). The scalar product and norm
in X are (u,v)x = (Au,Av)y, |Jul|x = ||Aul|;.

As usual, we identify the space H~!(Q) with the space of linear continuous
functionals on H} (Q) (the dual space). The value of a functional from H ! (€2) on an
element from H} (Q) is denoted by (-, ) (the “bra-ket” notation). The scalar product
and norm in H~'(Q) are (u,v) | = (A~ u, A=")y, ||lul| -1 = ||A""ul|1. Note that

(u,Av) | = —(u,v), u€ H1(Q),v € H}(Q). 7

The symbols C(J;E), L,(J;E) etc. denote the spaces of continuous, quadrati-
cally integrable etc. functions on an interval  C R with values in a Banach space E.

Let us remind that a pre-norm in the Frechet space C([0, +<); E) may be defined
by the formula

S IVlleqo,ie
IWleqorere) = 22 S lcons,
C([0,+):E) ;1 L+ Wlleqo,ie)

If E is a function space (L, (Q2),H™ () etc.), then we identify the elements of
C(T;E), Lo(T;E) etc. with scalar functions defined on J x Q according to the
formula

u(t)(x) =u(t,x),r € J,x € Q.
We shall also use the function space (7 is a positive number):
W=W(@QT)={ucLy0,T;:H} (Q)), u' € Lr(0,T;H 1(Q))},

el = 1]l 0,751 ) + 1 | Ly 0,701 (@)

[31, Corollary 2.2.3] implies continuous embedding W C C([0,T];L2(R)).
Moreover,

| e

][, v e W. (8)

| =
o

(V,v) =

t
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‘We also denote
VV[OC(Q,—‘,-OO) = {M S C([O,—I—OO);Lz(Q)), ”l[O,T] S W(Q,T) vT > 0},
Hy,o (0,40 Hy (Q)) = {u € C([0,+20); Hy (Q)), uljo7) € H' (0,T;Hy (Q)) VT > 0}.

We use the notation |- | for the absolute value of a number and for the Euclidean
norm in R”.

The symbol C stands for various positive constants.

Note that

(,v) = (u,v), u € Lo(Q),v € H)(Q) )
and, since H~1(Q) C L,(Q), one has

lJull -1 < Cllull. (10)

3 Basic Properties of the Boundary Value Problem

We study the diffusion of a penetrant in a polymer filling a bounded domain Q C R”,
n € N, which is described by the following boundary value problem:

% =DAu+EAQG, (t,x) € [0,00) x Q, (1D

do B du 0 0 12
E—i—ﬁo(u,o)o—uu—kvy, (t,x) € [0,00) x Q, (12)
u(t,x) = @(x), (t,x) € [0,00) X IQ. (13)

Here u = u(t,x) : [0,00) x Q — R is the unknown concentration of the penetrant
(at the spatial point x at the moment of time ¢), 6 = o(¢,x) : [0,00) x Q — R is
the unknown stress, ¢ : dQ — R is a given boundary condition, u,v, D and E
are positive constants,® By : R> — R is a given function, Bg > Bo(u,0) > Bg > 0;
Q C R" is supposed to be a bounded open set such that X (Q) C W[,l0 (Q) for some
po > 2 (cf. [26]). For definiteness, we assume that the boundary condition for the
stress is also prescribed:

o(t,x) = @(x), (t,x) € [0,00) X IQ. (14)

Equation (12) yields the following relation between the boundary conditions ¢
and @:

Bo(9,9)¢ = 1o, x € 0Q. (15)
W.Lo.g. the functions ¢ and ¢ are defined and satisfy (15) on Q.

3The case 1 =0 (“the Maxwell model” [9,30]) is admissible as well.
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We assume that the functions fy,¢ and ¢ are C>— smooth. Moreover, for
simplicity, let B (u, 0) = B > Bg for large |u| 4 |o| (this assumption is admissible

in the considered model, see Remark 3.6 below).
Set

v(tvx) = u(tvx) - (p(x)vw(tvx) = G(tvx) - ¢(x)7
ﬁ(xvvv CU) = ﬁO(V+ (P(x)vw"" ¢(x))7
h(x) = DAG(x) + EAG(x),

86, @) = p@(x) = fo(v+ @(x), @ + ¢ (x))§ ().

Then we can rewrite (11)—(14) in the following form:

%:DAv—i-EAaH—h,

210} v

W_'—ﬁ(xvvaaj)w:g(xvvaaj)+uv+vat,

V|pa = @lyq = 0.

(16)

7)

(18)

This form of the studied problem will be useful below. However, in order to set
the problem finally, we need the variable 7(¢,x) = @(¢,x) — vv(¢,x). We denote

d=D+VE,

Y1) = v — By, T+ vw)T—vB(x,v, T+ vv)v+g(x,v, T+ vv).

Then problem (16)—(18) becomes
av

= dAv+EAT+h,
ot

a7

E - ’}/(xvvv T)v

v[oa = Tloa =0.

It can be completed with the initial condition:

v(0,x) = vo(x), T(0,x) = T9(x), x € Q.

Definition 3.1. A pair of functions (v, 7) from the class

V€ Wipe(Q,+0), T € Hyb. (0, +e0; Hj (Q))

19)

(20)

21

(22)

(23)

is a weak solution to problem (19)—(21) if equality (19) holds in the space H -1 (Q)

for a.a. ¢ € (0,+o), and (20) holds in H'(Q) a.e. on (0, 4-o).
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Theorem 3.2. Given vy € L(Q) and 1y € H}(Q), there exists a unique weak
solution to problem (19)—(21) which belongs to (23) and satisfies (22).

Note that (22) makes sense due to the embeddings W (Q,T) C C([0,T];L,(Q)),
H'(0,T;Hj () € C([0,T]:Hy (), T > 0.

Proof. Let us calculate the gradient of y(x,v, 7):

Vi t) = uVy - Bl T vV - 2 (e v)T

_9B \Y;
5 (x,v, T+ vv)TVV

—v%(x, v, T+ vv)TVy — %(x, vT+v)TVT

0w 0w
9B
—vB(x,v, T+ vv)Vy— va—(x7 v, T+ Vv)y
X
9B 298 9B
—vx(x, T+ vw)yvVy—v %(x, v, T+ vw)yVy — v%(x, v T+ vVt
9g 9g 9g
+$(x, v, T+ Vvv)+ m(x,v, T+ vv)Vv+ v%(x, v, T+ vv)Vv

d
—i—%(x,v, T+ vv)Vr.

Compactness of Q gives boundedness of ¢ and ¢. Hence, the function 3 (x,v, @)
is equal to B.. for large |v| + |@|. This implies that the gradient Vy(x,v,T) can be
expressed in the form

hi(x,v, T)Vv+hy (x,v, T)VT+ 0 (x, v, 7),

where
|h1(xa v, T)| + |h2(xa v, T)| < Kha
18(x,v,7)| < Ko(|v] + 7]+ 1)

with some constants Ky, Kg.
Therefore, by [26, Theorem 3.1], there is a pair of functions (v,7) from (23)
which satisfies (19), (22) and
at
As-= A['}/(X,V, T)]v (24)
ot
in H~'(Q) a.e. on (0, +0) (more precisely, that theorem gives existence of solutions
on finite time intervals, but then the solution on the positive semi-axis can be
constructed step by step in a standard way, see [27]).
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Let us show that (v, 7) satisfies (20). Since % € H}(Q) for a.a. t > 0, it suffices
to prove that y(x,v,7) € H} (Q) for a.a. t > 0. Observe that ¥(x,0,0) = 0 due to
(15). The above representations of y(x,v, T) and Vy(x, v, ) imply y(x,v(z,x),7(,x))
€ H'(Q) (fora.a. t > 0). Let v, T,y be sequences of smooth functions with compact
supports in Q, v, — v(t), Ty — T(t) in H'(Q). Then y(-,vm,Tn) € H} (Q). Tt
remains to observe that y(-, v, Tm) — (-, v(¢), T(¢)) weakly in H'(Q). Really, by
Krasnoselskii’s theorem [16,22] on continuity of Nemytskii operators we have

Y('vvmv Tm) - Y(a V(t)a T(t))ahl (',Vm, Tm) - hl(',V(t), T(t))v
hz('a Vs Tm) - hz(',V(t), T(t))v 6(',Vm, Tm) - 6('7V(t)7 T(t))
strongly in L,(Q). Moreover, due to boundedness of %; and h;, w.l.o.g. we may

assume that iy (+, vy, T ) = b1 (-, (1), T(1)), ha (-, Vi, Tw) = B2 (-, v(2), T(2)) *-weakly
in L.(Q). But Vv,, — Vv(z), V1, — V1(t) strongly in L, (Q). Therefore,

Iy (-3 Vi, T ) Vo — By (5, v(2), T(8))VV(2), ha (-, Vi, T ) VT — ha (-, v(2), T(2)) VT (1)

weakly in L, (Q).

Remark 3.3. It seems that a more profound reasoning of this kind proves that for
any Nemytskii operator N : H!(Q) — H'(Q) one has N'(§) —N(0) € H}(Q) for
all & € H} (Q).

It remains to prove uniqueness. If @ = 7+ Vv, then @ € W,.(Q,+oo), and the
pair (v, @) satisfies (16), (17). It suffices to show uniqueness of the pair (v, @). Let
(v1, @), (v2, @) be solutions of (16), (17) in the class Wy, (Q,+0) X Wy, (Q, +o0)
with the same initial conditions. Let us denote w = v — v5, & = @] — @,. Then

w' = DAw+EAE, (25)
E'+B(x,vi, @)@ — B(x,v2, @)@y = g(x,v1, @) — g(x,v2, @) + pw+ vw'. (26)

Calculate the H~'(Q)-scalar product of (25) and uw + vw' for a.a. t € (0,c0),
and take (7) and (9) into account:

pn(w' ,w)_i +v(w' W)y = —uD(w,w) — HE(E,w) —vD (W' ,w) — vE (W ).
27)

Take the “bra-ket” of (26) and EE for a.a. t € (0,c0), and remember (9):

E<€/,€> +E(ﬁ(x,vl,671)671 —ﬁ(x,VQ,wz)wz,é)
=E(g(x,v1, 1) — g(x,v2,@),&) + UE(W, &) + VE (W ,E). (28)
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Adding (27) and (28), and omitting the second term, which is positive, we conclude:

wdlwl?, >, vDd|w|* | Ed||E]?
Ll Uil 0 BRI} = =
TR e B S R S
E(Bo(v2+ @, @24 ¢)(@2+ @) — Po(vi + ¢, @1 + ¢) (@1 + ¢).S)
< g+ lwDIIEl- (29)
The last inequality follows from boundedness of a[ﬁog‘;f)a] and [ﬁogu 0)0] [ 4.

grange’s theorem and the Cauchy-Buniakowski inequality.
Integration from O to ¢ yields

t t
u vD E
Il D [ v ds+ 2wl + S IEIE <€ [OIEWIE+ Iws) ) ds
0 0

Hence,
t

W@+ @I < c/(|\§(s)|\2+ Iw(s)[I*)ds, 1 > 0. (30)
0

Thus, by the Gronwall lemma, £ =w = 0. O

Remark 3.4. Weak solutions (v(z), 7(t)) to (19)~(21) belong to H{ (Q)? for all # > 0.
It follows from a simple regularity result for reaction-diffusion equations. Consider
the problem

v
Sy —alv =1, 31)
V[pq =0, (32)
v(0,x) = vo(x), x € Q. 33)

Given a > 0, vy € L,(Q) and f € L(0,T;H'(Q)), there exists a unique weak
solution v € W(Q,T), T > 0. Since W (Q,T) C C([0,T],L,(2)), the operator

Y:L(Q) x Ly(0,T:H ' (Q)) = Ly(Q), Y(vo,f) =v(t),0<t <T,

is well-defined. Since 7 € H'(0,T; H} (Q)), it suffices to apply the following lemma
to (19).

Lemma 3.5. The operator Y transforms Ly(Q) x H'(0,T;H~1(Q)) into H} (Q).
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Proof. W.lo.g. a = 1. The solution v can be considered as the sum v + v; of the
weak solutions to the following problems:

31)1
IOl Av = 4
5, —Au =1/, (34)
Vifaq =0, (35)
v1(0) = —A7'£(0), (36)
81)2
7 — Ay, = O, (37)
02)pq =0, (38)
02(0) = v+ A" £(0). (39)
1
It is easy to see that vi(t) = —A~'£(0) + [v3(s)ds, where v3 € W(Q,T) is
0
determined by the problem
vy —Avz = f, (40)
V3f9q =0, (4D
3(0) =0. (42)

Obviously, v3 € L»(0,T;Hj (Q)), so vy € H'(0,T;H} (Q)) C C([0,T]; H} (Q)).
Moreover, see e.g. [6, Proposition XV.3.5], 02 (t) € H} (Q). O

Remark 3.6. There is no essential loss in generality of the model in assuming
that By (u, o) is equal to some constant .. for large |u| 4+ |o|. In fact, physically,
|u(z,x)| <1 (u is the concentration, so it cannot exceed 100%). Let ¢ = 0 — vu.
Then (12) yields (cf. [26,27])

5(1.3) = (0x)exp | — [ Bolu(E.x), vae(€.x) + 5(£.3)) g
0

Hence,

U+ vPr
B
(43)

t
5(0.2)] < & Pelg(0,0)| + (-+ VBe) [ e Peds < e Polg(0,)] +
0
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Thus, if |g(0,x)]| is uniformly bounded, ¢ is also bounded:
lg(t,x)] <C,Vt >0,x € Q. (44)

Moreover, (43) implies that long-time behaviour of ¢(z,x) is bounded for any
|5(0,x)|. Hence, ¢ (and, therefore, ©) is bounded for typical regimes which may
be observed in reality. Thus, the relaxation time (and its inverse fy) can be
experimentally determined* only for bounded u and o, whereas “at infinity” we
can choose it at discretion, for instance, we can let By («, 0) = S for large |u| + |o|.

4 Semigroups, Semiflows, Trajectory Attractors
and Global Attractors

Let us recall some basics of the attractor theory. Let £ be a metric space.

Definition 4.1. A family of mappings S; : E — E, t > 0, is called a semigroup if Sy
is the identity map / and

S108s =Sy (45)
forany z,s > 0.

Definition 4.2. A set P C E is called attracting (for &) if for any bounded set
B C E and any open neighborhood W of P there exists 4 > 0 such that §;B C W for
allr > h.

Definition 4.3. A set P C E is called absorbing (for &;) if for any bounded set
B C E there is i > 0 such that for all t > h one has S;B C P.

Definition 4.4. A set A C E is called invariant (for S;) if
S[A = A
foranyt > 0.

Definition 4.5. A set A C E is called a global attractor (of &) if

(i) A is compact;
(ii) A is invariant for S;;
(iii) A is attracting for ;.

If there exists a global attractor of S;, then it is unique (see e.g. [31, Corollary
4.1.1]).

Definition 4.6. A semigroup S; : E — E is called dissipative if there is a bounded
absorbing set.

4e.g. in form (4).
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Definition 4.7. A semigroup S; : E — E is called asymptotically compact if, for
any bounded sequence y,, € E and any sequence of numbers #,, — 4o, the sequence
S, (vm) contains a converging subsequence.

Definition 4.8. A semigroup S; : E — E is called a semiflow if the map

(t,y) = S ()

is continuous from [0, 4+e) X E to E.
The next result follows e.g. from [4, Theorem 3.3, Corollary 4.3]:

Theorem 4.9. A semiflow S, : E — E has a global attractor A C E if and only if it is
dissipative and asymptotically compact. If E is connected, then A is a connected set.

In order to describe the dynamics of weak solutions for problem (19)—(21), one
may put E = L,(Q) x L}(Q), and define the semigroup S : E — E in the standard
way: if y = (vo,79), and (v, T) is the corresponding weak solution of (19)—(22),
then we set S;(y) = (v(¢),7(¢)). Since weak solutions belong to C([0,T]; L2()) x
C([0,T);H'(Q)) for all T > 0, the map ¢ ~— S;(y) is continuous for each y € E.
On the other hand, a reasoning similar to the proof of uniqueness in Theorem 3.2
shows that the map S; : E — E is continuous uniformly with respect to 7 € [0,T]
for all T > 0. Then the map (¢,y) — S¢(y) is continuous, and, taking into account
Lemma 5.1 (see below), we arrive at

Theorem 4.10. S; : E — E is a dissipative semiflow.

However, it seems to be very hard or impossible to establish asymptotic
compactness of this semiflow since the space E is not complete (and this is usually
important, cf. [18]). If we try to change the phase space E and to find so-called
(E, F)-attractors [3,31], i.e. attractors which attract in the topology of some space
F, which is weaker than the one of E, then we need continuity of S, in this
weaker topology, which is not clear. Moreover, it seems (due to the properties of
the generalized attractor which we construct below) that the attractor can contain
non-differentiable elements of L,(Q), and then Remark 3.4 implies that it cannot
be invariant. Thus, we are going to use the theory of trajectory attractors, so let us
briefly describe the required notions.

Let E and E( be Banach spaces, E C Ej, E is reflexive. Fix some set

HT C C([0,40);Ep) N Lo (0, 4005 E)

of solutions (strong, weak, etc.) for any given autonomous differential equation or
boundary value problem. Hereafter, the set " will be called the trajectory space
and its elements will be called trajectories. Generally speaking, the nature of H™
may be different from the just described one.
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Definition 4.11. A set P C C([0,+20);Ep) N Lo (0, +o0; E) is called attracting (for
the trajectory space H ) if for any set B C H™ which is bounded in L..(0, +o; E),
one has

sup inf [T (1) = Vlieo +eoyzy) 2 O
Here T (h) stands for the translation (shift) operators,
T (h)(u)(t) = u(t+h).

Note that T' (k) is a semiflow on C([0,+o0); Ep).

Definition 4.12. A set P C C([0,+0); Ep) N Lo (0,403 E) is called absorbing (for
the trajectory space H ") if for any set B C Ht which is bounded in Le.(0, 40 E),
there is 4 > 0 such that for all ¢t > h:

T(t)BCP.

Definition 4.13. A set U C C([0,+0); Ep) N Lo (0,40, E) is called the minimal
trajectory attractor (for the trajectory space H ™) if

(i) U is compact in C([0, +e0); Ep) and bounded in L. (0, +o; E);
(i) T(t)U =U for any t > 0;
(iii) U is attracting in the sense of Definition 4.11;
(iv) U is contained in any other set satisfying conditions (i), (ii), (iii).

Definition 4.14. A set A C E is called the global attractor (in Ey) for the trajectory
space HT if

(i) A is compact in Ey and bounded in E;
(i) forany boundedin L.(0,+o0;E) set B C H ™ the attraction property is fulfilled:

inf [lu(r) — vz, — 0
sup inf [ju() =vlley =

(iii) .A is the minimal set satisfying conditions (i) and (ii) (that is, A is contained in
every set satisfying conditions (i) and (ii)).

Theorem 4.15 (see [31, Corollary 4.2.1, Lemma 4.2.9]). Assume that there exists
an absorbing set P for the trajectory space H™, which is relatively compact in
C([0,400); Ey) and bounded in Lo (0,+o0; E). Then there exists a minimal trajectory
attractor U for the trajectory space H™.

The structure of minimal trajectory attractors is discussed in [31, Chap. 4] (see
also [6]). In particular, the minimal trajectory attractor contains the set of those
solutions to the considered problem that can be continued to the whole real axis
being uniformly bounded in E and continuous with values in Ej; however, some
extra elements may appear. The structure of global attractors is determined by the
structure of minimal trajectory attractors:
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Theorem 4.16 (see [31, Theorem 4.2.2]). If there exists a minimal trajectory
attractor U for the trajectory space H', then there is a global attractor A for the
trajectory space H™, and for all t > 0 one has A = {y(t)|y € U}.

S Attractors for the Polymeric Diffusion Problem

We are going to construct the minimal trajectory attractor and the global attractor
for problem (19)—(21). Let us choose L, (Q)? as the space E and the space HS (Q)?
as the space Ep, where & € (0, 1] is a fixed number. The trajectory space H ™ is the
set of all weak solutions to (19)—(21) from class (23). It is contained in L., (0, 4-o0; E )
due to Lemma 5.1 (below) and in C([0, +); Ep) (clearly).

Dissipativity of problem (19)—(21) is stated by the following result:

Lemma 5.1. Let (v, T) be a weak solution to (19)—(21). Then

PR+ S e + vl + S oI,

D E
<o (DI + Z 120+ O+ Ao ) +1 ao

forallt >0, where I and 7y are some fixed positive numbers, which are independent
of v,Tandt.

Proof. The pair (v,® = T+ vv) satisfies (16), (17). Take the H ! (Q)-scalar product
of (16) and uv+ vv' and the “bra-ket” of (17) and E® for a.a. 1 € (0,), and add
the results (cf. proof of Theorem 3.2):

w2, vD VP Ed|o|
2 dt 2 dt 2 At
+E(B(x,v,®)®,0) = (h,uv+w)_| +E(g(x,v,0),D). 47)

+V|VII2y A+ uDl?+

Hence,

e dlvl?, vDd|[? | Ed|o|?
2 dt 2 dt 2 dr
+EBgll@]* < (vl + V[ + @) <l + V-1 + @) (48)

+VIVII2 A+ uDll*+

The Cauchy inequality for scalars can be written in the form Cn < en? + %' Thus,
(48) implies

wdlvl?,
2 dt

vDd|p|> | Ed|@|*  EBs, >
i — ol|l- <C. 49
2 dr 2 dr + 2 ” H - (49)

D
+ v+
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u vD E .
Let (1) = v + =~ V) >+ 5 |13() . Obviously,

2 1w+ EB ey 2 2 v

for some y > 0. Thus, y'(t) 4+ yx(t) < C, so x(t) < e "x(0)+ (14+y)C by [6,
Lemma II.1.3], and (46) follows. 1

The main result of this section is

Theorem 5.2. The trajectory space H' possesses a minimal trajectory attractor
and a global attractor.

Proof. Due to Theorems 4.15 and 4.16, it suffices to find an absorbing set for the
trajectory space H ™, which is relatively compact in C([0, +<0); Ep) and bounded in
Lo.(0,40; E). Consider the set P of weak solutions to (19)—(21) which satisfy the
estimate

D E
SEIOIR + S 20+ vo@) |2+ S Ivo)l2, <2 > 0. (50)

It is an absorbing set for the trajectory space H ™ and is bounded in Le.(0, +o; E).
By (19), the set {V/, (v,7) € P} is bounded in L..(0, +0; H2(Q)). Moreover, (20)
yields that {17/, (v,7) € P} is bounded in Le,(0,4e0;L(Q)). The embedding E C
Ey is compact. By [21, Corollary 4], the set {y9 ),y € P} is relatively compact
in C([0,M];Ep) for any M > 0. This implies (cf. [31, p. 183]) that P is relatively
compact in C([0, 4-0); Ep). O
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